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The regular solids or regular polyhedra are solid geometric figures with the same identical regular 
polygon on each face. There are only five regular solids discovered by the ancient Greek mathematicians. 
These five solids are the following. 

the tetrahedron (4 faces) 
the cube or hexadron (6 faces) 
the octahedron (8 faces) 
the dodecahedron (12 faces) 
the icosahedron (20 faces) 


Each figure follows the Euler formula 


Number of faces + Number of vertices = Number of edges + 2 


F + V = E + 2 


Preface 


This is the second volume of an introductory calculus presentation intended for future 
scientists and engineers. Volume II is a continuation of volume I and contains chapters six 
through twelve. The chapter six presents an introduction to vectors, vector operations, dif- 
ferentiation and integration of vectors with many application. The chapter seven investigates 
curves and surfaces represented in a vector form and examines vector operations associated 
with these forms. Also investigated are methods for representing arclength, surface area 
and volume elements from vector representations. The directional derivative is defined along 
with other vector operations and their properties as these additional vectors enable one to 
find maximum and minimum values associated with functions of more than one variable. 
The chapter 8 investigates scalar and vector fields and operations involving these quantities. 
The Gauss divergence theorem, the Stokes theorem and Green’s theorem in the plane along 
with applications associated with these theorems are investigated in some detail. The chap- 
ter 9 presents applications of vectors from selected areas of science and engineering. The 
chapter 10 presents an introduction to the matrix calculus and the difference calculus. The 
chapter 11 presents an introduction to probability and statistics. The chapters 10 and 11 
are presented because in todays society technology development is tending toward a digital 
world and students should be exposed to some of the operational calculus that is going to 
be needed in order to understand some of this technology. The chapter 12 is added as an 
after thought to introduce those interested into some more advanced areas of mathematics. 

If you are a beginner in calculus, then be sure that you have had the appropriate back- 
ground material of algebra and trigonometry. If you don’t understand something then don’t 
be afraid to ask your instructor a question. Go to the library and check out some other 
calculus books to get a presentation of the subject from a different perspective. The internet 
is a place where one can find numerous help aids for calculus. Also on the internet one can 
find many illustrations of the applications of calculus. These additional study aids will show 
you that there are multiple approaches to various calculus subjects and should help you with 
the development of your analytical and reasoning skills. 


J.H. Heinbockel 
January 2016 
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Chapter 6 
Introduction to Vectors 


Scalars are quantities with magnitude only whereas vectors are those quantities 
having both a magnitude and a direction. Vectors are used to model a variety 
of fundamental processes occurring in engineering, physics and the sciences. The 
material presented in the pages that follow investigates both scalar and vectors 
quantities and operations associated with their use in solving applied problems. In 
particular, differentiation and integration techniques associated with both scalar and 
vector quantities will be investigated. 

Vectors and Scalars 
A vector is any quantity which possesses both magnitude and direction. 
A scalar is a quantity which possesses a magnitude but does not possess 
a direction. 

Examples of vector quantities are force, velocity, acceleration, momentum, 
weight, torque, angular velocity, angular acceleration, angular momentum. 

Examples of scalar quantities are time, temperature, size of an angle, energy, 


mass, length, speed, densit 
P 7 A vector can be represented by an arrow. The 


orientation of the arrow determines the direction of 
the vector, and the length of the arrow is associated 
with the magnitude of the vector. The magnitude 
of a vector B is denoted | B | or B and represents 
the length of the vector. The tail end of the arrow 


is called the origin, and the arrowhead is called the 


terminus. Vectors are usually denoted by letters in 


Figure 6-1. 


bold face type. When a bold face type is inconve- 


Scalar multiplication. 


nient to use, then a letter with an arrow over it 
is employed, such as, A, B, C. Throughout this text the arrow notation is used in 
all discussions of vectors. 
Properties of Vectors 
Some important properties of vectors are 
1. Two vectors A and B are equal if they have the same magnitude (length) and 


direction. Equality is denoted by A= B. 


2. The magnitude of a vector is a nonnegative scalar quantity. The magnitude of a 
vector B is denoted by the symbols B or |B\. 

3. A vector B is equal to zero only if its magnitude is zero. A vector whose mag- 
nitude is zero is called the zero or null vector and denoted by the symbol 0. 

4. Multiplication of a nonzero vector B by a positive scalar m is denoted by mB and 
produces a new vector whose direction is the same as B but whose magnitude is 
m times the magnitude of B. Symbolically, |mB| = m|BI. If m is a negative scalar 
the direction of mB is opposite to that of the direction of B. In figure 6-1 several 
vectors obtained from B by scalar multiplication are exhibited. 

5. Vectors are considered as “free vectors”. The term “free vector” is used to mean 
the following. Any vector may be moved to a new position in space provided 
that in the new position it is parallel to and has the same direction as its original 
position. In many of the examples that follow, there are times when a given 
vector is moved to a convenient point in space in order to emphasize a special 
geometrical or physical concept. See for example figure 6-1. 


Vector Addition and Subtraction 


Let C = 4+ B denote the sum of two vectors A and B. To find the vector sum 
A+B, slide the origin of the vector B to the terminus point of the vector A, then draw 
the line from the origin of A to the terminus of B to represent C. Alternatively, start 
with the vector B and place the origin of the vector A at the terminus point of B to 
construct the vector B+A. Adding vectors in this way employs the parallelogram law 
for vector addition which is illustrated in the figure 6-2. Note that vector addition is 
commutative. That is, using the shifted vectors A and B, as illustrated in the figure 
6-2, the commutative law for vector addition A + B = B + A, is illustrated using the 
parallelogram illustrated. The addition of vectors can be thought of as connecting 
the origin and terminus of directed line segments. 


Figure 6-2. Parallelogram law for vector addition 
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If F = A—B denotes the difference of two vectors A and B, then F is determined 


by the above rule for vector addition by writing F = A+(—B). Thus, subtraction 


of the vector B from the vector A is represented by the addition of the vector —B 


to A. In figure 6-2 observe that the vectors A and B are free vectors and have 


been translated to appropriate positions to illustrate the concepts of addition and 


subtraction. The sum of two or more force vectors is sometimes referred to as the 


resultant force. In general, the resultant force acting on an object is calculated by 


using a vector addition of all the forces acting on the object. 


Vectors constitute a group under the operation of addition. That is, the following 


four properties are satisfied. 


lt, 


Closure property If A and B belong to a set of vectors, then their sum A +B 


must also belong to the same set. 


. Associative property The insertion of parentheses or grouping of terms in vector 


summation is immaterial. That is, 


(A+B)+C=A+(B+C) (6.50) 


. Identity element The zero or null vector when added to a vector does not produce 


a new vector. In symbols, A+0 = A. The null vector is called the identity element 


under addition. 


. Inverse element If to each vector A, there is associated a vector E such that 


under addition these two vectors produce the identity element, and A+ EF = 0, 
then the vector E is called the inverse of A under vector addition and is denoted 
by E =-A. 

Additional properties satisfied by vectors include 


. Commutative law If in addition all vectors of the group satisfy A+B = B+A, then 


the set of vectors is said to form a commutative group under vector addition. 


. Distributive law The distributive law with respect to scalar multiplication is 


m(A +B) =mA+mB, where m is a scalar. (6.51) 


Definition (Linear combination) 
If there exists constants c1,C2,...,Cn, not all zero, together with a set of vectors 


Ai, Ais eeSey Ans such that 
A = cA, + C2 Az treet cnAn, 


then the vector A is said to be a linear combination of the vectors Aas, Ao, Sauer Ais 


Definition (Linear dependence and independence of vectors) 
Two nonzero vectors A and B are said to be linearly dependent if it is possible 


to find scalars ki, k2 not both zero, such that the equation 
kA+k.B =0 (6.3) 


is satisfied. If k, = 0 and kz = 0 are the only scalars for which the above equation 


is satisfied, then the vectors A and B are said to be linearly independent. 


This definition can be interpreted geometrically. If k,; 4 0, then equation (6.3) 
implies that A = 2B = mB showing that A is a scalar multiple of B. That is, 4 and 
B have the same dneciion and therefore, they are called colinear vectors. If A and 
B are not colinear, then they are linearly independent (noncolinear). If two nonzero 
vectors A and B are linearly independent, then any vector C lying in the plane of 
A and B can be expressed as a linear combination of the these vectors. Construct 
as in figure 6-3 a parallelogram with diagonal C and sides parallel to the vectors 4 
and B when their origins are made to coincide. 


Figure 6-3. Vector C is a linear combination of vectors A and B. 


Since the vector side DE is parallel to B and the vector side EF is parallel to A, then 
there exists scalars m and n such that DE = mB and EF = nA. With vector addition, 


= = — = > 
GC =DE+EF=mB +nA (6.54) 


which shows that C is a linear combination of the vectors A and B. 
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Example 6-1. Show that the medians of a triangle meet at a trisection point. 


Figure 6-4. Constructing medians of a triangle 


Solution: Let the sides of a triangle with vertices a, 6,7 be denoted by the vectors 
A, B, and A- B as illustrated in the figure 6-4. Further, let a, 8, 7 denote the 
vectors from the respective vertices of a, 6, y to the midpoints of the opposite sides. 
By using the above definitions one can construct the following vector equations 


A+a@=-=B B+ =(A-B)=6 B+7= =A. (6.5) 


NW] re 


1 
2 


ON es 


Let the vectors & and f intersect at a point designated by P, Similarly, let the vectors 
6 and F intersect at the point designated P*. The problem is to show that the points 
P and P* are the same. Figures 6-4(b) and 6-4(c) illustrate that for suitable scalars 
k, , m, n, the points P and P* determine the vectors equations 


A+la =m and B+ny=ks. (6.6) 


In these equations the scalars k, ¢, m, n are unknowns to be determined. Use the 
set of equations (6.5), to solve for the vectors @, 6, 7 in terms of the vectors A and 
B and show 

a=58-A4 p= 5(4+8) 4 = 54-8. (6.7) 
These equations can now be substituted into the equations (6.6) to yield, after some 
simplification, the equations 


a-e-S)A=(2- 5B and ( 


Since the vectors A and B are linearly independent (noncolinear), the scalar coef- 
ficients in the above equation must equal zero, because if these scalar coefficients 
were not zero, then the vectors A and B would be linearly dependent (colinear) 
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and a triangle would not exist. By equating to zero the scalar coefficients in these 
equations, there results the simultaneous scalar equations 


(Q-e-S)=0, 


The solution of these equations produces the fact that k=€=m=n : and hence 


the conclusion P = P* is a trisection point. 


Unit Vectors 
A vector having length or magnitude of one is called a unit vector. If A is 
a nonzero vector of length |A|, a unit vector in the direction of A is obtained by 
multiplying the vector A by the scalar m = a The unit vector so constructed is 
denoted 7 
. A 
\4| 


The symbol é is reserved for unit vectors and the notation é,4 is to be read “a unit 


and satisfies |é4| =1. 


vector in the direction of A.” The hat or carat (~) notation is used to represent 


@ unit vector or normalized vector. 


Figure 6-5. Cartesian axes. 


The figure 6-5 illustrates unit base vectors €1, é2, é3 in the directions of the pos- 
itive x,y, z-coordinate axes in a rectangular three dimensional cartesian coordinate 


system. These unit base vectors in the direction of the 2, y,z axes have historically 
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been represented by a variety of notations. Some of the more common notations 


employed in various textbooks to denote rectangular unit base vectors are 


t, a k, Ex Cy; é., a1, 12, 73, les digs 1,, 1; €, é3 
The notation é;, é2, é3 to represent the unit base vectors in the direction of the 
x,y,z axes will be used in the discussions that follow as this notation makes it easier 
to generalize vector concepts to n-dimensional spaces. 
Scalar or Dot Product (inner product) 


The scalar or dot product of two vectors is sometimes referred to as an inner 
product of vectors. 
Definition (Dot product) The scalar or dot product of two vectors A and B 


is denoted 
A-B =|A||B| cos@, (6.8) 


and represents the magnitude of A times the magnitude B times the cosine of 6, 


where 0 is the angle between the vectors A and B when their origins are made to 


coincide. 
The angle between any two of the orthogonal unit base vectors é, é2, 63 in 


cartesian coordinates is 90° or $ radians. Using the results cos 3 = 0 and cos0 = 1, 


there results the following dot product relations for these unit vectors 


é3 é,;: 4, =1 62-6, = 0 63+ 6; = 0 
é1 = 61° 62 = 0 2° 62 = 1 63° 62 = 0 (6.9) 
e€2 
61° 63 = O 62+ 63 = O 63+ 63 = 1 


Using an index notation the above dot products can be expressed 6; - 6; = 6;; 


where the subscripts i and j can take on any of the integer values 1,2,3. Here 6;; is 
l, i=j 

0, iAj- 

The dot product satisfies the following properties 


the Kronecker delta symbol! defined by 6;; = { 


Commutative law A-B=B-A 
A-(B+C)=A-B+A-C6 


Magnitude squared A- A= A? =|A/? 
which are proved using the definition of a dot product. 


Distributive law 


! Leopold Kronecker (1823-1891) A German mathematician. 


The physical interpretation of projection can be assigned to the dot product as 
is illustrated in figure 6-6. In this figure A and B are nonzero vectors with é4 and 
é unit vectors in the directions of A and B, respectively. The figure 6-6 illustrates 
the physical interpretation of the following equations: 


= 


é3- A =|A| cos@ = Projection of A onto direction of ég 


é4-B =|B| cos = Projection of B onto direction of é,. 


In general, the dot product of a nonzero vector A with a unit vector é is given 
by A. @é = @- A = |Aljé|cos@ and represents the projection of the given vector onto 
the direction of the unit vector. The dot product of a vector with a unit vector 
is a basic fundamental concept which arises in a variety of science and engineering 


applications. 


Figure 6-6. Projection of one vector onto another. 


Observe that if the dot product of two vectors is zero, A- B = |A||B|cos@ = 0, 
then this implies that either 4 = 0, B =0, or 6=%. If A and B are both nonzero 
vectors and their dot product is zero, then the angle between these vectors, when 
their origins coincide, must be 6 = 3. One can then say the vector A is perpendicular 
to the vector B or one can state that the projection of B on A is zero. If A and B are 
nonzero vectors and A.B = 0, then the vectors A and B are said to be orthogonal 


vectors. 


Direction Cosines Associated With Vectors 


Let A be a nonzero vector having its origin at the origin of a rectangular cartesian 


coordinate system. The dot products 
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A-&=A, A-@) =A» A+ @3 =A; (6.10) 


@> 


represent respectively, the components or projections of the vector A onto the L,Y 
and z-axes. The projections 4,;, A2, A3 of the vector A onto the coordinate axes 
are scalars which are called the components of the vector A. From the definition of 
the dot product of two vectors, the scalar components of the vector A satisfy the 
equations 


A, = A- 6, =|A| cosa, Ap = A- & =|A|cos@, A3=A-63=|Alcosy, (6.11) 


where a, 6, y are respectively, the smaller angles between the vector A and the 
x, y, z coordinate axes. The cosine of these angles are referred to as the direction 
cosines of the vector A. These angles are illustrated in figure 6-7. 


Figure 6-7. Unit vectors é€1, é2, 63; and é4 =cosa é; + cos €2 + cosy 63 


The vector quantities 
A, =A, 4, Ao = Ag és, As = A3é3 (6.12) 


are called the vector components of the vector A. From the addition property of 
vectors, the vector components of A may be added to obtain 


A = A, é, + Ap & + Az é3 = |A](cos a é; + cos B é2 + cosy é3) = |A| 64 (6.13) 


This vector representation A = A, @; + Ao é> + A3 és is called the component form of 
the vector A and the unit vector @4 = cosa é, + cos @ é) + cosy é3 iS a unit vector in 
the direction of A. 
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Any numbers proportional to the direction cosines of a line are called the di- 
rection numbers of the line. Show for a:b: c the direction numbers of a line which 
are not all zero, then the direction cosines are given by 


a b Cc 
cosa@ = — cos B = — cosy =-, 
r r r 


where r = Va? +b? + 2. 


Example 6-2. 


Sketch a large version of the letter H. Con- 
sider the sides of the letter H as parallel lines a 
distance of p units apart. Place a unit vector é 
perpendicular to the left side of H and pointing 
toward the right side of H. Construct a vector #, 
which runs from the origin of é to a point on the 
right side of the H. Observe that é-#, =pisa 
projection of z,; on é. Now construct another vector #2, different from #,, again from 


the origin of é to the right side of the H. Note also that é-#, = p is a projection 
of # on the vector é. Draw still another vector z, from the origin of é to the right 
side of H which is different from 7, and #. Observe that the dot product é- z= p 
representing the projection of z on é still produces the value p. 

Assume you are given é and p and are asked to solve the vector equation é-z = p 
for the unknown quantity 7. You might think that there is some operation like vector 
division, for example z = p/é, whereby z can be determined. However, if you look 
at the equation é- Zz = p as a projection, one can observe that there would be an 
infinite number of solutions to this equation and for this reason there is no division 


of vector quantities. 


Component Form for Dot Product 


Let A, B be two nonzero vectors represented in the component form 
A= A, 6) + Apé.+Agé3, B= By @, + Bly + Bg ey 
The dot product of these two vectors is 


A. B = (A, é, + Ao + Az @3) - (By 61 + By 62 + B33) (6.14) 
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and this product can be expanded utilizing the distributive and commutative laws 
to obtain 


=> 


A. B= A,B, é- 6, +A, Boé,- 6) + Ai B36, - 63 
+ Ap B, é2- @; + Ap Bo @o- @p + Ao Bz @o- 63 (6.15) 
+ Az By 63 - €; + A3 Bo 3 + €2 + A3 Bz €3 - 63. 
From the previous properties of the dot product of unit vectors, given by equations 
(6.9), the dot product reduces to the form 


A.B = A,B, + Ap Bo + A3B3. (6.16) 


Thus, the dot product of two vectors produces a scalar quantity which is the sum of 
the products of like components. 


From the definition of the dot product the following useful relationship results: 
A- B= A,B, + Ap Bo + A3B3 = |A||B| cos. (6.17) 


This relation may be used to find the angle between two vectors when their origins 
are made to coincide and their components are known. If in equation (6.17) one 
makes the substitution A = B, there results the special formula 


A. A= A? 4 A24 A? = A- Acos0 = A? =|Al’. (6.18) 


Consequently, the magnitude of a vector A is given by the square root of the sum of 


the squares of its components or |A| = VA4- 4 = 43 + A2 + A? 

The previous dot product definition is moti- 
vated by the law of cosines as the following argu- 
ments demonstrate. Consider three points having 
the coordinates (0,0,0), (A1, 42, A3), and (B,, Bo, B3) 
and plot these points in a cartesian coordinate sys- 
tem as illustrated. Denote by A the directed line 
segment from (0,0,0) to (A;, A2,A3) and denote by 


B the directed straight-line segment from (0, 0,0) to 
(Bi, Ba, B3). 

One can now apply the distance formula from analytic geometry to represent 
the lengths of these line segments. We find these lengths can be represented by 


|A| = ,/A2+ 42+ .42 and |B| =,/B?+ B2 + B?. 
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Let C = A—B denote the directed line segment from (B,, B2, B3) to (A, Az, A3). The 
length of this vector is found to be 


|G] = V(Ai — Bi)? + (Ag — Be)? + (Az — Bs)?. 
If 6 is the angle between the vectors A and B, the law of cosines is employed to write 
|C|? = |Al? + |B/? — 2) A||B] cos 0. 


Substitute into this relation the distances of the directed line segments for the mag- 
nitudes of A, B and C. Expanding the resulting equation shows that the law of 
cosines takes on the form 


(A; — By)? + (Ag — Bo)? + (Ag — Bz)? = A? + A? + A? + B? + B? + B?2 — 2|A||B| cos. 
With elementary algebra, this relation simplifies to the form 
A, By + A, Bz + A3B3 = |A||B| cos 6 
which suggests the definition of a dot product as A- B = |A||B| cos9@. 


Example 6-3. If A = 4, é, + A: @ + A363 is a given vector in component form, 


then 
A-A=A?4+A24+A3 and |A|=4/A?24 A2 4 A? 
The vector 
1s. <A,é Ag é A3é 
ea = A= 161 Meat 393 _ cog v6, + cos By + cosy Gs 


|A| V Aj + AB + AB 
iS a unit vector in the direction of A, where 


Ag 


Ay A» 
cosa=-—>, cosBG=—, cosy=—+> 
|A| 


|A| |A| 
are the direction cosines of the vector A. The dot product 
€4 -€4 = cos* a+ cos” 3 + cos? 7 = 1 


shows that the sum of squares of the direction cosines is unity. 


Example 6-4. Given the vectors 


A=28,+36@4+6é; and B= é,+26+26; 
ee 
(a) |Al, |B], 4-8, |A+ 8 
(b) The Ss a the vectors A and B 
(c) 
(d 


Solution 


a 


c) The direction cosines of A and B 


=> 


) A unit vector in the direction G = 4 — 


(a) |A| = (2)? + (3)? + (6)? = V49 =7 
= /(1)? + (2)? + 2? =v9=3 


> = 


+ B=38@,+56)4+ 8é3 
|A + Bl = VBP + OP + OP = V9B 


=> 


A.B 20 _ 20 
|A||B| 7-3. 21 


(b) A-B=|A||Blcos8 = cosd= 


20 : 
6 = arccos or = 0.3098446 radians = 17.753 degrees 


or one can determine that 


/ (21)? — (20)? Vl 
20 20 : 
(c) A unit vector in the direction of the vector A is obtained 


tan@ = 


6 = 0.3098446 radians 


by multiplying A by the scalar 7a] $0 obtain 


e bt ee Bech ee ar gee 
aA 1€1 1 €2 163 = 7 el 7&2 1 7&3 
: : : . . : 2 3 6 besos 
which implies the direction cosines are cosa, = z> COs A= 7? C081 = 5 In a similar 
B i 2 
fashion one can show é3 = iB] = COS @ 6; + cos Bo €) + cos 2 e3 = 3 é, + 3 €o+ €3 which 
‘ : ; : : 2 2 
implies the direction cosines are cos a2 = 3? 008 Bo = 37 8B = 3 


(d) C= A-B = 6 + 6 +465 and |G| =|A - B| = /()? + (1)? + (4)? = V18 = 3v2 Unit 


vector in direction of Cis é¢ = O_o: Si 7 ASS a take note of the face that the 


IC| 3/2 


sum of the squares of the direction cosines equals unity. 
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Example 6-5. (The Schwarz inequality) 

Show that for any two vectors A and B one can write the Schwarz inequality 
| A- B |<| A|| B| the equality holding if A and B are colinear. 
Solution If A and B are nonzero quantities, then |A- B| must be a positive quantity. 
Consider a graph of the function 


y=y(z) =| A+B P= (A+2B)- (A+B) 
y(t) =A-A+cA-B+a2B-A+2°B-B 
y(c) =| Bl? 2? +2(A- B)rt | A /?= aa? + br +e 
Note that if y(x) > 0 for all values of x, then this would imply the graph of y(x) must 


not cross the z—axis. If y(x) did cross the x—axis, then the equation y(x) = 0 would 
have the two roots 


—b SE Ay b2 — 4ac 
r= 
2a 


in which case the discriminant b? — 4ac would be positive. If y(x) does not cross the 
az—axis, then the discriminant would satisfy b? — 4ac < 0. Here b = 2(A- B), a =| B |? 
and c=| A |? and the condition that the discriminant be less than or equal zero can 
be expressed 

b? — 4dac = 4(A- B)? —4| B |?| A |?<0 


or | A.B \<|A]| B| 


an inequality known as the Schwarz inequality. 


Example 6-6. The triangle inequality 
Show that for two vectors A and B the inequality | A+ B |<| A| +| B| must hold. 
This inequality is known as the triangle 
inequality and indicates that the length of 
one side of a triangle is always less than the 


sum of the lengths of the other two sides. 


Solution To prove the triangle inequality one can use the Schwarz inequality from 


the previous example. Observe that 


or 

| A+B =| A)? +2(4- B)+| B?<| A? +2|/A4-B|/+| BP (6.19) 

Using the Schwarz inequality | A- B |<| A || B | the equation (6.19) can be expressed 

| 4+ B ?<| A/? +2|A|| B/+| BP=(| A] +] BI) (6.20) 

Taking the square root of both sides of the equation (6.20) gives the triangle inequal- 
ity | A+B |<|A|+|B|. 


The Cross Product or Outer Product 
The cross or outer product of two nonzero vectors A and B is denoted using the 


notation A x B and represents the construction of a new vector C defined as 
C=Ax B=|A||B| sind é,, (6.21) 


where @ is the smaller angle between the two nonzero vectors 
A and B when their origins coincide, and é, is a unit vector 
perpendicular to the plane containing the vectors A and B 
when their origins are made to coincide. The direction of é, 
is determined by the right-hand rule. Place the fingers of your 
right-hand in the direction of A and rotate the fingers toward 
the vector B, then the thumb of the right-hand points in the 
direction C. 


The vectors 4, B, C then form a right-handed system.? Note that the cross product 
Ax B is a vector which will always be perpendicular to the vectors A and B, whenever 
A and B are linearly independent. 

A special case of the above definition occurs when A x B = 0 and in this case one 
can state that either @ = 0, which implies the vectors A and B are parallel or A = 0 
or B=0. 

Use the above definition of a cross product and show that the orthogonal 
unit vectors €;, é2, é3 satisfy the relations 


= A A Aa A A A 
a 6; X &; = 0 @€2 X ey = — &3 e€3 X €1 = €2 
3 
~~ A aA 
é1 6, X 2 = e3 62 X €2 = 0 e3 X €g = — ey (6.22) 
62 - 
6, X 63 = — €9 @g X 63 = 4] 63 X 63 = 0 


2 Note many European technical books use left-handed coordinate systems which produces results different from 
using a right-handed coordinate system. 
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Properties of the Cross Product 


> 


AxB=-BxA_ (noncommutative) 


> 


Ax(B+C)=AxB+AxC (distributive law) 
m(A x B) =(mA)x B=Ax (mB) mascalar 
AxA=0 since A is parallel to itself. 
Let A = A; 6; + Ao éo + Az é3 and B = B, é, + Boéo + B3é3 be two nonzero vectors 


in component form and form the cross product A x B to obtain 
A x B = (Ay e} + Ag €o + A3 é3) x (By e} + Bo eo + Bs 3). (6.23) 
The cross product can be expanded by using the distributive law to obtain 


Ax B= A,B, é x 6+ A, Bo & x @ + Ai Bs 1 x @3 
+ AB, ég x €; + Ap Bo €n X @2 + An Bz €o X 63 (6.24) 
+ A3B, 63 xX €; + A3 Bo é3 X @2 + A3B3 @3 X 63. 
Simplification by using the previous results from equation (6.22) produces the im- 


portant cross product formula 
A x B = (A2B3 — A3Bz) @; + (A3B, — A1B3) 2 + (Ai Bo — ApB1) 6, (6.25) 
This result that can be expressed in the determinant form? 


A we 


a Ay Ap 
Bi B3 


B, By 


1 €2 €3 fe Az 4 +| 
= 2 


e 
Ax B= Ay Ag A3 
B, Ba B| |"? 7% 


é3. (6.26) 


In summary, the cross product of two vectors A and B is a new vector C, where 
oe pay €;  €2 63 
C=AxB=C,e, + Co 24+ C363 = Ay Apo A3 
Bi. Bs. Ba 
with components 


C7l = Ay Bs = A3Bo, C2 = A3 By = A, Bs, C3 = A, Bo = Ay By (6.27) 


3 For more information on determinants see chapter 10. 


Geometric Interpretation 17 
A geometric interpretation that can be assigned to the magnitude of the cross 
product of two vectors is illustrated in figure 6-8. 


Figure 6-8. Parallelogram with sides A and B. 


The area of the parallelogram having the vectors A and B for its sides is given 

by 
Area = |A|-h =|A||B| sind =|A x BI. (6.28) 
Therefore, the magnitude of the cross product of two vectors represents the area of 


the parallelogram formed from these vectors when their origins are made to coincide. 


Vector Identities 


The following vector identities are often needed to simplify various equations in 


science and engineering. 
1 AxB=-BxA (6.29) 
2. A-(BxC)=B.(Cx A) =C-(Ax B) (6.30) 


) 
An identity known as the triple scalar product. 


[D-(Ax B)| - BIG. (Ax By 
4. (G x b)| _A [B (6 x b)| (6.31) 
C) — C(A- B) (6.32) 


> 


4. Ax(BxC)=B(A- 
The quantity A x (B x C) is called a triple vector product. 

5. (Ax B)- (6x D) =(A-C)\(B-D)-(A-D\(B-C) (6.33) 

6. ‘The triple vector product satisfies 


=> 


Ax (Bx €)+Bx (Gx A)+C x (Ax B) = 


ii 


(6.34) 


Note that in the triple scalar product 4-(B x C) the parenthesis is sometimes 
omitted because (A-B)x C is meaningless and so A- Bx C can have only one meaning. 
The parenthesis just emphasizes this one meaning. 
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A physical interpretation can be assigned to the triple scalar product 4-(BxC) is 
that its absolute value represents the volume of the parallelepiped formed by the three 
noncoplaner vectors A,B,C when their origins are made to coincide. The absolute 
value is needed because sometimes the triple scalar product is negative. This physical 
interpretation can be obtained from the following analysis. 

In figure 6-9 note the following. 

(a) The magnitude |B x C| represents the area of the parallelogram PQRS. 


(b) The unit vector é, = oa is normal to the plane containing the vectors B 


[Bx 
and C. 
Figure 6-9. Triple scalar product and volume. 
(c) The dot product A- é@, = A- 5 . zi =h represents the projection of A on é, 
x 


and produces the height of the parallelepiped. These results demonstrate that 


A-(B x C)| =|B x C|h = (Area of base) (Height) = Volume. 


so that the magnitude of the triple scalar product is the volume of the paral- 
lelepiped formed when the origins of the three vectors are made to coincide. 


Example 6-7. Show that the triple scalar product satisfies the relations 


= 


A. (Bx C)=B-(C x A) =C- (Ax B) 


Note the cyclic rotation of the symbols in the above relations where the first symbol 
is moved to the last position and the second and third symbols are each moved to 
the left. This is called a cyclic permutation of the symbols. 
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Solution Use the determinant form for the cross product and express the triple scalar 
product as a determinant as follows. 


€;  €2 63 


A-(BxC) =(A; €; + Ao @2 + Az 63) - By Bo Bz 
Cy Cy Cs 

A-(B x C) =(Ay 61 + Ap &2 + Ag 63) - [(BoC3 — B3C2) 61 — (B1C3 — B3C1) & + (B1C2 — BoC) és] 
A ‘ (B x 7) =A, (B2C3 = B3C2) — A2(BiC3 = B3C;) + A3(Bi C2 = B2C;) 

A, Ap Az 
A (B x C) =A, By Bs = Ay we! Bs + A3 ge Bo = By Bog Bz 

C2 C3 Cl C3 C C2 
Cy Cy Cs 


Determinants have the property* that the interchange of two rows of a determinant 


changes its sign. One can then show 


A, Ap Az B, Bo Bs Cy Co C3 
By Bo Bs = C7; Co C3 = Ay Ag A3 
Cy, Co Cs A, Ag As B, By Bo 


or 


Example 6-8. For nonzero vectors A, B,C show that the triple vector product 
satisfies A x (B x C) 4 (A x B) x CG 
That is, the triple vector product is not associative and the order of execution of 


the cross product is important. 


Solution Let B x C = D denote the vector 
perpendicular to the plane determined by the 
vectors B and C. The vector dx D=EFisa 


vector perpendicular to the plane determined by 


xX " 


~~ 
Se 


the vectors A and D and therefore must lie in 


= 
. 
> 


\ 


the plane of the vectors B and C. One can then 
say the vectors B,C and Ax (B x C) are coplanar 
and consequently there must exist scalars a and 
8 such that 


Ax (B x CG) = aB + BC (6.35) 


* See chapter 10 for properties of determinants. 
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In a similar fashion one can show that the vectors (A x B) x C, A and B are coplanar 
so that there exists constants y and 6 such that 


(A x B)x C =yA+6B (6.36) 
The equations (6.35) and (6.36) show that in general 


Ax(BxC)4(Ax B)xC 


Example 6-9. Show that the triple vector product satisfies 
Ax(BxC)=(A-C)B-(A-B)C 

Solution Use the results from the previous example showing there exists scalars a 

and @ such that 


> 


Ax(BxC)=a 


vel 


+ BC (6.37) 


Let B x C =D and write 
Ax D=aB+ pC (6.38) 


Take the dot product of both sides of equation (6.38) with the vector A to obtain 
the triple scalar product 

A-(A x D)=0(A-B)+(A-C) 
By the permutation properties of the triple scalar product one can write 


A.(Ax D)=A-(Dx A)=D-(Ax A) =0=0(A-B)4+6(A-C) (6.39) 


The above result holds because A x A = 0 and implies 


a(A-B)=-—6(A-C) or Za7F == 


where \ is a scalar. This shows that the equation (6.37) can be expressed in the 
form 

Ax(BxC)=X(A-C)B-—XA-B)C (6.40) 
which shows that the vectors A x (B x C) and (A-C)B — (A- B)C are colinear. The 
equation (6.40) must hold for all vectors A, B,C and so it must be true in the special 


case A= @), B = é, C = é where equation (6.40) reduces to 


@2 x (€; X 62) = €; =AE, Whichimplies \=1 


Example 6-10. 
Derive the law of sines for the triangle illustrated in the figure 6-10. 


Solution The sides of the given triangle are formed from the vectors A, B and C and 
since these vectors are free vectors they can be moved to the positions illustrated 
in figure 6-10. Also sketch the vector —C as illustrated. The new positions for 
the vectors A,B,C and —C are constructed to better visualize certain vector cross 


products associated with the law of sines. 


Figure 6-10. Triangle for law of sines. 


Examine figure 6-10 and note the following cross products 


Taking the magnitude of the above cross products gives 
|G x A| =|A x B| =|B x (-C)| 
or 
AC sin@z = ABsinO¢ = BCsin6,. 
Dividing by the product of the vector magnitudes ABC produces the law of sines 


sin@4 _sin@g _ sinéc 
A B C 
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Example 6-11. Derive the law of cosines for the triangle illustrated. 


Figure 6-11. Triangle for law of cosines. 


Solution Let C =A-—B so that the dot product of C with itself gives 
CC =(4 =B) A =B) HAASE OB H=9A28 
or 
C? = A? + B? — 2ABcos8, 
where A=|A|, B=|B|, C=|C| represent the magnitudes of the vector sides. 


Example 6-12. Find the vector equation of the line which passes through the 
two points P,(2x1, V1; 21) and P2(x2, Y2; 22). 


Solution Let 
Py =@1 @; + %2€o 4 73 63 
and = fy =x2 1 + yo €2 + 22 63 
denote position vectors to the points P, and P, 


respectively and let 7 = 7é;+yé.+zé3 denote the 
position vector of any other variable point on the 


line. Observe that the vector 72 — 7, is parallel 
to the line through the points P, and P,. By vector addition the (x, y, z) position on 
the line is given by 

P=714+X(ro-71) —c<A<0o (6.41) 
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where \ is a scalar parameter. Note that as \ varies from 0 to 1 the position vector 
Fr moves from 7; to 7. An alternative form for the equation of the line is given by 


P=Fo+ (71-72) —o<r* < co 
where \* is some other scalar parameter. This second form for the line has the 
position vector 7 moving from 72 to 7, as \* varies from 0 to 1. The vector +(72—71) 
is called the direction vector of the line. Equating the coefficients of the unit vectors 
in the equation (6.41) there results the scalar parametric equations representing the 
line. These parametric equations have the form 


L=21+X(x2—2%}), y= yi + A(y2 — 1), z=24+ (21 — 22) —0o <A<0o 
If the quantities 22-21, y2—y, and z2— z are different from zero, then the equation 
for the line can be represented in the symmetric form 


es ee es (6.42) 
LQ — Ty Yy2—- Y1 22 — 2] 


Note that the equation of a line can also be represented as the intersection of 


two planes 
Nyx + Noy + N3z4+ Dy =0 N - (7-7) =0 
or 
Mix + Moy + M3z+ Dz =0 M -(r—7,) =0 
provided the planes are not parallel or N 4 kM, for k a nonzero constant. 


Example 6-13. Show the perpendicular distance from a point (9,40, 2) to a 


given line defined by 2 = 2; + aj, y=y1t+agt, z= 2,+ ast is given by 
d= (fo - 7) x where A = ay, €; + a2 €g + 03 63 
a 
Solution The vector equation of the line is 


r=7r,+at, where (x1, %1, 21) is a point on the line 
described by the position vector 7, and @ is the 
direction vector of the line. The vector 7) — 7; 
is a vector pointing from (21, y1, 2) to the point 
(x9, Yo, 20). These vectors are illustrated in the 
accompanying figure. 
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Define the unit vector é, = 4,4 and construct the line from (29, yo, 79) which is 


|a| 
perpendicular to the given line and label this distance d. Our problem is to find the 
distance d. From the geometry of the right triangle with sides 7) — 7 and d one can 
write sin@ = cee Use the fact that by definition of a cross product one can write 


> 


l7o - 71 
a 7 nice tuck a a 
(Fo — 71) X €al = Fo — 71||€a| sind = d= (Fo — Fi) x 


Example 6-14. Find the equation of the plane which passes through the point 


P,(x1, 41, 21) and is perpendicular to the given vector N=Ni6,4No6+ N3 3. 


Solution Let 7; = x; €; + y1 62 + 2 é3 denote the 
position vector to the point P, and let the vec- 
tor Fr =ré, +yé2+2763 denote the position vector 
to any variable point (z,y,z) in the plane. If the 
vector 7 — 7, lies in the plane, then it must be 
perpendicular to the given vector N and conse- 
quently the dot product of (7 — 7) with N must 


be zero and so one can write 


(F-71)-N =0 (6.43) 


as the equation representing the plane. In scalar form, the equation of the plane is 
given as 
(a — 41)Ni + (y—y1)No+ (2 — 21)N3 =0 (6.44) 


a 
Example 6-15. Find the perpendicular distance d from a given plane 
(x — 21)Ni + (y — y1)No + (2 — 21). Ng = 0 


to a given point (20, Yo, 20). 
Solution Let the vector 75 = xo €1 + yo €2 + 20 63 point to the given point (zo, yo, 20) 
and the vector 7, = 2; 6; + y,€2 + 2, é3 point the point (x1, 4,2) lying in the plane. 
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Construct the vector 7) —7, which points from the terminus of 7, to the terminus of 
7) and construct the unit normal to the plane which is given by 
Bo de Nj €; + No €2 + N3 3 
NO “D/NE + NE + NB 


Observe that the dot product éy - (7 — 71) 
equals the projection of 7) — 7, onto éy. This 
gives the distance 


(zo — £1)Ni + (Yo — y1).No + (20 — 2)N3 
JN? + N3 + N3 


where the absolute value signs guarantee that the 


sign of d is always positive and does not depend 
upon the direction selected for the unit vector éy. 


Moment Produced by a Force 
The moment of a force with respect to a line is a measure of the forces tendency 
to produce a rotation about the line. Let a force F acting at the point (21, y, 21) 
be resolved into components parallel to the coordinate axes by expressing F’ in the 
component form 
F = Fy é, + Fé) + F363 


That component of the force which is parallel to an axis has no tendency to produce a 
rotation about that axis. For example, the F, component is parallel to the x—axis and 
does not produce a rotation about this axis. For a chosen axis, the moment about 
that axis is the product of the force component times the perpendicular distance of 
the force from the axis. By using the right-hand screw rule, one can assign a negative 
sign to the moment if it acts clockwise and a positive sign to the moment if it acts 
counterclockwise. The moment of a force is a vector quantity which produces a 
definite sense of rotation about an axis. 

With the use of figure 6-12 let us calculate the moment of a force F, acting at 
the point (21, y1, 21), about the z-, y- and z-axes. 
(a) For the moment about the x-axis produces 


F, component parallel to z-axis does not produce moment 


(Force)(1 distance) = +F3y, (Counterclockwise rotation) 


(Force)( distance) = —F,z, (Clockwise rotation) 
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The total moment about the z-axis is therefore the sum of these moments and 
given by 
M, = Fay — Foz. 


(b) For the moment about the y-axis, one finds 


(Force)(1 distance) = +F,z, (Counterclockwise rotation) 
Fy component parallel to the y-axis does not produce a moment 


(Force)(L distance) = —F3x, (Clockwise rotation) 


The total moment about the y-axis is therefore 


Mo a Fiz = F3ry. 


Figure 6-12. Moments produced by a force F = F, 6; + Fy é2 + F363 


(c) For the moment about the z-axis show that 


(Force) (1 distance) = —Fiy; (Clockwise rotation) 


(Force)(1 distance) = +Fr, (Counterclockwise rotation) 


F; component parallel to the z-axis does not produce a moment 


The total moment about the z-axis is given by 


M3 = For, — Fin. 
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The total moment about the origin is a vector quantity represented as the vector 
sum of the above moments in the form 
Mo = M1 1 + Mp éy + Mg és 
(6.45) 
= (Fay. — Foz) @1 + (Fizi — F321) €2 + (Foti — Fiyi) 3. 
If 7, = 2, é; + y, €2 + 2 €3 is the position vector from the origin to the point (21, y1, 21), 
then the moment about the origin produced by the force F can be expressed as a 
cross product of the vectors 7; and F and written as 


Mo = Ti x F =/Xy Y1 21 (6.46) 


BR, 


This is readily verified by expanding the equation (6.46) and showing the result is 
given by equation (6.45). 
Moment About Arbitrary Line 


Assume one has a force F' acting through a 
given point A and 7, is the position from the 
origin to the point A. The moment about the 
origin is given by Mj) =74 x F. The moment of 
the given force F about the lines representing the 
z, yand z axes are given by the projections of Mo 
on each of these axes. One finds these moments 


Mo- 4 =™,, Mo- 62 = Mp, Mo- é3 = Mg 


To find the moment about a given line L, choose any point B on the line L 
and construct the position vector rg from the origin to the point B. The vector 
74 —Fp, then points from point B to the force F acting at point A as illustrated in 
the previous figure. 

The moment of the force F about the point B is given by 


= 


Mp =(Fa-Pe)xF 


Observe that this equation for Mg, represents a position vector from point B to 
the force F' crossed with F and has the exact same form as equation (6.46). The 
only difference being where the position vector to the force F is constructed. The 
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moment about the line L is then the projection of the vector moment Mz on this 
line. If é, is a unit vector along the line, then Mg, - é, represents the projection of 
Mz on L. The direction of the unit vector 6; on the line L can point in one of two 
directions (i.e. é; or —é;,). However, once the direction of é; has been chosen one 
must be careful to analyze the dot product Mz - é, as its algebraic sign determines 
the rotation sense produced by the moment (i.e., clockwise or counterclockwise). 

A resultant force is the algebraic sum of the forces associated with a system. 
The moment of a resultant force with respect to some axis is equal to the algebraic 


sum of the moments of the system forces with respect to the same axis. 


Example 6-16. If F = Fé, + Ré.+ Fé; is a force acting at the end of the 
position vector 7 = x é, + yéo + zé3 then the moment of the force about the origin is 
M ="x F = (yF3—2Fp) 6+ (2F, —#F3) @)+ (xFp—yF,\)é3. Make note that the moments 
of the force components are 

M, =? x (Fé) = (w@, + yen +: 23) x (Fy 61) = —yFy 63 + 2 

My. =? x (Fp @2) = (6, + yg + 263) X (Fo G2) = 2 Fy by — 2Fp by 


M3 =F x (F3é3) = (61 + yéz + 2@3) x (F363) = —vF3 62 + yF31 


SO that M=M,+M.+M3 


Differentiation of Vectors 


Let us define what is meant by a derivative associated with a vector and consider 
some applications of these derivatives. Again notation plays an important part in 
the representation of the derivatives and therefore many examples are given to help 
clarify concepts as they arise. 

The equation of a space curve can be described in terms of a position vector from 
the origin of a chosen coordinate system. For example, in cartesian coordinates the 
position vector of a space curve can have the form 


r= r(t) = x(t) 1 + y(t) €2 + z(t) es, (6.47) 
where the space curve is defined by the parametric equations 


oe (b) y= yt), 2 Fit): (6.48) 


where ¢ represents some convenient parameter, say time. The derivative of the 
position vector 7 with respect to the parameter t is defined as 
df 4, Af 
dt  At—o At 
= ty 7F(t + At) — r(t) 
At-0 At 


(6.49) 


In component form the derivative is represented in a form where one can recognize 


the previous definition of a derivative of a scalar function. One finds 


dr i, [x(t + At) €; + y(t + At) €g + z(t + At) és] — [a(t) Ey + y(t) eo + z(t) es] 


dt ~ Ats0 At 

dr. z(t+At)—a(t).  y(t+At)—y(t) .  2¢+At)—2(t) . 
a Aro At ve At ca At i 
ar - at 5 dy . OF x oo. ages LNA ign a 

er eae oot a é3 = x'(t) e; + y(t) €2 + z(t) €3 


This shows that the derivative of the position vector (6.47) is obtained by differenti- 
ating each component of the vector. It will be shown that this derivative represents 
a vector tangent to the space curve at the point (a(t), y(t), z(t)) for any fixed value of 
the parameter t. Second-order and higher order derivatives are defined as derivatives 
of derivatives. 


Example 6-17. 
The two dimensional curve y = f(x) can be 
represented by the position vector 


with the derivative 


dr 
dx 


Sf pO 6 e 
1 adie i: de 


Note that at the point (x, f(x)) on the curve one can draw the derivative vector and 
show that it lies along the tangent line to the curve at the point (z, f(x)). This shows 
that the derivative # is a tangent vector to the curve y = f(z). 

In general, if 7 = r(t) is the position vector of a three dimensional curve, then the 
vector @ will be a tangent vector to the curve. This can be illustrated by drawing 
the secant line through the points r(t) and r(¢+ At) and showing the secant line then 


approaches the tangent line as At approaches zero. 
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Example 6-18. 


Consider the space curve defined by the po- 
sition vector 


r= F(t) =costé; + sintég + té3. 


This curve sweeps out a spiral called a helix®. 
The projection of the position vector 7 on the 
plane z = 0 generates a circle with unit radius 


about the origin. 
The first and second derivatives of the position vector with respect to the pa- 
rameter ¢ are 


dr ee x ke 
— =-—sinte; + costé2 + e3 
dt 

ar cost é; —sinté 

—=S SS —siln ‘ 
de 1 2 


The vector @ is tangent to the curve at the point (cost, sint,t) for any fixed value of 


the parameter t. 


Tangent Vector to Curve 


Let s denote the distance along a curve mea- 
sured from some fixed point on the curve and let 
the position vector of a point P on the curve be 
represented as a function of this distance. If the 
position vector is given by 


then the derivative with respect to arc length s 
is defined 
dr we, SOE i F(s+ As) — 7(s) 


= im — => hm 
ds As—o0 As As—0 As 


This limiting statement can be interpreted by the illustration above with the vector 
r(s) pointing to some point P and the vector 7(s+ As) pointing to some near point 


> The given equation sweeps out a right-handed helix. Can you determine the equation for a left-handed helix? 
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Q and the vector Ar representing the direction of the secant line through the points 
P and Q. 

Letting the point Q approach the point P one finds the direction of the secant 
line vector Ar approaches the direction of the tangent to the curve at the point P. 


In this limiting process one can write 
dr fe A dy . az P 


7 _ y eS 
de Wh he ds dP ae 


where é€; represents a unit tangent vector to the curve. Note that this tangent vector 


is a unit vector since the magnitude of this derivative is 


EV) +8) +@) (Pare 


since an element of arc length is given by ds? = dx? + dy? + dz?. This shows the vector 


dr. . ; - 
qa isa unit vector which is tangent to the space curve r = r(s). 
Ss 
By using chain rule differentiation one can assign a geometric interpretation 
to the derivative of a space curve 7 = 7(t) which is expressed in terms of a time 


parameter ¢. Using the chain rule one finds 


dr _drds_ dF og 
dt ds dt ds : 


Here v = & is ascalar called speed and represents the change in distance with respect 


to time. The above equation shows the velocity vector is also tangent to the curve 
at any instant of time. 
Differentiation Formulas 

(t+ At) — 8) _ 


The derivative of any vector %@ = v(t) is defined Jim, ai 7 _ Note 


the derivative of a constant vector is zero. Using he Proven that the limit of a 
sum is the sum of the limits, the above differentiation formula indicates that each 
of the components of a vector must be differentiated. Here it is assumed the unit 
vectors €), é;, é3 are fixed constants and so their derivatives are zero. 


For vector functions of the parameter t 
“=U t) = uy (t) e} + u(t) rey) + u3(t) €3 
v=U t) a v1 (t) e} + v(t) eo + u3(t) e3, 


w= w(t) = w(t) e} + W(t) 5 + w3(t) e3 
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where the components u;(t) ,v;(t) and w,(t), i= 1, 2,3 are continuous and differentiable, 
the following differentiation rules can be verified using the definition of a derivative 
as given by equation (6.49). 
The derivative of a sum is the sum of the derivatives and “(i +0)=—4+— 
The derivative of a dot product of two vectors is the first vector dotted with the 
derivative of the second vector plus the derivative of the first vector dotted with 
the second vector and one can write 
d dv di 
i (U-v) =u. 


The derivative of a cross product of two vectors gives a similar result 


The derivative of a scalar function times a vector is similar to the product rule 


and one finds 


where f = f(t) is a scalar function. In the special case f = c is a constant one 
finds Lae. = ee 

dt dt 
If @ = u(s) and s = s(t), then the chain rule for differentiating vector functions is 


given by 
di dit ds 
dt ~~ ds dt 
The derivative of a triple scalar product is found to be 
di, ,. . «. «dw db ., ds, ., 
pe RD Dh ae OO 


Each of the above derivative relations can be derived using the definition of a 
derivative. 
Kinematics of Linear Motion 

In the study of dynamics or physics one encounters Newton’s three laws of 
motion. These three laws are sometimes expressed in the following form. 

1. A body at rest remains at rest and a body in motion remains in motion, unless 
acted upon by an external force. 

2. The time rate of change of the linear momentum of a body is proportional to 
the force acting on the body, with the body moving in the direction of the applied 
force. 

3. For every action there 1s an equal and opposite reaction. 
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If 7 represents the length and direction of a line drawn to the center of mass of a 
body, then e = v represents the instantaneous velocity of the body and |i] =v =| 
represents the speed of the body. Let m denote the scalar mass of the body and let 
w denote the vector weight of the body. Here weight is a force given by w = mg, 
where g is the acceleration of gravity® Denote by m# the linear momentum of the 
body and let F denote the force acting on a body. Using these symbols Newton’s 
second law can be expressed in the form 
< (mi) =kF 


=> 


; 5 d ‘g s 
and if the mass m is a constant, then m— = kF or m@ = kF where k is a propor- 


tionality constant and @ = = denotes the acceleration of the body. The value of the 
constant k depends upon the units used to measure distance, time and force. 

The following is a set of units for force, mass, distance and time which allow 
for the proportionality constant to have the value k = 1. The notation of brackets 
around a quantity is used to denote “the dimensions of” the quantity. For example, 
the notation, [y] = meters, is read, ” The dimension of y is meters.” 

(fps) System 


In the foot (ft), pound (lb), second (sec) system of measurements, one uses 


[distance] = ft, [mass] = lb, [time] = sec, [Force] = slugs 


where 1 slug: ft/sec? = 1 Ib force 


(cgs) System 


In the centimeter (cm), gram (g), second (sec) system of measurements, one uses 
[distance] = cm, [mass] = g, [time] = sec, [Force] = dynes 


where 1 dyne = 1 g- m/sec? 
(mks) System 


In the meter (m), kilogram (kg), second (sec) system of measurements, one uses 
[distance] = ™, [mass] = kg, [time] = sec, [Force] = N 


where 1 N=1 Newton = 1 kg- m/sec? 


6 The magnitude of the acceleration of gravity g varies between 9.78 oat and 9.82 ea and depends upon 


the position of latitude of the body. In this introduction, all particles and bodies are assumed to accelerate in a 


gravitational field at the same rate with a value of g=32 


4 or g=980 eat or g=9.8 Tr: 
” Bracket notation for dimensions of a quantity was introduced by J.B.J. Fourier, theorie analytique de la chaleur, 


Paris, 1822. 
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Example 6-19. 


A cannon ball of mass m is fired from a cannon with 

an initial velocity vp inclined at an angle 6 with the 
horizontal as illustrated. Neglect air resistance and 
find the equations of motion, maximum height, and 
range of the cannon ball. 


Solution: Let y = y(t) denote the vertical height at any time t and let x = z(t) denote 
the horizontal distance at any time t. Consider the cannon ball at a position (x, y) 
and examine the forces acting on it. In the y-direction the force due to the weight of 
the cannon ball is W = mg, (g = 32ft/sec?). The equation of motion in the y-direction 


is represented as 
d?y 
m 
ai? 
Forces in the z-direction like air resistance are neglected. Newton’s second law can 


= —-W =-mg. (6.50) 


then be expressed 


aa 
<a = 0. (6.51) 
Make note of the fact that whenever time ¢ is the independent variable, the dot 
notation : ; 
. de . aa __ dy ._ ay 
x di’ x di2’ y= dt’ y= dt2 (6.52) 


is often employed to denote derivatives. Using the dot notation the equations (6.50) 
and (6.51) would be represented 


j=-g and #=0 (6.53) 
Calculating the « and ycomponents of the initial velocity, the equations (6.50) 
and (6.51) are solved subject to the initial conditions: 
«(0) =0, y(0) =0 
£(0) = v9 cos 8, y(0) = vo sin 8, 


where vy is the initial speed and @ is the angle of inclination of the cannon. Solving 
the differential equations (6.50) and (6.51) by successive integrations gives 
y=-gita, L =c3 


2 


t 
P= Og el eas xv =c3t +4 
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where ¢1,c2,¢3,c4 are constants of integration. The solution satisfying the initial 
conditions can be expressed as 


G42 p 
= y(t) = —2#? + (usin 6) t 
y= y(t) = 22 + (usin d) eh 
x = x(t) = (v9 cos 8) t. 
These are parametric equations describing the position of the cannon ball. The 


position vector describing the path of the cannon ball is given by 
F = F(t) = (vp cos 8) té; + (5? + (vp sin 9) t) é2 


The maximum height occurs where the derivative 4 is zero, and the maximum range 
occurs when the height y returns to zero at some time t > 0. The derivative % is zero 
when ¢ has the value t; = v9 sin@/g, and at this time, 
2 oi 2 2c 
ug sin® 0 ug sin 26 
7 ; g = 2(t;) = 
29g 29 


Ymax = y(t) = (6.55) 


Ug sin 8 


The maximum range occurs when y = 0 at time t, = 2 , and at this time, 


va sin 20 


Imax = x(t2) = 


Eliminating ¢ from the parametric equations (6.54), demonstrates that the trajectory 


of the cannon ball is a parabola. 


Example 6-20. (Circular motion) 

Consider a particle moving on a circle of radius r with a constant angular velocity 
w = #. Construct a cartesian set of axes with origin at the center of the circle. 
Assume the position of the particle at any given time ¢t is given by the position 
vector 


rF=Pr(t)=rcoswt é;+rsinwt é% r and w are constants. 


The displacement of the particle as it moves around the circle is given by s =r6 and 


the speed of the particle is “ == ro =rw. The velocity of the particle is a vector 
quantity given by 2 
eS ° = —rwsinwt €; +rwcoswt 2 (6.56) 


The velocity vector is perpendicular to the position vector 7 since @-7 = 0 as can 


be readily verified. The velocity vector is a free vector and can be moved anywhere 
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and so it is placed at the end of the position vector, as illustrated in the figure 6-13 
to show that the velocity is tangent to the circle. The magnitude of the velocity 7 
is the speed v given by 


Co Vr2w2 sin? wt + r2w? cos? wt = rw 


One can define an angular velocity vector @ as follows. Use the right-hand rule 
and point the fingers of your right-hand in the direction of the position vector 7 
and then rotate your fingers in the direction of motion of the particle. Your thumb 
then points in the direction of the angular velocity vector. For circular motion 
counterclockwise in the z, y-plane, one can define the angular velocity vector 3 = w é3. 
By defining an angular velocity vector one can express the velocity vector of a 
rotating particle by 

e} 5 e3 
0 0 Ww 
rcos@ rsin@d 0 


02x? S = € (—wrsin@) — €2 (—wrcos6@), a: (6.57) 


and this equation can be compared with equation (6.56). 


The acceleration of the rotating particle is given by 


, di 5 ; 
a= = —-Tw* coswt e; — rw 


dt 


2 25 


sinwt @9 = —w*f 
This shows the acceleration is directed toward the origin. It is therefore called a 
centripetal acceleration.® The magnitude of the centripetal acceleration is 
|| = w?r = Fee 
r 
The acceleration can also be obtained by differentiating the vector velocity given by 
equation (6.57) to obtain 


> 


dv af . do... 
a= =W 


Bp ae eae 


and since w is a constant, then “ =0 so that the above reduces to 
het ee OE 6 ete iy eich eh Ae: oS Bs 
a= Gene =e eR) See 


S Centripetal means “center-seeking” . 


where the last simplification was obtained using the vector identity given by equation 
(6.32) and the result w-7=0. The above results are derived under the assumption 
that the angular velocity w = @ was a constant. 


Figure 6-13. Particle moving in circular motion. 


In contrast, let us examine what happens if the angular velocity is not a constant. 


The position vector to a particle undergoing circular motion is given by 
Fr =rcosé é,+rsin#@ €5 


where 6 = @(t) is the angular displacement as a function of time. The velocity of the 
particle is given by 


Fe ne ca kta e 
~ dt dt —* dt ~? 


Let “ = w(t) denote the angular speed which is a function of time ¢ and express the 
velocity as 


0 = —rw(t) sind é; + rw(t) cosé €o 


The acceleration is obtained by taking the derivative of the velocity to obtain 


oo ee pod 6) é:4+ (t) si G6 é 
=e TS — — sin = mn ae Sa. 

Oe ded ee al dt | dt : 
G@ =— rw’ cos €; — rasind é — rw’ sind é2 + racos6 é» 


where a = a(t) = “ is the angular acceleration. The acceleration vector can be 
broken up into two components by writing 


a = —rw [cos@ é; +sin8 é2] + ra[—sind @; + cos@ ép] 
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The physical interpretation applied to the acceleration vector is as follows. Ob- 
serve that the vectors 


6, = cos@ 6; + sind 5 and 69 = — sin @, + cos@ é, 


are unit vectors and that these vectors are perpendicular to one another since they 
satisfy the dot product relation é,-é) = 0. The vectors é, and é represent unit 
vectors in polar coordinates and are illustrated in the figure 6-13. The acceleration 
vector can then be expressed in the form 


@=—rw’ 6. +raég=a,4+ & 


where @, = —rwé, is called the radial component of the acceleration or centripetal 


acceleration and @,; = raé, is called the tangential component of the acceleration. 


These components have the magnitudes 
|@,|=Trw and |a@:| = ra 


Note that if w is a constant, then a = 0 and consequently the tangential component of 
the acceleration will always be zero leaving only the radial component of acceleration. 


Example 6-21. Transverse and Radial Components of Velocity 


Consider the motion of a particle which is 
described in polar coordinates by an equation 
of the form r = f(0), where @ is measured in 
radians. Select a point P with coordinates (r, 4) 
on the curve and construct the radius vector 7 
from the origin to the point P. Construct the 
tangent to the curve at the point P and define 


the angle 7 between the radius vector and the 

—f(@) tangent. Label a fixed point on the curve, say 
the fixed point x) where the curve intersects the z-axis. Let s denote the arc length 
along the curve measured from zy to the point P. The velocity of the particle P as 
it moves along the curve is given by the change in distance with respect to time t 


and can be written v = a 
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The velocity vector is in the direction of the tangent to the curve and the com- 
ponent of the velocity along the direction OP is called the radial component of the 
velocity and denoted v,. At the point P construct a line perpendicular to the line 
segment OP, then the component of the velocity projected onto this perpendicular 
line segment is called the transverse component of the velocity and denoted by vy. 


These projections of the velocity vector give the radial and transverse components 
Up = vcosy and vg = vsinw 


ds 5 . . 
where v = ls \/u2 + v2 is the magnitude of the velocity called the speed of the 


particle. The unit tangent vector to the curve is given by 
€; = cos we, + sin w eg 


where é, is a unit vector in the radial direction and é, is a unit vector in the 
transverse direction. The derivative of the position vector with respect to the time 


t can be written as 


ae oe we, +usinwe é, +u9é 
—s=——=y = UCOS v sin =v Vv 
de de a t E i eae 


Therefore, when the position vector to the point P is written in the form 
F=xeyt+yeo OY F=rcosdé;4+rsindéy =reé, 


where é, is the unit vector in the radial direction given by é, = cos@é; + sin é2, one 


finds the derivative of this unit vector with respect to @ produces the vector 


= 6 = — sin @ é, + cos 4 ég 


The derivative of the position vector with respect to arc length is a unit vector so 
that 


A Cg a aca cP Se UT aT 

ds ds | ds - ds ds : : : 
where caer sige +¢ gies =6é ge 
ds e ds i ds. ds 


dr Z 7 7 ; , 
Therefore, ag = a 8 + —é, = & =coswé, + sin w €g 
s s 
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Equating like components produces the result that 
do, dr 
Pn and ds = cos W 


The derivative of the position vector 7 = ré, with respect to time t takes on the form 


df de dr, ded) dr dO, rg and 
i Ge ap. BE ge age Oo ae a re 


where 
Up =* =vcosy is the radial component of the velocity 


v6 =o =vsiny is the transverse component of the velocity 
é, =cos#é;+sin@é. is a unit vector in the radial direction 


69 =—sin@é, +cos@é, is a unit vector in the transverse direction 


e =0 =veosvé, +vusinwég is alternative form for the velocity vector 


Note also that if 4 =w is the angular velocity, then one can write vg = rw. 


Example 6-22. Angular Momentum 

Recall that a moment causes a rotational motion. Let us investigate what hap- 
pens when Newton’s second law is applied to rotational motion. The angular mo- 
mentum of a particle is defined as the moment of the linear momentum. Let H denote 
the angular momentum; m@, the linear momentum; and 7, the position vector of the 
particle, then by definition the moment of the linear momentum is expressed 


H =F x (m#) =? x (mo). (6.58) 


Differentiating this relation produces 


dH. Pr) ae 
dae) a ae) 
Observe that the second cross product term is zero because the vectors are parallel. 


Also note that by using Newton’s second law, involving a constant mass, one can 


write 
dv Fr 
Og a 


Comparing these last two equations it is found that the time rate of change of 
angular momentum is expressible in terms of the force F acting upon the particle. 
In particular, one can write _ 

era 

dt 
One of the many marvelous things introduced by the early Greek mathematicians 
was that symbols represent ideas and concepts. ‘The symbols in our last equation 
tell us about a fundamental principal in Newtonian dynamics, that the time rate 
of change of angular momentum equals the moment of the force acting on the 


particle. 


Angular Velocity 

A rigid body is one where any two distinct points remain a constant distance 
apart for all time. A rigid body in motion can be studied by considering both 
translational and rotational motion of the points within the body. Assume there 
is no translational motion but only rotational motion of the rigid body. A simple 
rotation of every point in the rigid body, about a line through the body, can be 
described by (a) an axis of rotation L and (b) an angular velocity vector 3. If the 
axis of rotation remains fixed in space, then all points in the rigid body must move 
in circular arcs about the line ZL. Consider a point P revolving about L in a circular 
path of radius a as illustrated in figure 6-14. 

The average angular speed of the point P is given by ae where A¢ is the angle 
swept out by P in a time interval At. The instantaneous angular speed is a scalar 
quantity w determined by 

w= ae = lim Ae 
dt Ato At 
There is a direction associated with the angular motion of P about the line L and 
thus an angular velocity vector @ is introduced and defined so that 
(i) & has a magnitude or length equal to the angular speed w, 
(ii) @ is perpendicular to the plane of the circular path. 
(iii) The direction of @ is in the direction of advance of a right-hand screw when turned 
in the direction of rotation. 
Choose any point O on the line L and construct the position vector 7 from O to 


an arbitrary point P inside the rigid body. The arc length s swept out as P moves 


Al 


A2 


through the angle ¢ is given by s = ad. The magnitude of the linear speed v, of the 
point P, is given by 

ds _ dd : 

dt “dt 


Figure 6-14. Rotation of a rigid body about a line. 


The geometry in figure 6-14, is investigated and indicates that a = |r|sin@, and 
hence the magnitude of the velocity can be represented as 


d 
& = |a| = |d||r| sind. 


dt 


The velocity vector is always normal to the plane containing the position vector and 
the angular velocity vector. Therefore the velocity vector can be expressed as 
o =0=5xF =(dllr|singe,, 

where é,, is a unit vector perpendicular to the plane containing the vectors @ and 7. 
The above arguments demonstrate that the expression for the velocity of a rotating 
vector is independent of the orientation of the cartesian 2x-,y-,z-axes as long as the 
origin of the coordinate system lies on the axis of rotation. To prove this result let 
O' denote the origin of some new z’,y’, z’ cartesian reference frame with its origin on 
the axis of rotation. If 7, is the position vector from this origin to the same point P 
considered earlier, one finds that 
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It therefore remains to show that «, = 7. The geometry of figure 6-14, provides an 
aid in demonstrating that the vectors 7, and 7 are related by the vector equation 


m =A+e, 


where A is a vector from the origin of one system to the origin of the other system 
and lying along the axis of rotation and in the same direction as 3. These results 
demonstrate that w x A =0 and 


Here the distributive law for cross products has been employed and the fact that 
both @ and A have the same direction produced a cross product of zero. 


Let B denote any vector connecting two fixed 
points within a rigid body which is rotating about 
a line with angular velocity ©. Let 7, denote a 
vector to the terminus of B and let 7 denote a 
vector to the origin of B, as measured from some 


origin on the axis of rotation. One can then write 


dt 
Observe that by vector addition 7. +B =7; so that 


diy 


SWRI and GE 


=WXT2 


dB dr, dr oe ie L628) e 
= =WXT1-WXT2=W Ty —T2) =wW 
dt dt dt . 2 pte 


Therefore one can state that in general, if B is any fixed vector lying within a rigid 
body which is rotating, then with respect to any origin on the axis of rotation, one 
can state that 


This is an important result used in the study of rotating bodies. 


Two-Dimensional Curves 
The graphical representation of a function y = f(z) in a rectangular cartesian 
coordinate system can also be presented in a vector language. A graph of the 


> 


function y = f(x) can be represented by a position vector 7, measured from the 
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A3 


AA 


origin, which sweeps out the curve as the parameter x varies. In figure 6-15, the 
position vector 7 is illustrated. This position vector has the representation 


F=F(x) = xe, 4+ f(x) eo. (6.60) 


As the parameter x varies, the position vector 7 represents the distance and direction 


of the point (z, f(x)) with respect to the origin. The derivative 
— =F" (x) = & + f'(a) ee (6.61) 


is also illustrated in figure 6-15. Observe that the derivative represents the tangent 
vector to the curve at the point (x, f(x)). There can be two tangent vectors to the 
curve at (zx, f(x)), namely 7 =F' (x) and ae = —7’(x). Unless otherwise stated, the 
tangent vector in the sense of increasing parameter x is to be understood. 

The cross product of the unit vector é3, out of the plane of the curve, and the 
tangent vector “= = #’(x) to the curve, gives a normal vector N to the curve at the 
point (2, f(x)). One calculates this normal vector using the cross product 


7 de e} e€9 e€3 
N= e3 x ae 0 0 1 j= —f'(x) e} + €o (6.62) 
o 1 f(z) 0 


Note there can be two normal vectors to the curve at the point (x, f(x)), namely N 
and —N. To verify that N is normal to the tangent vector at a general point (2, f(x)) 
one can examine the dot product of the normal and tangent vector N - i and show 


N -— =[—f'(x) é1 + @2] - [€1 + f'(x) é2] = 0 


which demonstrates these two vectors are perpendicular to one another. Further, 
the magnitudes of the normal vector N and the tangent vector @ are equal and can 
be represented 


= /1+[f'(@)?. (6.63) 


One can use the magnitudes of the tangent and normal vectors to construct unit 
vectors in the tangent and normal directions at each point (z, f(x)) on the plane 
curve. One finds these unit vectors have the form 
‘ thle Set ec 
é& = and é¢5 TAB) OL =A (6.64) 
1+ [f"()]? 1+ [f"(x)]? 


Figure 6-15. 
Tangent line and normal line to plane curve change with position. 


Recall from our earlier study of calculus that the arc length s measured along a 
curve from some fixed point (29, f(xo)) is given by 


j = JI+ PP @)P de (6.65) 
and the derivative of this arc length with respect to the parameter z is 


S = Jit POR. (6.66) 


Using chain rule differentiation one finds 


drds dr dr 7 ; 
dsdx dx ds eC) 


or 
dF 1 di? 


Qe = 


ds /1+[fi(a)P de 


which shows the unit tangent vector to the curve is the derivative of the position vec- 


tor with respect to arc length. The choice of the sign on the square root determines 
the direction of the unit tangent vector. 

At each point on the plane curve the unit tangent vector é, makes an angle @ 
with the constant unit vector é,. The absolute value of the rate of change of this 
angle with respect to arc length is called the curvature and is denoted by the Greek 
letter «. The curvature is thus represented by 


dé 
ds 


K= 
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By using the results tan 6 = a and ds? = dx?+dy”, one can calculate the derivatives 


dy 2 

o = te. and es i+ (2) , 
x ea (2) x 

The chain rule for differentiation can be employed to calculate the curvature 


a 
dx? 


2 ; (a) : (6.67) 


The unit tangent vector é, satisfies é,- é, = 1. Differentiating this relation with 


=|S|= 


dé dx 
dx ds 


respect to arc length s and simplifying produces 
—-.e =2e;:-— =0. (6.68) 


When the dot product of two nonzero vectors is zero, the two vectors are perpendic- 
ular to one another. Hence, the vector ce is perpendicular to the tangent vector é; 
when evaluated at a common point on the curve. It is oe that the vector é, is 
perpendicular to the tangent vector. The vectors é, and @ = are therefore colinear. 
Consequently there exists a suitable constant ¢ such that 
der ag 
ds ae 
It is now demonstrated that c = «, the curvature associated with the curve. To 
solve for the constant c differentiate é, with respect to the arc length s. From the 


expression 


déds_ d& — J1+[F'(@) PF" (x) 62 — [e+ f(a) Ga] [1 + [F'(2)] 2-3 f' (w) f"(a) 
ds dx dx Lt [fw 


the derivative of the unit tangent vector with respect to arc length is given by 


dé, f(x) 


ds [+ P@PL 


—fl(x)€i + €2 
Lea)? 


eee i? eee 
[1+ [f"(x)]?]? 


mM: 


Taking the absolute value of both sides of this equation shows that the scalar cur- 
vature « is a function of position and is given by 


The reciprocal of the curvature « is called the radius of curvature p. Note that straight 
lines have a constant angle 6 between a unit tangent vector and the x-axis and hence 
the curvature of straight lines is zero since the curvature is a measure of how fast 
the tangent vector is changing with respect to arc length. 

To understand the meaning of the radius of curvature, consider the vectors N(x) 
and N(« + Az) which are normal to the curve y = f(x) at the points (z, f(x)) and 
(x + Aw, f(a + Av)). These vectors are illustrated in figure 6-15. For appropriate 


scalars a and 3, the vector equations 
C(x) =F(z)+aN(x2) and C(x) =F(«#+Azr)+ BN («c+ Az) 


depict the common point of intersection (h,k) of these normal lines to the plane 
curve, provided these normal lines are not parallel. The scalars a and @ are related 
by the vector equation 


F(x) +aN (x) = F(a + Ax) + BN (a + Az). (6.69) 


If in the limit as Az — 0, the point of intersection (h,k) approaches a specific value, 
this limit point is called the center of curvature. To find the center of curvature 
(h,k), the scalar a (or 8) must be determined. This is accomplished by expanding 
the above equations relating a and 6. When the vector equation (6.69) is expanded, 
one finds have 


xe, + f(x) @2 — af’ (x) @, + aéy = (x + Ax) & + f(x + Ax) 2 — Bf’ (x + Ax) 6; + Bee. 


Equate like components the two scalar equations and show 


x—af'(x) — («+ Ax) + Bf'(x+ Az) =0 and 


(6.70) 
f(x) +a—fle@+Ar)—B=0. 
By eliminating @ from these two equations one finds 

a [Meta FO)) 4 4 [e+ 80-10) pee a) eK 

Ax Az 

In this equation let Az — 0 and solve for a and find 

/ 2 

= pre) fey 40. (6.72) 


f(@) 


AT 


A8 


From this result the center of curvature is found to have the position vector 


1+ [f'(@)/? 


C(x2)=r(r) +aN (ac) = 7, + f(x) eo+ f(x) 


[—f'(a) €1 + é]. (6.73) 
Note the position vector can also be expressed in the form 


C(x) = F(x) + pén, where p= > (6.74) 
and consequently the coordinates of the center of curvature can be determined. 
These coordinates are given by 

h=a—- £@) +[f(a)?) and k= f(x) + (1 Pie ys (6.75) 
f(x) f"'(z) 


provided that f”(x) 40. For f(x) =0, there is a point of inflection, and the circle of 
curvature degenerates into a straight line which is the tangent line to the point of 
inflection of the curve. Consider the set of all circles which have their centers on 
the normal line to the curve and which pass through the point where the normal 
line intersects the curve (i.e., circles are tangent to the tangent vectors). Of all the 
circles, there is only one which has a contact of the second order and this circle has 
its center at the center of curvature (h,k). A contact of second order means that not 
only does the circle and curve have a common point of intersection and a common 
first derivative but also that they have a common second derivative. A proof of 


these statements is now offered. Let the equation of the circle be denoted by 
(€—h)*? + (n—k)? =p’, (6.76) 


where the (€,7) axes coincide with the (x,y) axes and h,k,p are the functions of x 
derived above. If one considers x as being held constant and treats 7 as a function 
of ¢, then by differentiating the equation of the circle (6.76) twice one produces the 


derivatives 
2 2 
(€-h)+(n-k)— =0 and 1+ (2) Kat = (6.77) 


At the common point of intersection where (£,17) = (2, f(x)) one finds 


_ £@) 


are) 


(l+[f(@)) and n-k=-= (1+ [f'(2)]?) 


AQ 


so that 


dyn &-h ey _1+(#) 
UT = i st _ S} pn 


This shows that the first and second derivatives at the common point of intersection 


of the curve and circle are the same and so this intersection is called a contact of 


order two. 


Scalar and Vector Fields 


Of extreme importance in science and engineering are the concepts of a scalar 
field and a vector field. 


Scalar and vector fields 

Let R denote a region of space in a cartesian coordinate sys- 
tem. If corresponding to each point (x,y,z) of the region R there 
corresponds a scalar function ¢ = (x,y,z), then a scalar field is 
said to exist over the region R. If to each point (x,y,z) of a region 


R there corresponds a vector function 
F = F(x, Y> Zz) — F(z, Y> Zz) é1 + Fo(x, Y> Zz) €2 + F3(a, Y> z) és, 


then a vector field is said to exist in the region R. 


That is, a scalar field is a one-to-one correspondence between points in space and 
scalar quantities and a vector field is a one-to-one correspondence between points in 
space and vector quantities. The functions which occur in the representation of a 
vector or scalar fields are assumed to be single valued, continuous, and differentiable 
everywhere within their region of definition. 


Example 6-23. 


An example of a vector field is the velocity 
of a fluid. In such a velocity field, at each point 
in some specified region a velocity vector exists 
which describes the fluid velocity. The velocity 
vector is a function of position within the speci- 


fied region. Consider water flowing in a channel 
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having a depth h as illustrated. Construct a set of x,y axes with y = 0 represent- 
ing the bottom of the channel and y = h representing the top of the channel. If 
the velocity of the fluid in the channel is given by the one-dimensional vector field 
8 =aye,, for 0<y<h and a is some proportionality constant, then the vector field 
associated with this flow can be graphically illustrated by sketching the vectors @ at 
various depths in the channel. The resulting images represent one way of illustrating 


a vector field. The resulting sketch is called a vector field plot. 
| 


Example 6-24. 

Consider the two-dimensional vector field « = v(2,y) = yé, + rég. There are 
computer programs that can graphically illustrate this vector field by plotting vectors 
at selected points within a specified region. The resulting images of all the vectors 
illustrated at a finite set of points is called a vector field plot. The figure 6-16 
illustrates a vector field plot for the above vector @ sketched at selected points over 
the region R={(z,y) | -b<2<5, -B<y<5}. 

An alternative method of illustrating a vector field is to define a set of curves, 
called field lines, where each curve has the property that at each point (x,y) on any 
curve, the tangent to the curve at (z,y) has the same direction as the vector field at 
that point. If 7 = 7é, + yé. is a position vector to a point (z,y) on a field line, then 
dr gives the direction of the tangent line and if this direction is to have the same 
direction as @, then the two directions must be proportional and requires that 


dr = dx; + dy€2 = kt(z,y) =k lye + eg] = ky, + kx €g (6.78) 


where k is some proportionality constant. 
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Figure 6-16. Vector field plot for ¢ = d(2,y) =yé, + ré. 
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If these direction are the same, then by equating like components one must have 
dx=ky and dy=kzx or a ee (6.79) 


The equation (6.79) requires that x dz = ydy and if one integrates both sides of this 
equation one obtains the family of field lines 


ey? 
2 


= a 
2 2 


or g-y=C (6.80) 
where C/2 is selected as the constant of integration to make all terms have a factor 
of 2 in the denominator. Plotting these curves over the region R for various values 
of the constant C gives the field lines illustrated in the figure 6-16. The final figure 
in figure 6-16 illustrates the field lines atop the vector field plot in order that you 
can get a comparison of the two techniques. 


Example 6-25. 


An example of a two-dimensional scalar field 
is a scalar function ¢ = ¢(2,y) representing the 
temperature at each point (x, y) inside some spec- 
ified region. The scalar field can be visualized by 
plotting the family of curves ¢(2, y) = C for vari- 


ous values of the constant C. 

The resulting family of curves are called level curves and represent curves where 
the temperature has a constant value. If the scalar field ¢ = ¢(2z,y) represented 
height of the water above some reference point, then one can think of say an island 
where at different times the level of the water makes a contour of the island shape. 
In this case the family of curves ¢(z,y) = C, for various values of the constant C, 
are called level curves or contour plots since at various heights C the contour of the 
island is given. Example contour plots are illustrated in figures 6-16 and 6-17. 

Note that there are many computer programs capable of drawing contour plots 
or level curves associated with a given scalar function. The figure 6-17 illustrates 
contour plots or level curves for several different two-dimensional scalar functions as 
the level C changes. 


o1 
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Figure 6-17. Contour plots of selected two-dimensional scalar functions. 


: 
A vector field is a one-to-one correspondence between points in space and vector 


quantities, whereas a scalar field is a one-to-one correspondence between points 
in space and scalar quantities. The concept of scalar and vector fields has many 
generalizations. A scalar field assigns a single number ¢(z, y, z) to each point of space. 
A two-dimensional vector field would assign two numbers (F,(2,y,z), Fo(x,y,z)) to 
each point of space, and a three-dimensional vector field would assign three numbers 
(Fi (2, y, z), Fo(2, y, z), F3(2, y, z)) to each point of space. An immediate generalization 
would be that an n-dimensional vector field would assign an n-tuple of numbers 
(F,, F,...,F,) to each point of space. Here each component F; is a function of 


position, and one can write 
P= FA gy. 9) 6 = Mens tt 


Other immediate ideas that come to mind are the concepts of assigning n? numbers 
to each point in space or n? numbers to each point in space. These higher dimensional 
correspondences lead to the study of matrices and tensor fields which are functions 
of position. In science and engineering, there is great interest in how such scalar 
and vector fields change with position and time. 


Partial Derivatives 

If a vector field F = F(x, y, z) = F\(z, y, z) @1+ Fo(x, y, z) 2+ F3(z, y, 2) és is referenced 
with respect to a fixed set of cartesian axes, then the partial derivatives of this vector 
field are given by: 
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dx Ox adr adr? 
OF OF,. OF), OF3. 

= 6.81 
Oy Oy = Oy Cont: Oy =a ( ) 
dz dz az” az 


Observe that each component of the vector field F must be differentiated. 
The higher partial derivatives are defined as derivatives of derivatives. For ex- 
ample, the second order partial derivatives are given by the expressions 


OF OF OF 

Ox }’ Oy }’ Oy }? 
where each component of the vectors are differentiated. This is analogous to the 
definitions of higher derivatives previously considered. 


or 
Ox? 


0 


Ox 


OF 2a 
Oy2 Oy 


PF 9A 
OxOy Ox 


(6.82) 


Total Derivative 
The total differential of a vector field F = F(z, y,z) is given by 


dF = oF act oF iy oF a: 
or 
dF (3 1 de a dy + on iz) é 
+ (FZ dx + a dy + cee iz) é5 (6.83) 
a (ea Sd ? = iz) ese 


Example 6-26. 


For the vector field 
R= F (x,y, 2) = (x?y —z)é,4+ (yz? — £)@2 + ryze3 


calculate the partial derivatives 


OF OF OF OF 
Ox’ = Oy’? Oz? OxOy 
Solution: Using the above definitions produces the results 

OF a : OF : és : 
Ap ea es a ce ha a 
oF dis di JPR tae oF OEP tik ee 
= = e e e = = e e3. 
Oy SE nee apart ner OxOy OyOx ae 
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Notation 

The position vector 7 = ré, + yéz + zé3 1S sometimes represented in matrix no- 
tation as a row vector 7 = (2,y,z) or a column vector 7 = col(z, y, z). Sometimes the 
substitution x = 71, y= 22 and z= 3 1s made and these vectors are represented as 


# = (#1, 22,23) Or ¥ = COl(x1, x2, 73) and a vector function 


> 


F(z,y, z) = Fule,9; z) €1 =f Fo(z, 9, z) €2 + F3(z,y, z) €3 
is represented in the form of either a row vector or column vector 
F(2) = (F\(2), Fo(2), Fx(2)) or F(#) = col(F\(2), Fx(2), Fa(2)) 


where the representation of the basis vectors é,, é2, 63 is to be understood and col 
is used to denote a column vector. 

This change in notation is made in order that scalar and vector concepts can 
be extended to represent scalars and vectors in higher dimensions. For example, 
the representation # = (x1,22,22,...,%,) would represent an n—dimensional vector, 
The scalar function ¢ = ¢(Z) = $(#1,22,...,%,) would represent a scalar function 
of n-variables and the vector F(#) = (F\(#), F2(Z),...,F,(Z)) would represent an n- 
dimensional vector function of position. 

Gradient, Divergence and Curl 


The gradient of a scalar function ¢ = ¢(z, y, z) is the vector function 


Oo 


grad d = e} + €3 
Ox 


Oo. Od 
Oy ro Oz 


If the scalar function is represented in the form @¢ = ¢(x1, 22,73), then the gradient 
vector is sometimes expressed in the form 


Op Od =) 


Ox Ox’ 0x3 


grado = ( 


where it is to be understood that the partial derivatives are to be evaluated at the 


point (x1, v2, 73) = (2, y,z). The vector operator 


a) Ox: pO 
dy Oz 


€3 


called the “del operator” or “nabla”, is sometimes used to represent the gradient as 


an operator operating upon a scalar function to produce 


a a a 
Sioa oe ae Se 
Ox Oy z L Yy z 


D5 


The divergence of a vector function F(z, y, z) iS a scalar function defined by 


div F = + 


If one uses the notation 7# = (#1, v2, x3) the divergence is expressed 


OF, in OF, zi OF3 
Ox Ox 0x3 


div F(Z) = 


The del operator can be used to represent the divergence using the dot product 


operation 


ee ~ 0. O. CO %. Si a a OF, OF, OF: 
divF = V-F = ( 2 en + fea) «(Fier + Foes + Paes) = oat ae ae 


Ox ee Oy 


The curl of a vector function F (x,y,z) is defined by the determinant operation? 


= S €; G 6% 
culF =VxF= 2 é 2 
Fy 2 F3 
3 4 OF; OF2\ . OF; OF,\. OF, OF,)\. 
lf = F= OF, OF, 
cur Vx (> =) 1 (3 Fe @ + Ae si é3 


If the notation F = F(x1, 22,73) is used, then the curl is sometimes represented in the 


form 
OF; OF, OF, OF3 OF> c=) 


Ox2 0x3” 0x3 Ox," Ox Ox2 


curl F = ( 


where the unit base vectors are to be understood. The operations of gradient, 


divergence and curl will be investigated in more detail in the next chapter. 


Taylor Series for Vector Functions 


Consider a vector function 
F = F (2) = F(a, 02) = Fy(x1, x2) @) + Fy(a1, 22) 


which is continuous and possesses (n + 1) partial derivatives. The Taylor series 
expansion for this function is just applying the Taylor series expansion to each of 
the scalar functions F,,F2. Associated with the vector h = (hy,h2) is the vector 


operator 
~ fs) fs) 
BOM Pligg a 


9 See chapter 10 for properties of determinants. 
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so that if ¢ represents either of the components F, or F) one can write 


dg dg 
(h- V)¢d= er + hg Pee 
Observe that the operator 
(h- Vo =(h- V)(h- V)db 
ig £8 dg d dg dg 
toe Mone oO | ne (15 j +g?) 
ro ro x 
=h? 2hyh h2 
1g,2 11285 Bay | Oxy? 
In a similar fashion one can show 
(h- V)?o =(h- V)(h- V)?6 
City Ory Cie Org 
73 2 h2 Sng, 
A ge) OY pata 8 eee 208 


and in general for any positive integer n one can use the binomial expansion to 


calculate the operator : 

(h-V)"o= (me + hag) o 
This operator can be used to represent the Taylor series expansion of a function 
F = F(Z) where # = (21,22). If # = (x9,29) is a constant and h = (hi,h2) denotes a 
small vector displacement from the point 7%, then the Taylor series expansion can 
be written 


F(Z) +h) = S <i /V)" F(z) po i(h -V)tl F(z) (6.84) 


where all derivatives are to be evaluated at the point Zo. 


In three dimensions vectors of the form 
F = F(#) = F (a1, v2, £3) = Fy(#1, £2, 3) @ + Fo(x1, £2, £3) @2 + F3(a1, £2, 13) 63 


which have (n+1) partial derivatives can be expanded in a Taylor series by expanding 
each of the components in a Taylor series. Associated with the vector displacement 


h = (hy,h2,h3) one can define the operator 


> 0 0 0 
V)= th 
Si ¥) 2 Ox 2 he Ox2 ? 0x3 


and find that the Taylor series expansion has the same form as equation (6.84) 


Differentiation of Composite Functions 


Let ¢ = ¢(2,y,z) define a scalar field and consider a curve passing through the 
region where the scalar field is defined. Express the curve through the scalar field 


in the parametric form 


v= x(t), y= y(t), z= 2(t), 


with parameter t. The value of the scalar ¢, at the points (x,y,z) along the curve, is 
a function of the coordinates on the curve. By substituting into ¢ the position of a 


general point on the curve, one can write 


& = o(a(t), y(t), 2(#)). 


By substituting the time-varying coordinates of the curve into the function ¢, one 
creates a composite function. The time rate of change of this composite function 4, 


as one moves along the curve, is derived from chain rule differentiation and 


dp _Obdx | Obdy | Obdz 
dt Oxdt Oydt Oz dt M89) 
The equation (6.85) gives us the general rule 
d{|_ Ajde | Al |dy | Aljdz 
dt Ox dt Oydt Ozdt (6:86) 


where the quantity inside the brackets can be any scalar function of x,y and z. The 


second derivative of ¢ can be calculated by using the product rule and 


do  Odddx dud [dd 
dt? Ox dt? dt dt | Ox 
O¢d?y dy d [d¢ 
Oy dt2 dt dt E ey) 
O¢d?z dzd [d¢ 
Cedi? “di dt |'oz |". 


To evaluate the derivatives of the terms inside the brackets of equation (6.87) use 
the general differentiation rule given by equation (6.86). This produces a second 
derivative having the form 


ao  dbodx i: dx Ee dx O°¢ dy. 07d =| 
dt? Ox dt? dt | 0x2 dt = = OxOydt Oxdz dt 
fe O¢d?y dy | Oo dx Oddy Oe “| (6.88) 
Oy dt? = dt | OyOx dt ~— Oy? dt — Oy Oz dt 
i O¢ d?z + dz | Oo dx Oo dy Od =| 
Oz dt? dt |OzOxdt = Ozdydt Oz? dt| 
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Higher derivatives can be calculated by using the product rule for differentiation 


together with the rule for differentiating a composite function. 


Integration of Vectors 


Let w(s) = uz(s) @; + u2(s) @2 +. u3(s) 63 denote a vector function of arc length, where 
the components u;(s), i = 1,2,3 are continuous functions. The indefinite integral of 
u(s) is defined as the indefinite integral of each component of the vector. This is 


expressed in the form 


[a as= | w(s) ase, + [ ia(s) dsén + | ia(s) dsé3 +C, 


=U(s)+C. 


(6.89) 


where U(s) is a vector such that ae = Hs) and C is a vector constant of integration. 
The definite integral of @ is defined as 
b 4 b - = rT 
, u(s)ds =U(s)| =U(b)—U(a), where we) = (8). (6.90) 


a 


The following are some properties associated with the integration of vector func- 
tions. These properties are stated without proof. 


1. For @ a constant vector 


[eaojas=z- | as)as and [exatoyas=ex f as)as 


2. For @, and @ constant vectors, the integral of a sum equals the sum of the 
integrals 


[lei tls) + 2-719) ds=o- f ils) ds-+2- f os) ae: 


3. Integration by parts takes on the form 


b 4, b b 45 
/ f(s)it(s) ds = f(s)U(s)| — / I'(s)B(s) ds, (6.91) 


where f(s) is a scalar function and 


dU(s) _ _ 
ao = u(s). 


Example 6-27. The acceleration of a particle is given by 
G = sinte; + cost €o. 
If at time ¢t = 0 the position and velocity of the particle are given by 
r(0) = 6@; — 36) +463 and U(0) = 76) — 6€g — 56s, 


find the position and velocity as a function of time. 
Solution: An integration of the acceleration with respect to time produces the ve- 
locity and 

ico dt =v = v(t) = —costé; + sintéo+ G1, 
where ¢, is a vector constant of integration. From the above initial condition for the 
velocity, the constant ¢, can be determined. One finds 


> 


0(0) = —€, + ¢) = Te; — 6 eg — 53 or C1 8 @, — 6€g — 5@3. 


Consequently, the velocity can be expressed as a function of time in the form 


df 
C=00) = = = (— cost + 8) €; + (sint — 6) é2 — 5é3. 


An integration of the velocity with respect to time produces the position vector as 


a function of time and 
[aoa Gat = | (—cost +8) dt a1 + [(sint—6) at @2—5 | dt és +e 
F(t) = (—sint + 8t) €; + (— cost — 6t) é2 — 5t és + a, 


where @ is a vector constant of integration. From the above initial conditions, at 


time ¢ = 0, one can determine this vector constant of integration and 


ml 


(0) = —@94 @ = 6@, — 3@) +463 or Co = 6 E] — 2€p + 463. 
The position vector as a function of time can be expressed as 


r=r(t) = (—sint + 8t+ 6) €; + (— cost — 6t — 2) €g + (—5t + 4) e3. 
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Example 6-28. A particle in a force field F = F(z, y, z) having a position 
vector r= ré, + yé2 + zé3 moves according to Newton’s second law such that 


F=maé=m 


or F dt = mdv. 
dt 


An integration over the time interval t, to t2 produces 
te = 
ti 


The quantity [, Sy F dt is called the linear impulse on the particle over the time interval 
(ti, t2). The quantity mz@ is called the linear momentum of the particle. The above 
equation tells us that the linear impulse equals the change in linear momentum. 


Example 6-29. In 10 seconds a particle with a mass of 1 gram changes velocity 
from 


v1 = 664, +2024 76s cm/s to Uo = —2€, + 63 cm/s. 


What average force produces this change? 


Solution: The average force over a time interval (t,,t2) is given by 


4 1 to 
F = F dt. 
BE, tg — ty / 


ti 


But the integral tis Fdt is the linear impulse and equals the change in linear mo- 


mentum given by mi’2— mv. The average force is therefore 


1 : ‘ ‘ ‘ 2 
Favg = io t-2 41 + 3) = (6e; +2€) 4+ 7é3)| 


= =[-4é@, — é) — 3é3] dynes. 


Line Integrals of Scalar and Vector Functions. 
An important type of vector integration is integration by line integrals. Let C bea 


curve defined by a position vector 


F=xre, + ye + 263, 
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where x,y,z define some parametric representation of the curve C. The element of 
arc length along the curve, when squared, is given by 


ds? = df’. dr = dz? + dy? + dz’. 


An integration (summation) produces the following formulas for the arc length s. 
1. If y = y(x) and z = z(x) are known in terms of the parameter z, the arc length 
between two points Po(xo, yo, 20) and P; (21, y1, 1) on the curve can be represented 


c= fie (2) + (8) ee (6.9) 


2. If the parametric equations of the curve are given by x = x(t), y = y(t) and z = z(t), 


in the form 


the arc length between two points Py and P, on the curve is given by 


NS CG ws 


where the parametric values ¢t = t) and t = t, correspond to the points Py and P, 


and 
r(to)= 20, yl(to)=Yyo, 2(to) = 20 


ttij)=a, yli)=ym, 2h)=”. 


Figure 6-18. Curve C partitioned into n—segments between Py and P,. 


The above formulas result indirectly from the following limiting process. On 
that part of the curve between the given points Po(zxo, yo, 20) and P,(x1, 41, 21), the arc 
length along the curve is divided into n segments by a set of numbers 
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89 <8, <...< Sn, 


where corresponding to each value of the arc length parameter s; there is a position 
vector 7(s;) = x(s;) €, + y(s;) 62 + 2(s;) 63, for i=1,...,n, as illustrated in figure 6-18. 


A change in the element of arc length from 7(s;_,) to 7(s;) is defined as 
As; = \7'(s;) = 7(s;_-1)| = |Ar;| 7 


The total arc length is obtained from the sum of these elements of arc length as 
the number of these lengths increase without bound and the partition gets finer and 
finer. In symbols, this limit is denoted as 


n Si 
s= lim S- As; = ds. 
noo ar S80 
The above definition for arc length along the curve suggests how values of a scalar 
field can be summed as one moves through the scalar field along a curve C. 


Definition (Line integral of a scalar function along a curve C.) 
Let f = f(x,y,z) denote a scalar function of position. The line 


integral of f along a curve C is defined as 
[ teu2 ds = lim So Fle uff) As, (6.94) 


where (x¥,y7, 27) 1s a point on the curve in the ith subinterval As; 
and where the symbol {, c denotes an integral taken along the given 
curve C.. This type of integral is called a line integral along the 


curve. 


Similarly, define the summation of a vector field as one moves through the field 
along a curve C. This produces the following definition of a line integral of a vector 
function along a curve C. 


Definition (Line integral along a curve C involving a dot product.) Let 
F =o F (x,y, 2) = Fy (x, y, z) é, + Fo (x, y, z) é2 + F3(x, y, z) é3 


denote a vector function of position. The line integral of F along a given curve C, 


defined by a position vector 7 = F(s) = x(s) 61 + y(s) 62 + 2(s) €3, is defined as 


= = . as = Ar; 
i: F.dr= lim S- F(axi,yi,2;)° As; 
Cc 


soa aaa brarae| As; 
dx dy dz 
— Fy 1 Fy ee | ad (6.95) 
(ast Beal » =) 8, 
2, ~ dr 
— F.dr =). F.—ds 
C C ds 


where (x*,y}, zi) is a point inside the ith subinterval of the arc length As;. 


In the above definition the dot product F - Ars represents the projection of the 


a 


vector F or component of F in the direction of the tangent vector to the curve C. The 
line integral of the vector function may be thought of as representing a summation 
of the tangential components of the vector F' along the curve C between the points 
Py and P,. Line integrals of this type arise in the calculation of the work done in 
moving through a force field along a curve. Here the work is given by a summation 
of force times distance traveled. 


In particular, the above line integral can be expressed in the form 
| Bear = | BF as= | F. evds = | Fyda + Fody + F3dz, (6.96) 
Cc Cc ds Cc Cc 


where at each point on the curve C, the dot product F- & is a scalar function of 
position and represents the projection of F' on the unit tangent vector to the curve. 


Summations of cross products along a curve produce another type of line integral. 


Definition (Line integral along a curve C involving cross products.) 


[ Exar 
Cc 


is defined by the limiting process 


The line integral 


i, F x dF = lim \° F (a7, y7,27) x Afi, (6.97) 
Cc n— co j=l 


where F = F (a*,y*, 27) is the value of F at a point (x¥, ys, 27) in 


the ith subinterval of arc length on the curve C. 


Integrals of this type arise in the calculation of magnetic dipole moments asso- 
ciated with current loops. 
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Note that each of the line integrals requires knowing the values of x2, y and z 
along a given curve C and these values must be substituted into the integrand and 
after this substitution the summation process reduces to an ordinary integration. 


Work Done. 

Consider a particle moving from a point Po to a point P, along a curve C which 
lies in a force field F = F(z,y,z). At each point (x,y,z) on the curve there are force 
vectors acting on the particle as illustrated in figure 6-19. 


Figure 6-19. Moving along a curve C in a force field F. 


Examine the particle at a general point (2, y,z) on the given curve C. Construct 
the position vector 7, the force vector F', and the tangent vector df acting at this 
general point on the curve. The line integral 


J Po dr Pg 
Wan =f Fara f Fas = | F. &ds 
C Po ds Py 


is a summation of the tangential component of the force times distance traveled 
along the curve C. Consequently, the above integral represents the work done in 
moving through the force field from point Py to P; along the curve C. 


Example 6-30. Let a particle with constant mass m move along a curve C 
which lies in a vector force field F = F(zx,y, z). Also, let * denote the position vector 
of the particle in the force field and on the curve C. As the particle moves along the 
curve, at each point (x,y,z) of the curve, the particle experiences a force F(z, y, z) 
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which is determined by the vector force field. Newton’s second law of motion is 
expressed 


F=mé= 


The work done in moving along the curve C between two points A and B can then 


be expressed as 


B B > B B > B > 
x + dr ~ dv dv 

Wan = | Fear= [ B.Tat= | Feca= | m—-vdt= mv - — dt. 
A A dt A A dt A dt 


Now utilize the vector identity 


which is easily integrated. One finds 


Be m»|2 m,> ; 
Wap =e se mie al 3 (vB v4) = Ex(up) — Ex(va). 
A A 


In this equation the line integral Wap = [ : F'. dF is called the work done in moving 
the particle from A to B through the force field F. The quantity E,(v) = %v? is called 
the kinetic energy of the particle. The above equation tells us that the work done in 
moving a particle from A to B in a force field F must equal the change in the kinetic 


energy of the particle between the points A and B. 


Representation of Line Integrals 


The line integral f F - df can be expressed in many different forms: 


B. te | dr’ te 
if Fear= | F.Zat= | F.vdt 
A ta dt ta 


Integrals of this form are used if F = F(t) and « = V(t) are known func- 


tions of the parameter t. 
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Here F'- é& is the tangential component of the force F along the given 
curve C. This form of the line integral is used if F = F(s) and & are 


known functions of the arc length s. 


. For a force field given by 


=> 


P= F(x, y, z) > Fy (x, y, 2) @1 + Fo(a, y, z) €2 + F3(x, y, z) €3 
and the position vector of a point (z,y,z) on a curve C given by 
F=re+yeo+zé3 with drF=dre; + dyé24+ dzés, 
Here the work done is represented in the form 
B _ B 
i Fedr= / Fi dx + Fody + F3dz. 
A A 


Line integrals are written in this form when a parametric representation 
of the curve is known. In the special case where 7 = x é; + 0é2 + 063, the 
above line integral reduces to an ordinary integral. 


. The line integral [., F .d? may be broken up into a sum of line integrals 


along different portions of the curve C. If the curve C is comprised of n 


separate curves C),C2,...,Cn, one can write 


[Fa] Bears f Beare | F.dr. 
Cc Cy C2 Cc 


. When the curve C is a simple closed curve (i.e., the curve does not 


intersect itself), the line integral is represented by 


p Far or p Far (6.98) 


Cc Cc 


where the direction of integration is either in the counterclockwise sense 
or clockwise sense. Whenever the line integral is represented in the form 
pF -dr then it is to be understood that the integration direction is in 
the counterclockwise sense which is known as the positive sense. Note 
that when the curve is a simple closed curve, there is no need to specify 
a beginning and end point for the integration. One need only specify a 
direction to the integration. The integration is said to be in the positive 


sense if the integration is in a counterclockwise direction or it is said 


to be in the negative sense if the direction of integration is clockwise. 
The sense of integration is the same as that for angular measure. The 
situation is illustrated in figure 6-20. 


Figure 6-20. Direction of integration for line integrals. 


The direction of integration around a simple closed curve can be 
referenced with respect to the unit outward normal é, and to the unit 
tangent vector é, to the simple close curve as the direction of the unit 
tangent produces an oriented simple closed curve. 

6. Ifthe direction of integration is reversed, then the sign of the line integral 
changes so that one can write 


Example 6-31. Consider a particle moving in a two-dimensional force field, 
where at any point (x,y) the force in pounds acting on the particle is given by 


= 


F = F(z,y) = (2? +y)@1 + 2yéo 


Find the work done in moving the particle from the origin to the point B along the 
path illustrated in figure 6-21, where distance traveled is measured in units of feet. 
Solution: Let 7 = ré; + yé denote the position vector of a point on the path OAB 
illustrated in figure 21. The work done is obtained by evaluating the line integral 


B 
wf Be dF 
0 
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Using the property that line integrals may be broken up into integration along 


B A B 
separate curves, one can write W = Z Pad = / Fedr+ : Fdr 

O O A 
where F - dF = (a? + y) dx + xy dy. 


Figure 6-21. Find the work done in moving particle from origin to point B. 


The portion of the work done in moving along the parabola from 0 to A, where 
y= 3x? and dy = 3 (2x dx), 18 


os ~ ' 2 5 2 9 2 5 
Fede = | (x? + (20?)| de + 2(20”) 2 (20de) =2 
. : 3 a 73 


The portion of the work done in moving along the straight-line from A to B, where 
y = =8(a—1) + 3 and dy = =dz, is expressed as 


—18 5,,—-18 


Pe ag. fe. eels 5 7 
I Bede= f (2? + (S(@— 1) + Sd + (Se 1) + 3)( ae) = 


The total work done is therefore given by the sum W = 2+4=6 ft-lbs. Here the unit 
of work is the unit of force times unit of distance traveled. 


Example 6-32. Compute the value of the line integral 


pF ar, 
Cc 


where F = xé, + yé, and C is the circle x? + y? =1. 
Solution: Let the circular path be represented in the parametric form 


x=cost y =sint, 
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then the above line integral can be written 
Pia = f (war + yee): (de 61 + dy &) 
C G 
= | xdx+ydy 
G 
2m 
= | (cos t)(— sint) dt + (sint)(cos t) dt = 0. 
0 


Here the direction of integration is in the positive sense as the parameter ¢ varies 
from 0 to 2z. 


a 
Example 6-33. Compute the value of the line integral pF x dr, where 
G 
F=2xe@,+yé€ and C is the circle 17+ y? =1 
Solution: Write 
. be 5058 
FxdrF=|x y 0O/]= @63(ady—ydz) 
dx dy 0 
and therefore 
pF x dF = p é3(a« dy — y dx). 
C fe: 
If the circular path of integration is represented in the parametric form 
x= cost y =sint 
one finds 
7 27 27 
pF xdri= é | (cos t)(cos t) dt — (sint)(— sint) dt = é | dt = 27 é3. 
Cc 0 0 
a 


Example 6-34. 


Examine the work done in moving a particle through the force field 
F = (x+z)@,+(y+z)@) +2263 
as the particle moves along the curve C described by the position vector 


F—té, +t? 4+ (—3t+1)é3 


as the parameter t ranges from 0 to 2. 
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Solution: The work done is determined by evaluating the line integral [/, F'.dr where 


= 


F.dr=(a+z)dr+ (y+ z) dy + 2zdz 


On the given curve C use x =t, y=?#? and z = —3t+1 with dz = dt, dy = 2tdt and 
dz = —3dt and substitute these values into the line integral describing the work done. 


This produces the result 
2 
| Par = / [(t — 3¢ +1)(dt) + (#2 — 3 + 1)(2edt) + 2(—3¢ + 1)(—34dt)] = 18 
C 0 


where work has the units of force times units of distance traveled. 


Example 6-35. 


(1,1,1) =e 


For F = 2(y+1)@ + y+ 2(a + 1) é3 evaluate the line integral F dr 
(0,0,0) 


(a) Along the line segments illustrated. 

(b) Along the straight line path from (0,0,0) to (1, 1,1). 
Solution F - dr = x(y +1) dx +ydy + 2(x + 1) dz 

(a) Along (0,0,0) to (1,0,0),2=1, z=0, 0<a2<1 


1 
| rdxz= = 
0 2 


Along (1,0,0) to (1,1,0),2=1, z=0, 0<y<1 


therefore / Rida ea = 9 
(0,0,0) 2 2 
(b) The straight line path from (0,0,0) to (1,1,1) is represented by the parametric 


equation 


for 0<t<1. Therefore 


Cay 1 13 
/ Beara f we+aj+trees yjde= > 

(0,0,0) 0 6 
The work done in moving from (0,0,0) to (1,1,1) is path dependent. 
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Exercises 
For the vectors 4d =3@;+2@+é; and B=6é,— é +26; calculate 


> 6-1. 
(a2) A+B (\) 6A-—3B (c) A+2B 
p> 6-2. Use vectors to show that the diagonals of a parallelogram bisect one another. 


p> 6-3. Use vectors to show that the line segment connecting the midpoints of two 
sides of a triangle is parallel to the third side and has one half the magnitude of the 


third side. 

> 6-4. In the parallelogram ABCD _illus- 
trated, construct lines from the vertex A to the 
midpoints of the sides DC and BC. Show that 
these lines trisect the diagonal BD. 


Are the given vectors linearly dependent or linearly independent? 


> 6-5. 
(a) A= €, + €p — 263 (b) A=2@, + & — e3 (c) A=38@,— @o +263 


B=-4@—3é B= @,— & 
C =78 +66, —665 C = 363 C = 148, — 48 + 66s. 
If A, B,C are nonzero vectors and A.(BxC) = 0, then determine if the following 


> 6-6. 
statements are true or false. 
(i) The vectors A, B,C are linearly independent. 


(ii) The vectors A,B,C are linearly dependent. 


Justify your answers. 
Let A = A(t) denote a vector which has a constant length C for all values of 


> 6-7. 
the parameter t. 
(a) Show that A.A =C? 
(b) Show that the derivative vector oa is perpendicular to A. 


> 6-8. Show that for Ty =21 e} +Y1 5 + 24 e3 and A = Ay e} + Ag €o + A3 €3 the distance 
d of an arbitrary point (zo, yo, 20) from the line 7 = 7, +tA, is given by 
d= |(7o —71) x e4| 


where é, is a unit vector in the direction of A and fo = 20 61 + yo 62 + 2 €3 iS a position 


vector to the arbitrary point. 
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> 6-9. Consider the triangle defined by the three vertices (6, 0,0), (0,6,0) and (0,0, 12). 
Use vector methods to find the area of the triangle. 


> 6-10. Let the sides of a quadrilateral be 
denoted by the vectors A, B, C, D such that 


A+B+C+D=6. 


Use vectors to show that the lines joining the 
midpoints of the sides of this quadrilateral form 


a parallelogram. 


> 6-11. Let 7 represent the position vector of the center of a sphere of radius p and 
let 7 represent the position vector of a variable point on the surface of the sphere. 
Find the equation of the sphere in a vector form. Simplify your result to a scalar 
form. 

> 6-12. For d= 6,+28&+2é and B=7é,+48&+4+4é; 
(a) Find a unit vector in the direction of B. (c) Find the projection of A on B. 


(b) Find a unit vector in the direction of A. (d) Find the projection of B on A. 
> 6-13. (a) Find a unit vector perpendicular to the vectors 
A=%&-G+&6 and B=@,4+6-6@ 
(b) Find the projection of B on A. 
> 6-14. For A=—6,+ V3é+ V5é; and 6, =cosaé, + sinaés 
( 
( 


) 
(c) For what angle a is the projection equal to zero? 
) 


a) Verify that é, is a unit vector for all a. 
b) Find the projection of A on é,. 


(d) For what angle a is the projection a maximum? 


>» 6-15. Assume A(t) has derivatives of all orders. Find the constant vectors 
iD in Seog Arteees Te 


(t — to)” 


+ ci Ay, | 
n: 


Hint: Evaluate A(t) at t = to, then differentiate A(t) and evaluate result at t = to. 
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>» 6-16. Given the vectors A = é,-2@+2é@, and B=3é,+2&+4+663 


Evaluate the following quantities: 


(a) AxB (d) (A+B)xA (g) (4+3B)xB 
((:) BxA (ec) The angle between A and B (h) (B-A)x(B+A) 
(c) A-B (f) 34x 2B (i) A-(A+B) 


>» 6-17. The sides of a parallelogram are A = 6;+2@+26; and B=2é,+9@)+2é@3. 
(a) Find the vectors which represent the diagonals of this parallelogram. 


(b) Find the area of the parallelogram. 
> 6-18. Determine the direction cosines of the vector p= /2é, + é2 — é3. 


> 6-19. Explain why two vectors are said to be linearly dependent if their vector 


cross product is the zero vector. 


> 6-20. Three noncolinear points P, (x71, 1,21), Pe(x2, y2, 22), and P3(x3, y3, 23) determine 
a plane. Let 71, 72, 73 denote the position vectors from the origin to each of these 
points, respectively, and let 7 denote the position vector of any variable point (z, y, z) 
in the plane. 
(a) Describe and illustrate the vector 73 — 7. 


) 
(b) Describe and illustrate the vector 7) — 71. 
(c) Describe and illustrate the vector (7 — 71) x (73 — 71). 
(d) Explain the geometrical significance (7 — 71) - [(72 — 71) x (73 — 71)| =0. 


> 6-21. Find the parametric equations of the given line. Also find the tangent vector 


to the given line 7? = 3@, +449 + 2€3 + A( e4 = €2). 
> 6-22. (a) Find the area of the triangle having vertices at the points 
P,(0, 0,0) P (0,3, 4) P3(4, 3, 0). 


(b) Find a unit normal vector to the plane passing through the above three points. 


(c) Find the equation of the plane in part (b). 


> 6-23. Distance between two skew lines Let line ¢; pass through points P(z9, yo, 20) 
and P,(21, 41,2). Let line f2 pass through the points P (re, yo, z2) and P3(x3, ys, 23). 
(a) Show N = PyP, x P2P3 is perpendicular to both lines. (b) Show the projection of 


P:P, onto N gives the distance between the lines. 


TA 


> 6-24. Is the point (6,13,12) on the line which passes through the points P,(1, 0,1) 
and P2(3,5,2) ? Find the equation of the line. 


> 6-25. 
(a) Derive the vector equations of a line in the following forms. 


> 


(F-F1)x(F2-71)=0 and = F=7,4+A(F2—-71) 
for a line passing through the two points P,(21,41, 21) and Po(x2, yo, 22). 
(b) Show these vector equations produce the same scalar equations for deter- 


mining points on the line. 


> 6-26. Sketch the vectors é, =cosaé;+sinaé, and ég =cosé,+sin Zé, assuming 
a and @ are acute constant angles. 
(a) Show é and ég are unit vectors. 


(b) From the dot product é,- és derive the addition formula for cos(3 + a) 


(c) From the cross product é, x és, derive the addition formula for sin(@ + a) 


> 6-27. Verify that é; x é; =+é, where the + sign is used if (ijk) is an even permu- 
tation of (123) and the — sign is used if (ijk) is an odd permutation of (123). 

(a) Verify the above by taking three consecutive numbers from the set 
{1,2,3,1,2,3} for the values of i,j,k. These are called the even permutations 
of the numbers (123). 
(b) Verify the above by taking three consecutive numbers from the set 
{3,2,1,3,2,1} for the values of i,j,k. These are called the odd permutations of 
the numbers (123). 


> 6-28. Let a, 6, 7, and a2, 62, y2 be the direction angles of two lines. Move each 
line parallel to itself until it passes through the origin. The angle between two lines 
is defined as the angle between the shifted lines, which pass through the origin. 
(a) Show that the angle 6 between two lines can be expressed in terms of the direction 


cosine of the lines and 
cos = cos a1 Cos @2 + cos (1 cos G2 + cos 71 COS 72. 


(b) Find the angle between the lines defined by the equations 
r= (1+ 2t) é@; + (14 t) @o 4+ (1 4 2t) és and 


r= (1+ 2t) €; + (2 + 2t) 2 + (6 +t) és. 
> 6-29. Find the shortest distance from the point (—1,17,7) to the line which passes 
through the points P,(2,5,4) and P2(3,7,6). Hint: See problem 6-8. 


> 6-30. If A = A, é,+Aoé@o+Az3 63 and B = B, 6,4 By éo+B3é3 show that Ax B =—BxA. 

> 6-31. If dx B=0 and Bx C =0, then calculate A x C. Justify your answer. 

> 6-32. (a) Find the equation of the plane which passes through the points 
P,(3,10,13)  P2(0,11,12)  —-P3(5, 12,14). 


(b) Find the perpendicular distance from the origin to this plane. 
(c) Find the perpendicular distance from the point (6,3,18) to this plane. 


> 6-33. Show that the rules for calculating the moment of a force about a line L 
can be altered as follows: If 7 is the position vector from a point P on the line L to 
any point on the line of action of the force F', then M =? x F is the moment about 
point P on the line L and M- é; is the moment about the line L, where é, is a unit 


vector in the direction of L. 


>» 6-34. A force F = 100(é@; + 2é) — 2é3) lbs acts at the point P,(2,2, 4). 
(a) Find the moment of F about the origin. 
(b) Find the moment of F about the point P:(—1,3, —4). 
(c) Find the moment about the line passing through the origin and the point Py. 


> 6-35. Find the indefinite integral of the following vector functions 


(a) a(t) =té, + é.—t7é3 (b) u(t) =té, +sint é) + cost é3 


> 6-36. Find the position vector and velocity of a particle which has an acceleration 
given by @ = cost 6; + sint 2 if at time t = 0 the position and velocity are given by 
F(0) =0 and @(0) = 2ég. 


p> 6-37. The acceleration of a particle is given by @ = é, + tés. If at time t = 0 the 
velocity is v = v(0) = é; + é3 and its position vector is 7 = r(0) = é2, then find the 


velocity and position as a function of time. 


> 6-38. Distance between parallel planes If (#— i). N =0 and (7-7): N =0 are the 
equations of parallel planes, then show the distance between the planes is given by 


the projection of 7, — # onto the normal vector NV. 
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> 6-39. In a rectangular coordinate system a particle moves around a unit circle in 
the plane z = 0 with a constant angular velocity of w = 5rad/sec 
(a) What is the angular velocity vector for this system? 
(b) What is the velocity of the particle at any time t if the position of the particle 
is 


r = cos 5t é; + sin 5t é9? 
> 6-40. A particle moves along a curve having the parametric equations 
L=€', y = cost, z=sint. 


(a) Find the velocity and acceleration vectors at any time t. 


(b) Find the magnitude of the velocity and acceleration when t = 0. 


> 6-41. Let « = 2(t), y = y(t) denote the parametric representation of a curve in 
two-dimensions. Using chain rule differentiation, show that the center of curvature 
vector, at any parameter value t, can be represented by 

pe ae yw 


a(t) = a(t) &1 + ult) @ + 


(—yé; + £2) 


2 
provided «i — yz is different from zero. Here the notation « = « and # = a has 
been employed. 

> 6-42. Find the center and radius of curvature as a function of x for the given 
curves. 


(2) («—2)’ + (y—3)? = 16 (}) y=e 


> 6-43. Let & denote a unit vector and let A denote a nonzero vector. In what 


direction é will the projection A. é@ be a maximum? 


>» 6-44. Assume 4 = A(t) and B = B(t). 
d feo oh -, os UB GA. 
(a) Show that se (4. B) =A : i =e 
d ~ - dB dA = 
(b) Show that © = (4 x B) Ax += x 


> 6-45. Given A= t? e} +t€o +23 €3 and B = sint é, + cost é9 + e3. 


Find (a) < (4-B) (b) < (4x8) (c) < (8-8) 


T7 


> 6-46. For d@=a(t) = te, +té) 4 2té3 and T=d(t) =Pe, +P +1%e3 


find the derivatives 
oe Wigse td 
(a) (a: 9) (0) Z(ux %) 


> 6-47. If U =U(2,y) = (Q07y + yx) &; + (xy + 3x7y) éo, 
0000. OU <OU) PU 
hen fi 
oyan Ox’ Oy’ Ox?’ Oy?’ Ox Oy 


> 6-48. Consider a rigid body in pure rotation with angular velocity given by 
GB = w, @; + wp +w3é3.. For 0 an origin on the axis of rotation and the vector 
r(t) = x(t) @ + y(t) €2 + z(t) é3 denoting the position vector of a particle P in the rigid 


body, show that the components z,y,z must satisfy the differential equations 


v y 
ZT = W2% — W3Y, = = W3I—- W112, 


dt dt a a 
> 6-49. For the space curve r= 7(t) = t? é, + té. +? é3 find 
(a) ae and aie 
dt dt |dt 


(b) The unit tangent vector to the curve at any time ¢. 


> 6-50. For 4, B, C functions of time t show 


[ix xO) =ax (Hx) vax (Buc) +s (Bx) 


> 6-51. Letting x=rcosé, y=rsiné the position vector r = ré; + yéy becomes a 


=/& 


function of r and 6 which can be denoted 7 = r(r, 4). 

(a) Show that 2 is perpendicular to the vector 2 and assign a physical interpreta- 
tion to your results. 

(b) Find unit vectors é,. and é,» in the directions ae and oe and sketch these unit 


vectors. 


> 6-52. Evaluate the given line integrals along the curve y = 3x from (1,3) to (2,6) 
using F = F(x, y) = xy é, + (y— 2) ép. 


(a) [Faw (b) [Fxa 


> 6-53. For F = (xy+1)@+(a+z4+1) @2+(z+1) é3, evaluate the line integral J = | F dr, 
C 

where C is the curve consisting of the straight-line segments OA+ AB+BC, where O is 

the origin (0,0,0), and A, B,C are, respectively, the points (1,0,0),  (1,1,0),  (4,1,1). 
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p> 6-54. Evaluate the line integral J = | F'.dr, where F = 3(x+y)@, +5ry 2 and C is 

C 
the curve y = x? between the points (0,0) and (2, 4). 

> 6-55. For F=2ré,+2ryé) +ryé3 evaluate the line integral ts F . dr, where C is the 
curve consisting of the straight-line segments OA + AB, where O is the origin and 


A, B are respectively the points (1,1,0), (1,1, 2). 


> 6-56. For P, =(1,1,1) and P = (2,3,5), evaluate the line integral 
P2 6 =~ 
f= A- df, where A=yzé,+rz@.+ ry€3 
and the integration is 
(a) Along the straight-line joining P, and Py. 
(b) Along any other path joining P, to Pp. 


> 6-57. Evaluate the line integral fF -d7, where F = yzé, + 2x é. +yés and C is the 


unit circle x? + y* = 1 lying in the plane z = 2. 


> 6-58. Find the work done in moving a particle in the force field F = x 6, — 7 é@)+2y é3 
along the parabola y = 27, z =2 between the points (0,0,2) and (1, 2, 2). 


> 6-59. Find the work done in moving a particle in the force field F = yé; —x@)+ 263 
along the straight-line path joining the points (1, 1,1) and (2,3,5). 


> 6-60. Sketch some level curves ¢(z,y) = k for the values of k indicated. 
(a) @=44-2y, k=—2,-1,0,1,2 (c) @=2?+y"°, k=0,1,9,25 
(6) @=ay, k= —2,-1,0,1,2 (d) @=927+4y?, k= 16,36,64 


Give a physical interpretation to your results. 


> 6-61. Sketch the two-dimensional vector fields or their associated field lines. 


= = 


(a) F=7ré, —yeo (b) F = 2x76, + 2ye€g (c) 2yé@; + 2x ey 
> 6-62. 
(a) Show line through (ao, yo, 20) and parallel to vector A is (7 — 7) 
ho 
(c) Show line through (zo, yo, 20) and perpendicular to the vectors A and B is given 
by (7 —#o) x (Ax B) =0 
(d) Find equation of line through (9, yo, 70) and perpendicular to plane through the 


x 
(b) Show line through (zo, yo, 20) and (21, y1, 1) is given by (7 — 7) x (F- 


noncolinear points P,,P2, and P3. 
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> 6-63. For the curves defined by the given parametric equations, find the position 


vector, velocity vector and acceleration vector at the given time. 


(ay aio, Sai: Ba By to =1 
(O)° BS cos2s,.. yesni2t,. 20, to =0 
(ch = Cosel Geist... 2H sr to=T7 


> 6-64. Show for A= A(t), B = B(t), and C = C(t) that 


ce Ee ee oer ec ae ae. ae 
[A-(Bx @)) =4-Bx 244. Sx 64S. Bx 


> 6-65. If F = («74+ 2)@, + 2yzéy +2772? és find the partial derivatives 


OF OF OF OF OF oF 
(a) Ox’ (b) Oy’ ( ) Be? Ox? ’ e dy? ’ ) A022 
> 6-66. Find the partial derivatives 
O® O® O°® O°® O° ® 
OG Op Op OF One 


in each of the following cases. 


G) @=wW4v? withu=ayandv=2r+y 
(ii) @=u withu=zyandv=x+y 
(iii) @®=v?+2v with v=xrt+y 
> 6-67. Let 6 = O(r,6) denote a scalar function of position in polar coordinates. If 
the coordinates are changed to cartesian, where x = rcos@ 


y=rsind, 
(a) Show that 
o® - o® ind O® cos 0 
Oy Or 06 r 
0h — O® cos” n O?® in? 0-42 0°® sin @cos 6 0? sin 6 cos 6 rs 0° ® cos? 6 
Oy? Or or Ore © Or 00 ie 06 ia OU” <¢2 


Pb Pb HO 106 1 
(b) Show that ant t ag or tort apr 


> 6-68. Show the equation of the tangent plane to point (1,4, z,) on the surface of 


sphere centered at (20, yo, 20), having radius a, is given by (fF — 71) - (71 — 70) =0 
Sketch a diagram illustrating these vectors. 


> 6-69. For the scalar function of position F = F(u,v), where u = u(z,y), v = v(2,y) 


_... OF OF OF OF OF 
calculate the quantities Det py eat” Daag” oy? 
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> 6-70. Consider the tetrahedron defined by the vectors A, B,C illustrated. 


(a) Show the vectors 7, = 44x B, #2 =1BxC, 
fig = 1C x A, fig = 1(C — A) x (B— A) are normal to the faces 
of the tetrahedron with magnitudes equal to the area of the 


faces. (b) Show #1; + #2 +73 +74 =0 


> 6-71. Find the work done in moving a particle in a counterclockwise direction 
around a unit circle in the z =0 plane if the particle moves in the force field 


F = F(z,y,2) =(x+y+z)@1 + (Qe —y + 32) @y + (3a —y — z) 63. 
> 6-72. The straight-line defined by the parametric equations 
r=2+4+4, y=3+2d, z=4-2 


with parameter \, is drawn through the force field F = F(x, y, z) = xy@, + yz: + 263. 
Evaluate the given line integrals along this line from the point P,(2,3,4) to the point 
Py (4, 7, 0) 


Po: Rae Pe 
(a) i (x2 +y2)ds —(b) Ped? (0) | Rea 


Py 


P, Py 


> 6-73. A particle moves around the closed 
curve C illustrated in figure. It moves in a vector 
field F defined by 


= =) 


F = F(z, y) = 6(y? — x) @1 + 62 éo. 


Evaluate the line integrals in parts (a) and (b). 


(a) pi-ar (b) Pixar (c) Show that pi-ar = — Far 
> 6-74. Evaluate the given line integrals along the path 
C={(z,y)|x=2t, y=1+t+t?} from t=0 to t=3. 


(a) [uae + (e+ ude (b) [uae —aedy (c) [ reude +a ay 


> 6-75. Evaluate the given line integrals around the square with vertices (0,0), (1,0), 
(1,1) and (0,1), both clockwise and counterclockwise. 


(a) Ply+tjde+ (e+ Yudy (0) la? — a?) de (0 +9?) dy (0) fude+edy 
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Chapter 7 
Vector Calculus I 


One aspect of vector calculus can be described as taking many of the concepts 
from scalar calculus, generalizing these concepts and representing them in a vector 
format. These alternative vector representations have many applications in repre- 
senting two-dimensional and three-dimensional physical problems. Let us begin by 
examining the representation of curves using vectors. 

Curves 
A two-dimensional curve can be defined 
(i) Explicitly y= fle) 
(ii) Implicitly F(a; y) =0 
(iit) Parametrically c= a). goo) 
(iv) As a vector r=Fr(t)=a(thé, +y(thég or F=Fr(x) =x, + f(x) eg 

A three-dimensional curve can be defined 

(i) Parametrically cS7G\. goa). 2S2y) 

(ii) As a vector r= F(t) = x(t) e, + y(t) 2 + z(t) é3 

(iii) A curve in space is sometimes defined as the intersection of two surfaces 


F(x,y,z) =0 and G(z,y,z) =0 and in this special case the curve 


is defined by a set of (2, y,z) values which are common to both surfaces. 

It is assumed that the functions used to define these curves are continuous single- 
valued functions which are everywhere differentiable. Also note that the parametric 
and vector representations of a curve are not unique. 

In two-dimensions a parametric curve {2(t),y(t)}, for a < t < b has end points 
(x(a), y(a)) and (a(b),y(b)). A curve is called a closed curve if its end points coincide 
and a(a) = x(b) and y(a) = y(b). If (xo, yo) is a point on the given curve, which is not an 
end point, such that there exists more than one value of the parameter t such that 
(x(t), y(t)) = (xo, yo), then the point (zo, yo) is called a multiple point or a point where 
the curve crosses itself. A curve is called a simple closed curve if it has no multiple 
points and the end points coincide. Simple closed curves are defined by one-to-one 
mappings. The above definitions of end points, closed curve, simple closed curve and 
multiple points apply to parametric curves {x(t), y(t), z(t)} in three-dimensions and to 
n-dimensional parametric curves defined by {21(t), vo(t),...,2n(t)} as the parameter t 


ranges from a to b. 
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A curve is called an oriented curve if 
(i) The curve is piecewise smooth. 
(ii) The position vector 7 = F(t), when expressed in terms of a parameter t, determines 
the direction of the tangent vector to each point on the curve. 
(iii) The direction of the tangent vector is said to determine the orientation of the 
curve. 
(iv) A plane curve which is a simple closed curve which does not cross itself is said 
to have either a clockwise or counterclockwise orientation which depends upon 
the directions of the tangent vector at each point on the closed curve. 
Tangents to Space Curve . 

In three-dimensions the derivative vector a = a(t) é, +y'(t) @2 + 2’(t) é3 is tangent 
to the point (x(t), y(t), 2(t)) on the curve 7 = r(t) = x(t) é; + y(t) €2 + z(t) é3 for any fixed 
value of the parameter t. The tangent line to the curve r =r(t) at the point where 


the parameter has the value ¢ = ¢* is given by 


R = R(d) =F (t*) + A— —0o <A<0o 
Gi limes 


where \ is a parameter. The tangent line defined by the vector R can also be 


expressed in the expanded form 
R = R(d) = (a(t*) + Aa (te) €1 + (YE) + AW!) Eo t+ (2(t*) + AZ"(#*)) 6 


where t* represents some fixed value of the parameter t. The element of arc length 
ds along the curve 7 = r(t) is obtained from the relation 


ds* = dr’ - dF = (dx)? + (dy)? + (dz)? = (2) ~ ey + (=) | (dt)? 
and ds -|(#) + (2), 4 (4) w (Gl 
ale a (i) 


so that one can write 


dt dt 
The total arc length for the curve 7 = r(t) for to < t < t, is given by 


2 
arc length of curve = ie ds = [y( ey oy ) +(%) dt 


The unit tangent vector to the curve can Va) be (a)* by 
1 dr ldr dr 
é=—7=—9%- (7.2) 
|| dt as dt ds 


which shows that the derivative of the position vector with respect to arc length s 


produces a unit tangent vector to the curve. 


Example 7-1. Reflection property for the parabola. 
The parabola y? = 4px with focus F having coordinates (p,0) can be represented 


parametrically. One parametric representation for the position vector is 
2 


t 
Pat) ge Ci ven, —o <t<o (7.3) 


and the resulting parabola is illustrated in the figure 7-1. In this figure assume the 


surface of the parabola is a mirrored surface. 


Figure 7-1. Light ray PB gets reflected to ray through focus. 


The derivative vector 
WoW 2g 
a7 _ 
dt 2p : 


produces a tangent vector to the curve and the vector 


ae 
Lode mT — te, 42a 


a dt Vi +42/4p2—-\/4p? + #2 


is a unit tangent vector to the curve. 


er = 


Consider a general point P on the parabola where a light ray PB parallel to the 
x—axis hits the parabola. Construct the normal to the parabola and label the angle 
ZBPC the angle 6, and then label the angle ZFPC the angle 6. The angle 6, is 


called the angle of incidence and the angle 62 is called the angle of reflection. Also 
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in figure 7-1 are the complementary angles to 0, and 62. These angles are labeled as 


a and £. 
- Construct the vector 7, from point P to the focus F and by 
=e) = Using vector addition show with the aid of equation (7.3) that 
Oo pe, F r(th+r,=pey or F, = (p—t?/4p) @, — téy 


A unit vector in the direction of 7; is 
a= (p—t?/4p)@,—té, (4p? — t?) &; — Apt é 
1 fe ~— 


V(p —2/4p)2 +0 JV (4p? — #2)? + 16p?#? 


Using the definition of the dot product one can show 


—t(4p? — t?) + 8p*t _ t(t? + 4p?) 
\/ 4p? + t2,/(4p? a #2)? + 16p?t? / 4p? ae t2 \/(4p? ns #2)? + 16p?t? 


(— &)- é,, =cosB = 


If cosa = cos for all values of the parameter t¢, then one must show that 


t t(t? + 4p?) 


= 7.4 
4p? + P /4p? + t2,/(4p2 + #2)? + 16p?t? ( ) 


Using algebra one can establish that equation (7.4) is indeed true and so the angles 
a and 8 are equal. Simplify the equation (7.4) to the form 


J (4p? + t2)? + 16p2t2 = t? + 4p? 
and then square both sides to show 
16p4 — 8p*t? + t* + 16p*t? = (t? + 4p)? 


which reduces to the identity (¢? + 4p?)? = (t? + 4p?)?.. The equality of the angles a 
and @ implies 6; = 62 or the angle of incidence is equal to the angle of reflection. 
One can also show that the distances AF=FP which shows the triangle PFA is an 
isosceles triangle with angle ZF AP equal to angle ZAPF implying the complementary 
angles 6, and 6) are equal. These results show that all light coming in parallel to 
the x—axis will be reflected by the mirrored parabolic surface and pass through the 
focus. Conversely, if a light source is placed at the focus, than rays of light from the 
focus are reflected parallel to the x—axis. 


Example 7-2. Reflection property of the ellipse. 
y? 
ov? 
F,, Fy with coordinates (c,0) and(—c,0) respectively. For this ellipse 6? = a? — c? and 


2 
Consider the ellipse 5 + — =1 having eccentricity e < 1 and foci at the points 
c= ae. If P represents an arbitrary point (xo, yo) on the ellipse, then one can construct 
the vector 7, from P to F, and also construct the vector 72 from point P to Fy. The 


magnitude of these vectors when summed gives 
[71| + |72| = 2a (7.5) 


The vectors 7, 7 and the ellipse are illustrated in the figure 7-2. If the ellipse is 
mirrored, then a ray of light from the focus F; will reflect from an arbitrary point P 


on the ellipse to the focus at Fy. 


Figure 7-2. Light ray from one focus passes through other focus. 


The position vector of a general point on the ellipse can be represented in the 
parametric form 
rF =F(t) =acosté, + bsint ég, OES 2a (7.6) 


A point P on the ellipse with coordinates (xo, yo) is described by equation (7.6) by 
assigning the proper value for the parameter t. The proper value for the parameter 


t, call it to, is determined by solving the equations 


Xo = acost and yo = bsint 
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simultaneously, to obtain to = tan7! (#2). The derivative vector 


— = —asinté€; + bcost ég 


evaluated at the value t), represents a tangent vector to the ellipse at the point P. 
A unit vector in the direction of the tangent line at the point P is then given by 


7 —asint é,; + bcost é9 


Qe: = 
VJ a2 sin’ t + b2 cos? t 


where everything is understood to be evaluated at t = to. Using vector addition one 


can show the vectors 7; and 72 must satisfy 


> 


F(t) +7, =cey and F(t) +7%o+cé, =0 


These equations allow one to express the vectors 7; and 72 in the form 


’', =(c— acost) €; — bsint €, 


=> 


2 


(—c— acost) ég — bsint é2 


where again, these vectors are to be evaluated at the parameter value to. 


e+ Unit vectors in the directions of 7; and 72 can be expressed 


P 


(c — acost) €; — bsint ég 
vle- acost)? + b? sin? t 
—(c+acost) é; — bsinté, 


vle + acost)? + b? sin? t 


a 


é,, = 


-- 6 
ero 1 O5 ery é,, = 


By employing the definition of the dot product of unit vectors one can verify that 


asint(c — acost) + b? sint cost 
r1 Va2 sin? t + b2 cos? t 
. _asint(c + acost) — b? sint cost 


€,, - (€:) = cosa = 
“ (2a — r1) Va? sin? t + 6? cos? t 


e,, , (= e;) = cos 3 = 


where r; = |ri| = vlc —acost)? + b?sin*t. If cosa = cos @ for all values of the parameter 


t, then one must show that 


asint(c—acost)+b’sintcost _ asint(c+ acost) — b? sint cost (7.7) 
T1 Va2 sin? t + b? cos? t (2a — 11) a2 sin? t + b? cos? t 


Using algebra one can verify that the equation (7.7) reduces down to an identity so 
that the angles a and @ are equal. This in turn implies 6; = 62 which states that the 
angle of incidence equals the angle of reflection. 

Sound waves also are reflected in the same way. Elliptically shaped rooms or 
domes have the property that someone whispering at one focus of the ellipse can 
easily be heard at the other focus of the ellipse. This gives rise to the phrase 
“whispering galleries”. Constructions which make use of this reflection property 
of the ellipse can be found at Statuary Hall in the United States capital, St Paul’s 
Cathedral in London, the Grand Central Terminal in New York City and in certain 
museums throughout the world. 


Z 
Example 7-3. Reflection property of the hyperbola. 
incident 
tangent line 
Figure 7-3. 
Light ray directed toward one focus reflects and goes through other focus. 
gy? ‘ : ; . 
Sketch the hyperbola > a 1 with foci F,, Fy having coordinates (—c,0) 


and (c,0) respectively, where c = ae and e > 1 is the eccentricity of the hyperbola. 
Construct an incident ray aimed at the focus F, which passes through a known point 
(xo, yo) on the hyperbola. Label the point where this ray intersects the hyperbola 
as point P. Sketch the tangent line and normal line to the hyperbola at the point 
P and label the angle of incidence as @, and the angle of reflection as @. The 
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complementary angles associated with these angles are labeled a and @ respectively. 
Next construct the vector 7, running from the point P on the hyperbola to the focus 
F, and then construct the vector 72 running from the P to the other focus Fy as 
illustrated in the figure 7-3. 

The position vector to a general point on the right branch of the hyperbola can 
be expressed 


7F = F(t) = acosht €; + bsinht é2 


where ¢t is a parameter. The value of the parameter t, call it t), corresponding to the 


point P having coordinates (29, yo) 1s obtained by solving the equations 


Xo = acosht and yo = bsinht 


ayo 


simultaneously to obtain tg = tanh~' ( 
XO 


); The derivative of the position vector is 


> 


r i 
aH = asinht é, + bcosht eg 


and this vector, when evaluated using the parameter value tg is a tangent vector to 


the hyperbola at the point P. The vector 


7 1 dr asinhté; + dbDcoshté> 
Bese = 
: a dt ~—\/a? sinh2¢ + b? cosh 2t 


also evaluated at to, is a unit tangent vector to the hyperbola at the point P. Using 
vector addition one can show that the vectors 7, and 7 are given by 


1 =—(acosht + c) e€; — bsinht 


am 


2 = — (acosht — c) €; — bsinht é2 


all to be evaluated at the parameter value t). Unit vectors in the directions of 7; 


and 7 are 
—(acosht + c) €; — bsinht €2 


/(acosht + c)? + b? sinh2t 
—(acosht — c) é; — bsinht €2 
/(acosht — c)? + b? sinh2t 


é,, = 


é,, = 


also to be evaluated at t = t). The given hyperbola satisfies the properties that 


CAe eae and \71| — |72| = 2a or 


/(acosht + c)? + b? sinh2t — \/(a cosht — c)? + 6? sinh?# = 2a 
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for all values of the parameter t. The angles a and 6 constructed at the point P can 
be calculated from the dot products 


asinht (a cosht + c) + b? sinht cosht 
(Va? sinh?¢ + 6? cosh2t)(,/(a cosht + c)? + b? sinh 2t) 
= a sinht (a cosht + c) + 6? sinht cosht (7.8) 
(Va? sinh2¢ + 6? cosh2t)(./(a cosht — c)? + b? sinh2¢ + 2a) 
a sinht (a cosht — c) + b? sinht cosht 
(Va? sinh2t + 6? cosh2t)(./(a cosht — c)? + b? sinh 2¢) 


(— &)- €,, = cosa = 


(— &)- €,, = cosB = (7.9) 
If cosa = cos 8 then one must show that the right-hand sides of equations (7.8) 
and (7.9) are equal. Setting the right-hand sides equal to one another and simplifying 


produces 
a? sinht cosht + ac sinht + b? sinht cosht a? sinht cosht — ac sinht + b? sinht cosht 


= 7.10 
/(a cosht — c)? + b? sinh?t + 2a / (a cosht — c)? + b? sinh?t yen) 


To show equation (7.10) reduces to an identity, first show equation (7.10) can be 


written 


c cosht — a 


peerrew iG cosht — c)? + 6? sinh?7t + 2a 


|r2| = 


and then use the fact that c? = a? 4+? and |r:| = ¢ cosht — a to simplify the above 
equation to the form 


c cosht + a = \/(acosht — c)? + b? sinh2t + 2a (7.11) 


It is now an easy exercise to show equation (7.11) reduces to an identity. 

All this algebra shows that the angles a and @ are equal and consequently the 
complementary angles 6, and 62 are also equal, showing the hyperbola has the prop- 
erty that the angle of incidence equals the angle of reflection. The above results 
imply that a ray of light aimed at the focus F, will be reflected and pass through the 
other focus. This reflection property of the hyperbola is one of the basic principles 


used in the construction of a reflecting telescope. 
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Normal and Binormal to Space Curve 
Recall that the unit tangent vector to a space curve 7 =7(t), for any value of the 
parameter t, is given by the equation 


SS. (7.12) 


z a dr 
- dt ds 


and satisfies é,- é, = 1. Differentiating this relation with respect to the arc length 


parameter s one finds 
dd... . de, de . de; 


[ez: €:] = & + : ey ey a ( ) 


The zero dot product in equation (7.13) demonstrates that the vector ae is per- 
pendicular to the unit tangent vector é;. Note that this vector can be calculated 
using the chain rule for differentiation a = where “ is calculated using 
the equation (7.1). Observe that there are an infinite number of vectors which are 
perpendicular to the unit tangent vector é,. The unit vector with the same direction 
as the vector is called the principal unit normal vector to the curve r(t) for each 
value of the parameter t. The principal unit normal vector in the direction of the 
derivative vector is given the label é,. The vector has the same direction 


as é, and so one can write 
de: 
ds 


where « is a scaling constant called the curvature of the curve 7(t). The curvature 


= Ke, (7.14) 


« will vary as the parameter t changes. The quantity p = + is called the radius of 
curvature at the point associated with the parameter value of t. The unit vector & 
calculated from the cross product of &; and é,, 6) = €; x én, is perpendicular to both 
the unit tangent é, and unit normal é,, and is called the unit binormal vector to the 


curve as the parameter t changes. 


The vectors &, €,, €, are called a moving 
triad along the curve 7(t) because the unit vec- 
tors &, €n, 6 generated a localized right-handed 
coordinate system which changes as the parame- 
ter t changes. The plane which contains the unit 
tangent é, and principal normal é,, is called the 
osculating plane. The plane containing the unit 
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binormal é and unit normal é,, is called the normal plane. The plane which is per- 
pendicular to the principal normal é,, is called the rectifying plane. Let 7(t*) denote 
the position vector to a fixed point on the given curve and let 7 = ré; + yéo + 763 
denote the position vector to a variable point in one of these planes. One can then 


show 
The osculating plane can be written (7—7r(t*))- é =0 


The normal plane can be written (7—r(t*))- & =0 (715) 
The rectifying plane can be written (7—7(t*))- é, =0 
The equations of the straight lines through the fixed point r(t*) and having the 


directions of €, é, or € are given by 


(7 — F(t*)) x & =0 Tangent line 
(7 — F(t*)) x é, =0 Line normal to curve (7.16) 
(7 — F(t*)) x & =0 Line in binormal direction 


Let us examine the three unit vectors é, é, and é, and their derivatives with 


respect to the arc length parameter s. One can calculate the derivatives oe “ 
and “en with the aid of the triple scalar product relations 


A-(Bx C)=B-(C x A)=C.-(Ax B) 


It has been demonstrated that =rKé, and & = & x é,, consequently one finds 
S 
that 
BGs che a DOR, WBObexs, " ~ xn Mm 2 ae ee ey 3 Sy 
i oe as Baier x En ear ec i ae a (7.17) 


Take the dot product of both sides of equation (7.17) with the vector é, and use the 


above triple scalar product result to show 


This result shows that the vector é; is perpendicular to the vector ae By differ- 
entiating the relation é- é, = 1 one finds that 
dep a dep . dep 


é, = 2&- =0 
ds ds a ee ds 


ep: 
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gS 
ds dé 
results show that the derivative vector ““ must be in the direction of the normal 


which implies that the vector is also perpendicular to the vector é,. These two 


Ss 
vector é,. Hence, there exists a constant K such that 
déy 1. 
where K is a constant. By convention, the constant K is selected as —r, where 7 is 
called the torsion and the reciprocal ¢ = - is called the radius of torsion. Taking the 
dot product of both sides of equation (7.18) with the unit vector é, gives 
d@p 


a (7.19) 


T=T(s)=—-€,- 


The torsion is a measure of the twisting of a curve out of a plane and is a measure 
of how the osculating plane changes with respect to arc length. The torsion can be 
positive or negative and if the torsion is zero, then the curve must be a plane curve. 
The three vectors €;, €, én form a right-handed system of unit vectors and so one 
can write é, = é x é,. Differentiating this relation with respect to arc length gives 

OER a phy eC 

ds ds ds 


xX & = & X KE, —TE, X G& =—KE-+TE (7.20) 


These results give the Frenet!-Serret? formulas 


le =kKe 

ds, 

CEH 2 oes (7.21) 
ds 

den 

ae =T eG, — KG 


Using matrix notation’, the Frenet-Serret formulas can be written as 


d& 

ds. 0 

oe )=|0 0 -7 
fen —-K Tr O 


Recall that if B is a vector which rotates about a line with angular velocity 3, 


(7.22) 


jon) 
a 
| 
a | 
& ® iol 
ee | 


then “ = 6x B. One can use this result to give a physical interpretation to the 
Frenet-Serret formulas. One can write 
de; d& ds , ds ds ds 


=Ké =K—@,x & =Ox @ where @=Kx—é 
dt ds dt Sp gp : dt” 


| Jean Frédéric Frenet (1816-1900) A French mathematician. 
2 Joseph Alfred Serret (1819-1885) A French mathematician. 


3 See chapter 10 for a description of the matrix notation. 


This is interpreted as showing the vector & rotates about a line through é with 
angular velocity G. If the curvature x = 0, then @ is also zero and so the tangent 


vector é; is not rotating and consequently the curve is a straight line. Similarly, one 


can write 
Gh 2 wep ds acs OS EE eee. Sea eae wal08 
= ST ——F =7 > =W WO = T— 
dt ds dt "at dae een e dt * 


and this result is interpreted as meaning the vector & is rotating about the & 
direction with angular velocity &. If the torsion + = 0, then there is no rotation 
of the binormal vector and so the curve remains a plane curve in the plane of the 


normal and tangent vectors. 


It is left as an exercise to give a physical interpretation to the derivative an 


Example 7-4. Determine how to calculate the curvature « of a space curve. 


Solution Use the fact ce = é, so that |4+| = x, since é, is a unit vector. Let 
S 


r= F(t) = x(t) é, + y(t) €2 + 2(t)é3 denote the position vector to a point on the space 
curve where t represents some parameter. If the arc length parameter s is used, then 
dr_drdt old, 
ds dtds || dt 


is a unit tangent vector to the curve and the derivative of this vector with respect 


to arc length s gives 
mde 
ds? ds 
Taking the dot product of this vector with itself gives 


= ke, 


ar er Ze 7 W Wl 
GE Ge (On): (En) = 0? = [0"(5)]? + (8)? + 29)? 
where baa : 9 
4) 22 49 _ ig) 48 Ns) =2 
OF ae (s)> => #(s) is 
d’s_ d ds 


/ 
ae ae ak 


2 
x! (t) — w'(s) 5 


and solving for x’(s) one finds 2x”(s) = The derivatives for y’(s) and 


z'(s) are calculate in a similar fashion. 
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Example 7-5. Determine how to calculate the torsion 7 of a space curve. 

Solution The derivative “ = & is a unit tangent vector to the space curve and 
Pr d& 
ds? ds 
to the arc length parameter gives 


=Ke,. Calculating the third derivative of the position vector with respect 


ar goon UF ae ahi he 6 Pa 
= n = K(T ey — K —é, =KTe,—K —€, 
ds? ds ds p : ds + ds 


Use the properties of the triple scalar product with 


dr (@r ar 7 “ r Boa, VAs 
~ (3 x =) = er (28a x [ares — a+ Fé) (7.23) 


together with the cross products 
é, X @, = &, é, X @ = — 6, é, x 6, =0 


= 6: [k?r & +4? @&] = Kr 


: F : dr (@r Pr 
and show equation (7.23) simplifies to a (S x 55 


Using the result from the previous example that x? = [2’’(s)]? + [y’"(s)]? + [2"(s)]? one 
can write 
dr (@r ar 
- = (a ‘ =) 
[a’"(s)]? + [y"(s)]* + [2"(s)]? 
which can also be expressed as the determinant 
rol $3 8 
= / /} tI a! 2, yl" 2 a 2. 
[x’"(s)]? + [y’"(s)]? + [2’"(s)]? wl(s)  y!"(s) z!"(s) 
| | 


Example 7-6. Velocity and Acceleration. 

A physical example illustrating the use of the unit tangent and normal vectors 
is found in determining the normal and tangential components of the velocity and 
acceleration vectors as a particle moves along a curve. If * denotes the position 
vector of the particle, ¢ its velocity, and @ its acceleration, then 


a= 


baer di di2’ ie EN cae 


= aN 2- > as 2 
dr di dr . dr dr (F) (7.24) 


where s is the arc length along the curve. Using chain rule differentiation gives 


, dr drds 
v= — = Gv. 


dt dsdt — 


Analysis of this equation demonstrates that the velocity vector ¢@ is directed along 


the tangent vector at any time t and has the magnitude given by v = & which 


represents the speed of the particle. 
The derivative of the velocity vector with respect to time ¢ is the acceleration 


and 

dv _ dv d& 

dt “‘dt' dt” 

From the Frenet-Serret formula and using chain rule differentiation, it can be shown 


a= 


that the time rate of change of the unit tangent vector is 
de; = de; ds _ve 
dt ds dt p 
Substituting this result into the acceleration vector gives 
a= a €; + a En. 
dt p 


The resulting acceleration vector lies in the osculating plane. The tangential compo- 


nent of the acceleration is given by = and the normal component of the acceleration 

is given by i 

Surfaces : 
A surface can be defined 

(i) Explicitly 2= f(y) 

(ii) Implicitly F(z,y,2) =0 


(iii) Parametrically STU); Hye)... C=]L0E*) 


) 
) 
) 
(iv) As a vector Fr =F(u,v) = z(u,v) e) + y(u, v) 2 + 2(u, v) é3 
or r=Fr(xr,y)= re, + yeo+ f(x,y) 3 
(v) By rotating a curve about a line. 

Here again it should be noted that the parametric representation of a surface is not 
unique. 

If the functions used to define the above surfaces are continuous and differ- 
entiable functions and are such that the functions defining the surface and their 
partial derivatives are all well defined at points on the surface, then the surfaces 
are called smooth surfaces. If the surface is defined implicitly by an equation of the 
form F(x,y,z) = 0, then those points on the surface where at least one of the partial 
derivatives 2, ae 2 is different from zero are called regular points on the surface. 
If all of these partial derivatives are zero at a point on the surface, then that point 


is called a singular point of the surface. 
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To represent a curve on a given surface defined in terms of two parameters u and 


v, one can specify how these parameters change. For example, if 


r= F(u,v) = x(u,v) ey + y(u, v) €2 + 2(u, v) 3 (7.25) 


defines a given surface, then 


(i) 


(iii) 


One can specify that the parameters u and v change as as a function of time 
t and write u = u(t) and v = v(t), then the position vector 7 = 7(u,v) becomes a 


function of a single variable t 
r=r(t) = x(u(t), v(t) er + y(u(t), v(t) €2 + 2(u(t), v(t) es, ast<b 


which sweeps out a curve lying on the surface. 
If one specifies that v is a function of u, say v = f(u), this reduces the vector 
r(u,v) to a function of a single variable which defines the curve on the surface. 


This surface curve is given by 
r=r(u) =x(u, f(u)) ér + y(u, f(u)) €2 + 2(u, f(u)) es 


An equation of the form g(u,v) = 0 implicitly defines u as a function of v or v as 
a function of u and can be used to define a curve on the surface. The equation 
g(u, v) = 0, together with the equation (7.25), is said to define the surface curve 
implicitly. 


Consider the special curves 


7 =F(Uu, Vo) vo Constant 


r= (ugiv) ug constant 


sketched on the surface for the values 
uo €{ a,ath,a+2h,a+ 3h,... } 
vo € { B,B +k, 84+ 2k,84+3k,...} 


where a, 3, h and k have fixed constant values. These special curves are called 
i or 
aS 
at a common point (uo, vo) are tangent vectors to the coordinate curves and the 
a as 
cross product a x a produces a normal to the surface. 
U vu 


: He Or 
coordinate curves on the surface. The partial derivatives Fu and evaluated 
u 


For example, consider the unit sphere 
F(u,v) = cos usinv €; + sinusinv €2 + cosv €3 
where 0<u<2rand0<vu<z7. The curves F(uo, v) for 
equi-spaced constants ug gives the coordinate curves 


called lines of longitude on the sphere. The curves 


r(u,v9) for equi-spaced constants vp give the curves 
Coordinate curves called lines of latitude on the sphere. 


on sphere. A surface is called an oriented surface if 


(i) each nonboundary point on the surface has two unit normals é, and —é,. By 
selecting one of these unit normals one is said to give an orientation to the 
surface. Thus, an oriented surface will always have two orientations. 

(ii) The unit normal selected defines a surface orientation and this unit normal must 
vary continuously over the surface. 

(iii) Each nonboundary point on the oriented surface has a tangent plane. 

(iv) If the surface is that of a solid, then the unit normal at each point on the surface 
which is directed outward from the surface is usually selected as the preferred 
orientation for the closed surface. 

A surface S$ is said to be a simple closed surface if the surface divides all of three 
dimensional space into three regions defined by 

(i) points interior to $, where the distance between any two points inside S is finite. 

(ii) points on the surface S. 

(iii) points exterior to the surface S. 

A smooth surface is one where a normal vector can be constructed at each point 


of the surface. 


The sphere 


The general equation of a sphere is 
ety +22 +oanr+ By t+yz+5=0 


where a, 3, y and 6 are constants. This is a simple closed surface with outward normal 
defining its orientation. It is customary to complete the square on the z,y and z 
terms and express this equation in the form 


(o+2)'+ (v8) + (42) - See 5 (7.26) 


After completing the square on the x,y and z terms, the following cases can arise. 


Copyright 2012 J.H. Heinbockel. All rights reserved 


97 


98 


Figure 7-4. 


Sphere centered at origin and projections onto planes «= 0, y= 0 and z = 0. 


r2>0, then r is radius of sphere centered at (-$, = 


B 
2 
=a SO then 0 is radius of sphere centered at (-$. —2. -3) 
—r? <0, then no real sphere exists 
In the case the right-hand side of equation (7.26) is negative, then a virtual sphere 
is said to exist. A sphere centered at the point (xo, yo, z9) with radius r > 0 has the 
form 


(2 — 2) + (y— yo)? +(2-“)? =r? CE27) 


The figure 7-4 illustrates a sphere and projections of the sphere onto the « = 0, y = 0 
and z=0 planes. 


A sphere with constant radius r > 0 and cen- 
tered at the origin can also be represented in the 
parametric form 

x = x(¢,0) =rsind cos ¢, 
y = y(¢, 0) =rsinOsing, (7.28) 
z= 2(¢,0) =rcosé 


where 0 < ¢ < 27 and 0< 6 < 7. These parameters 
are illustrated in the accompanying figure. Note 
that when @ is held constant, one obtains a coordinate curve representing a line of 
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latitude on the sphere given by 4 = $ — @ and when ¢ is held constant, one obtains 
a coordinate curve representing some line of longitude on the sphere. 

The representation 7 = r(¢,9) = rsin@cos dé, + rsiné sing é2 + rcosé é3 iS a vector 
representation for points on the sphere of radius r with r(¢o, 9) a curve of longitude 
and 7(¢,9) a line of latitude and these curves are called coordinate curves on the 
surface of the sphere. The vectors oe and a are tangent vectors to the coordinate 


Oo 00 
curves. The cross product ~ x ar produces a normal vector to the surface of the 


sphere. 


The Ellipsoid 
The ellipsoid centered at the point (0, yo, 7) is represented by the equation 


(z= x)? + (y= yo)? ai (2= ao) 


5 7 z= (7.29) 


and if _ 
a=b>c_ it is called an oblate spheroid. 


a=b<c_ it is called a prolate spheroid. 


a=b=c_ it is called a sphere of radius a. 


Figure 7-5. Oblate and prolate spheroids. 


The ellipsoid can also be represented by the parametric equations 
x — Xo = acos6cos ¢, y — Yo = bcos O@sin ¢, zZ— 2% =csind (7.30) 


where —%3 <6< Z and-7<¢<7. The figure 7-5 illustrates the oblate and prolate 


spheroids centered at the origin. 
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Figure 7-6. Elliptic paraboloid 


The Elliptic Paraboloid 
The elliptic paraboloid centered at the point (29, yo, 2) is described by the equa- 
tion 
(c— 20)? | Y—yo)? _ 2-20 


72 + ie = (7.31) 


It can also be represented by the parametric equations 


L— Lo = a//ucosv, Y — yo = busin v, Z— 2% =cu (7.32) 


where 0 < v < 27 and 0 <u<h. The elliptic paraboloid centered at the origin is 
illustrated in the figure 7-6. 


The Elliptic Cone 


The elliptic cone centered at the point (xo, yo, 79) 18 represented by an equation 
having the form 
(cx—20)? | (y—yo)* (2=25)" 
at ES (7.33) 


A parametric representation for the elliptic cone is given by 


L— Lp = aucosv, y — yo = busin, Z—-—% = cu 


for 0<v<2r and -—h<u<h. The elliptic cone centered at the origin is illustrated 
in the figure 7-7. 
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The position vector 7 = 7(u,v) = aucosv €; + businu é2 + cués describes a point on 
the surface centered at the origin and the curves 7(ug, v), 7(u, vo) define the coordinate 
curves. The partial derivatives of 7 with respect to u and v are tangent vectors to 
the coordinate curves and these vectors can be used to construct a normal vector to 
the surface. 


Figure 7-7. Elliptic cone 


The Hyperboloid of One Sheet 
The hyperboloid of one sheet centered at the point (zo, yo, 2) and symmetric 
about the z—axis is given by the equation 


(w= 0)" , (y=yo)? _ (@= 20) _y (7.34) 
a? ig e . 


It can also be represented using the parametric equations 
x — Xo = acosucoshy, y — yo = bsinu coshv, Z— 2% =csinhv (fae) 


where 0 < u < 2a and -—h <v <h. Here h is usually selected as a small number, say 
h = 1 as the selection of h as a large number gives a scaling difference between the 
parameters and distorts the final image. 
The Hyperboloid of Two Sheets 

The hyperboloid of two sheets centered at the point (2, yo, 2) and symmetric 
about the z—axis is describe by the equation 


=1 (7.36) 
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It can also be represented by the parametric equations 
x — % = acosvsinhu, y — Yo = bsinv sinhu, Z— % =ccoshu (7.37) 


where 0 < v < 2x and 0<u<h, with both c > 0 and c« < 0 producing a surface with 
two parts. Here again the selection of h should be of the same magnitude or less 
than v or else the final image gets distorted. The hyperboloid of one sheet and some 
hyperboloids of two sheets are illustrated in the figure 7-8. Note in this figure that 
the axes x, y and z have undergone various permutations. These permutations show 
that the axis of symmetry for the hyperboloid of two sheets is always associated with 
the term which has the positive sign. In a similar fashion one can do a permutation 
of the symbols xz, y and z in the equation describing the hyperboloid of one sheet to 
obtain different axes of symmetry. 


Figure 7-8. Hyperboloid of one sheet and several hyperboloids of two sheets. 


In a similar fashion one can perform a permutation of the symbols z,y and z to 
give alternative representations of any of the surfaces previously defined. 

One can use the parametric equations to define a position vector 7 = 7(u, v) from 
which the coordinate curves F(uo,v) and F(u,vo) can be constructed. The partial 
derivatives of 7(u, v) with respect to u and v produce tangent vectors to the coordinate 
curves and these tangent vectors can be used to construct a normal vector to each 
point on the surface. 


Copyright 2012 J.H. Heinbockel. All rights reserved 


The Hyperbolic Paraboloid 
The hyperbolic paraboloid centered at the the point (29, yo, 2) is described by 
the equation 
z— 20 (e—2)? | (y—yo)? (7.38) 


. a? ba b2 ; 


This surface is saddle shaped and can also be described using the parametric 


equations 
rn vu? 
r-T=U, Y-y=, s-«=0(-5+5) (7.39) 
a 


where —h <u<hand —k<v<k for selected constants h and k. These parametric 
equations can be used to construct the two-parameter surface (u,v) from which the 
coordinate curves and normal vector can be constructed. 

It is left as an exercise to show that under a rotation of axes and scaling using 
the equations 


«L— XO 


Y _ asin 4 Geos, —— =2 


= £cos9 — ysin8, 
b c 


with 6 = 7/4, the hyperbolic paraboloid can be represented z = zy. 


Figure 7-9. Hyperbolic paraboloid. 


Surfaces of Revolution 

Any surface which can be created by rotating a curve about a fixed line is called 
a surface of revolution. The fixed line about which the curve is rotated is called the 
axis of revolution. Some examples of surfaces of revolution are the sphere which is 
created by rotating the semi-circle 2? +y?=r?, -r<a<randy>0 about the y=0 
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axis. A paraboloid is obtained by rotating the parabola y = x”, 0 < x < zp about the 
xg =0 axis. 

The general procedure for determining the equation for representing a surface of 
revolution is as follows. First select a general point P on the given curve and then 
rotate the point P about the axis of revolution to form a circle. This usually involves 
some parameter used to describe the general point. One can then determine the 
equation of the surface by eliminating the parameter from the resulting equations. 


Example 7-7. A curve y = f(z) for a < « < b is rotated about the z-axis. 
Find the equation describing the surface of revolution. 


Solution A general point P on the given 
curve, when rotated about the x—axis pro- 
duces the circle y? + z? = r?, where r = f(z) 
is the radius of the circle. Eliminating the 
parameter r gives the equation of the surface 
of revolution as y? + 2? = [f(zx)]? 


Example 7-8. The curve y = f(z) for a < z < b is rotated about the z—axis. 
Find the equation describing the surface of revolution. 


Solution A general point P on the given 
curve is rotated about the z—axis to form 
the circle 2? + y? = r? where r = f(z) is the 
radius of the circle. Eliminating r between 
these two equations gives the equation for 
the surface of revolution as x? + y? = [f(z)]? 


Example 7-9. — A curve described by the parametric equations x = x(t), y = y(t), 
z= 2(t) for to <t<t,, is rotated about the line 


TZ—%X%  Y-Yo_ 4% 40 
by be bs 


where b = b; é; + bz éy + b3 é3 is the direction vector of the line. Find the equation of 
the surface of revolution. 
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Solution In the figure 7-10 the point P represents a general point on the space curve. 
Let the coordinates of this point be denoted by (2(t*), y(t*), z(t*)) where to < t* < ty 
and ¢* is held constant. Construct the vector 7p from the origin to the point P and 
construct the position vector 7) from the origin to the fixed point (zo, yo, 29) on the 
axis of rotation. A unit vector in the direction of the axis or rotation is described 


by 
by €; + bz €g + b3 €3 


|b| o/b? + b3 + b3 


where ég- ég = B? + B3 + B? =1. Also construct the vector rp — 7 from the point 


= B, é, + Bo és + B3é3 (7.40) 


(x9, yo, 20) to the point P as illustrated in the figure 7-10. 


Figure 7-10. Space curve revolved about line to form surface of revolution. 


Consider a line perpendicular to the axis of rotation and passing through the 
point P. Denote by Q the point where this line intersects the axis of rotation. The 
distance s from the point (zo, yo, zo) to the point Q is given by the projection of the 
vector rp — 79 onto the unit vector ég. This projection gives the distance 


s= ép a (Fp = 70) (7.41) 
The point Q can be described by the position vector 
Q=Tot+ ségB (7.42) 


The distance from P to Q represents the radius of the circle of revolution when the 
point P is revolved about the axis of rotation. This distance, call it R, is given by 
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the magnitude of the vector rp — 7g and one can determine this distance from the 
dot product relation 
R? = (Fp —7Q): (Fp —FQ) (7.43) 


Construct the unit vector é4 pointing from the point Q to the point P by expanding 


the equation 

.  fp—Fq _ p—Fe 

ea = > aS 7.44 
I7p — Ql R ee 


The unit vector é¢ which is perpendicular the unit vectors é4 and ég can be con- 
structed using the cross product 


ec = eA x eB (7.45) 


Note that when the point P is revolved about the axis of rotation, the circle generated 
lies in the plane of the vectors é4 and é¢ and a point on this circle can be described 
using the equation 


r=rgt+ Roos#é,+ Rsindé€c, 0<0< 27 (7.46) 


Recall that the point P represents a general point on the space curve and so the 
vector in equation (7.46) is really a function of the two variables t and 6 and one 


can express the equation (7.46) as the two parameter surface described by 
r=7r(t,0) =Tagt+ Reosdé, + Rsindec, 0<0<27 (7.47) 


where the vectors 7g, é4 and é¢ are all calculated in terms of the parameter ¢ and 
can be constructed using the equations (7.40), (7.41), (7.42), (7.43), (7.44), (7.45). 
That is, to construct the surface of revolution, one can construct a circle for each 
value of the space parameter t varying between two fixed values, say to <t < t. 

An alternative method for constructing the circles of revolution of each point P 
on the space curve for t) < t < t, is as follows. First, assume P is fixed and construct 
the sphere centered at the point (zo, yo, 29) which passes through the point P. This 
sphere has a radius given by r = |7p—7o| and this radius is a function of the parameter 
t* used to describe the point P. The equation of the sphere centered at (zo, yo, 20) 
and passing through the point P is given by 


(w — x9)" + (y— yo)? + (z- 2%)? =r? (7.48) 


Next construct the plane which passes through the point P and is perpendicular to 
the axis of rotation. The equation of this plane is given by 


(F-Fp)-62=0 or — (w—a(t*)) By + (y—y(*)) Bo + (z—2(t"))By =0 (7.49) 


This plane is the plane of rotation of the point P and it intersects the sphere in the 
circle described by the point P as it moves around the axis of rotation. To obtain the 
equation for the surface of revolution one must eliminated the parameter t* from the 
equations (7.48) and (7.49). This elimination is not always an easy task to perform. 
i: 
Ruled Surfaces 
A surface 7 =7(u,v) or z = f(x,y) or F(x, y,z) =0 is called a ruled surface if it has 
the following property. Through each point on the surface it is possible to draw a 
straight line which lies entirely on the surface. For example, consider the set of all 
straight lines which pass through a fixed point V and which intersect a fixed curve 
C, which is not a straight line through V. The surface generated is called a general 
cone with the point V called the vertex of the cone, the curve C being called the 
directrix of the cone and the lines on the surface of the cone are called the generating 
lines. Some example cones are illustrated in the figure 7-11. 


Figure 7-11. A cone is an example of a ruled surface. 


Another example of a ruled surface are general cylindrical surfaces which can be 
described as a collection of straight lines all parallel to a given direction. 
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In general, a ruled surface can be thought of as set of points created by moving 
a straight line. One way of creating the equation of a ruled surface is to consider 
two curves where both curves are defined in terms of a parameter ¢ and represented 
by the position vectors 7;(t) and 72(t) as illustrated in the figure 7-12. 


Figure 7-12. Generating a ruled surface using two curves. 


For a fixed value of the parameter ¢, one can draw a straight line between the two 
points 7;(t) and 72(t) as illustrated in the figure 7-12. If 7 is the position vector to a 
general point on this line it can be represented by the equations 


r= F(t,u) = (1 — u)Fi(t) + uro(t) — U9 <u< Uo (7.50) 


where u is a parameter and uo is some specified constant . Note that when u = 0, 
then 7 = 7, and when u=1, 7 =7. As the parameter t changes the line sweeps out 
a surface. 

Ruled surfaces can be observed on cylinders, cones, hyperboloids of one sheet, as 
well as elliptic and hyperbolic paraboloids. Ruled surfaces have been studied since 
the time of the early Greeks and many architectural structures can be described as 


ruled surfaces. 
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Surface Area 
The position vector 


F=Fr(u,v) = x(u, v) @1 + y(u, v) 2 + z(u,v) €3 @2usp; youse (7.51) 


defines a surface in terms of two parameters u and v. The family of curves 7(u, v9), 
with vp taking on selected constant values, defines a set of coordinate curves on the 
surface. Similarly, the family of curves 7(uo,v), with uo taking on selected constant 
values, defines another set of coordinate curves. The vector 2" is a tangent vector to 
the coordinate curve 7(u,vo) and the vector = is a tangent vector to the coordinate 
curve 7(uo,v). If at every common point of intersection of the coordinate curves 


7(uo,v) and 7(u, vo) one finds that 2 . 2 = 0, then the coordinate curves are 
(uo,vo) 
said to form an orthogonal net on the surface. 


The vector 
dv = —du+—dv (7.52) 
U U 


lies in the tangent plane to the point 7(u,v) on the surface and one can say that 
the vector element dr defines a parallelogram with vector sides o du and a dy as 
illustrated in the figure 7-13. 


Figure 7-13. Defining an element of area on a surface. 


Define the element of surface area dS on a given surface as the area of the elemental 
parallelogram formed using the vector components of dr. Recall that the magnitude 
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of the cross product of the sides of a parallelogram gives the area of the parallelogram 


and consequently one can express the element of surface area as 
or Or OF Or 


Using the vector identity 


= 


(A x B)-(C x D) =(A-C)(B-D)-(A- D)(B-C) 


wie es and Be DS ene pads 
O Ov 


UL 
Or Or Or  Or\ (Or Or Or Or Or Or Or Or 
Ou ‘ Ov Ou > dv) \du du Ov Ov Ou Ov Ou Ov 


Define the quantities 
OF OF (da\* (dy\*? (dz\? 
e du Ou (5) % (34) By (53) 
or Or Z Ox Ox y Oy Oy Oz Oz (7.54) 
Ou Ov Oudv Oudv- Oudvu 


Gg 0% OF _ (ax an dy a dz\* 
Ov Ov \du Ov Ov 


ds =| or x ar | dudv = V EG — F? dudv (7.55) 


Alternatively one can write 


3 


then one can write 


or x or Ox Oy Oz 
a a, | O 0 0 
Ou Ov |r By 2 


Ov Ov Ov 
_ (Oydz Oydz\ , Ox Oz OzOxr\ . 2 Ox Oy — Ou Oy f 
Oudv Ovdu Oudv  Oudv , Oudv Ovodu . 


and the magnitude of this cross product is given by 
_ Oy Oz Oy dz - Or dz Ozdx\’ Ox Oy Ox Oy : 
(C2 Ov x) 2 ( Bude Bu x) Nu 80: By Ou 28) 


Expanding the equation (7.56) one finds that the element of surface can be repre- 
sented by the equation (7.55). To find the area of the surface one need only evaluate 


Or ‘ or 
Ou Ov 


the double integral 


Br 7 p0r~ 
Surface Area = [ | VEG — F? dudu (7.57) 
8 § 


a 
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which represents a summation of the elements of surface area over the surface be- 


tween appropriate limits assigned to the parameters u and v. 


Note that the vectors N = a x ak and —N = a x oF are both normal vectors 
Ou Ov Ov Ou 
to the surface 7 = r(u,v) and 

or | OF or | OF 

; du ~ av du ~ av 

en = =a oe 
ae x oF VEG — F? 
Ou Ov 


are unit normals to the surface. 
In the special case the surface is defined by 7 = r(x, y) = 1 é; + yé2 + 2(2, y) 63 One 


can show the element of surface area is given by 


— dady _ dx dy 
[En > €3| os dz on dz 2 
Ox Oy 


Here the surface element dS is projected onto the xy-plane to determine the limits 


ds 


of integration. 
In the special case the surface is defined by 7 = r(z,z) =xé, + y(a, z) é2 + zé3 one 
can show the element of surface area is given by 


dx dz dx dz 


= |@n- €1| 7 dy \? 2 
y Oy 
1 pi pes 

i oe) + (5) 


Here the surface element dS is projected onto the xz-plane to determine the limits 


ds 


of integration. 
In the special case the surface is defined by 7 = r(y, z) = 2(y,z)é1 + yé2 + zé3 the 


element of surface area is found to be given by 


dy dz dy dz 


ase dx\2 dx\2 
1+(55) + (3) 


In this case the surface element dS is projected onto the yz-plane to determine the 


ds 


limits of integration. 
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Arc Length 
Consider a curve u = u(t), v = v(t) on a surface 7 = F(u,v) for tp) < t < ty). The 


element of arc length ds associated with this curve can be determined from the vector 


element 
SOR, or 
dr = 5 du+ 5 dv 
using 
Or or Or or 
2_ go ao [ OF Ass Ay etl pou 
ds* =dr’- dr (F du + ay ww) (F du + ay ww) (7.58) 


ds? =E du? + 2F dudv + G du? 


where E, F,G are given by the equations (7.54). The length of the curve is then given 
by the integral 


f du\?” du dv dv\* 
= l h= E{ — 2F— — —) dt 
s = arc lengt [ i (F) of aa +e() d (7.59) 


where the limits of integration tp and t,; correspond to the endpoints associated with 
the curve as determined by the parameter t. 
The Gradient, Divergence and Curl 

The gradient is a field characteristic that describes the spatial rate of change of 
a scalar field. Let ¢ = ¢(z,y,z) represent a scalar field, then the gradient of ¢ is a 


vector and is written 


OP ~~ 060, . 00: 
grad dg = ve ey + = €2 + ve e€3. (7.60) 


Here it is assumed that the scalar field ¢ = ¢(z, y, z) possesses first partial derivatives 
throughout some region R of space in order that the gradient vector exists. The 
operator 


: Ox Ons: 
V= Aa ey + dy €o + az e€3 (7.61) 


is called the “del” operator or nabla operator and can be used to express the gradient 


in the operator form 


Oo x 0 .. Os 
grad o¢=VO= (7. ey + dy €2 + Az és) ~. (7.62) 


Note that the operator is not commutative and V¢ # @V. 
If ¢ = U(2,y, z) = v1 (a, y, z) @1 + vo(a, y, 2) @2 + 03(a, y, z) 3 denotes a vector field with 
components which are well defined, continuous and everywhere differential, then the 


divergence of @ is defined 
Ov1 Ove Ov3 


ane Ox " Oy = Oz 


(7.63) 


Using the del operator V the divergence can be represented 


€3) + (v1 €1 + V2 €2 + V3 €3) 


imey ase ae ee 
Ox Oy Oz (7.64) 


Again make note of the fact that the del operator is not commutative and V-% 4 @-V. 
If the divergence of a vector field is zero, V-v = 0, then the vector field is called 
solenoidal. 

If ¢ = U(2,y, z) = v1 (a, y, z) @1 + vo(a, y, 2) @2 + 03(a, y, z) €g3 denotes a vector field with 


components which are well defined, continuous and everywhere differential, then the 
ae aaa 


curl or rotation of @ is written? curlé = V x ¢=curld=V xv=| 2 by 2 | which 
UL U2 U3 
can be expressed in the expanded determinant form® 
e} 5 e€3 
curlv=V xeScurlvavxe=|2 2 2 
x Yy z 
VI v2 U3 
a a a 2 Oo 8 7.65 
=e; Oy Oz €o Ox Oz + €3 Ox Oy ( ' ) 
V2 U3 U1 U3 U1 v2 
Ov3 Ove Ov3 Ov1 Ove Ov} 
curld=Vxv= ro Ce (aS ee 
( Oy Oz Ox Oz Ox Oy 


If the curl of a vector field is zero, curl? = V x & = 0, then the vector field is said to 


be irrotational. 


Example 7-10. Find the gradient of the scalar field ¢ = x?y + zary? at the 
point (1,1, 2). 
Solution Using the above definition show that 

grad ¢ = Vo = (Qary + zy”) &, + (x? + Qryz) eg + xy? 3 


and grad @ = 46, +56@0+4+ 63. 
(1,1,2) 


4 The curl of U is sometimes referred to as the rotation of U and written rot U. 


> See chapter 10 for properties of determinants. 
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Example 7-11. Find the divergence of the vector field given by 
U= xvyze t+ yz? @o 4+ zry? és 


Solution By definition 


: 7) ) 7) 
divv=V-v= (+ e; + Dy @o + De es) . (xyz 6; + yz” + zxy” és) 


divd=V-0=yz4+ 22% 4+ 2y’ 


a 
Example 7-12. Find the curl of the vector field @ = ryz é, + yz? é2 + zry? é3 
Solution By definition 
e e e 
a 80 6 ae a 20 a 2 
curlv=Vxv= =e y 7, | — @ | Oz e z y 
Of 0; Oz bye? zary? 2 \ayz zy? ae gyz yz" 
cyz ys? zary? 
curld =V x @ = (2ayz — 2yz) é, — (zy? — wy) 2 — #27 63 
| 


Properties of the Gradient, Divergence and Curl 
Let u = u(z,y,z) and v = v(2,y,z) denote scalar functions which are continuous 
and differentiable everywhere and let A = A(zx,y,z) and B = B(zx,y,z) denote vector 
functions which are continuous and differentiable everywhere. One can then verify 
that the del or nabla operator has the following properties. 
(i)  grad(u+v) = gradu + gradv or V(utv) = Vut Vu 
) grad (uv) = ugradv + veradu or V(uv) = uVotoVu 
) grad f(u) = f’(u) gradu or V(f(u)) = f/(u) Vu 
(iv) gradu] = |Val = Ve) . ey. + (2), 
Ox Oy Oz 
) 


If a vector field is irrotational curlF = 0, then it is derivable from a scalar 


function by taking the gradient, then one can write F = F(z, y, z) = gradu(z, y, 2), 
or F =Vu. The vector field F is called a conservative vector field. The function 
u from which the vector field is derivable is called the scalar potential. 
V-(A+B)=V-A+V-B or div(A+ B) =divA +divB 
Vx (A+B)=VxA+V-~B or cul (A+B) =curlA+cwl B 


2 
The operator V? = e + + ac is called the Laplacian operator. 


Ox? Oy? — Oz? 


(xiv) Vx(Vx A)=V(V-4)-V?2A 

(xv) Vx (Vu) =curl(gradu)=0 The curl of the gradient of u is the zero vector. 
(xvi) V-(Vx A) =div(curlA) =0 The divergence of the curl of A is the scalar zero. 
(xvii) Ifa vector field F(z, y, z) is solenoidal, then it is derivable from a vector function 


A = A(z, y, 2) by taking the curl. One can then write F = curl A and hence div F = 0. 


The vector function A is called the vector potential from which F is derivable. 


(xviii) If f is a function of wy, uz,...,un where u; = u;(z,y,z) for i=1,2,...,n, then 
grad f = Vf = Bia, + Ei Se Ff Oy, 
Our Jug OUn 


Many properties and physical interpretations associated with the operations of 


gradient, divergence and curl are given in the next chapter. 


Example 7-13. Let 7 = xé,+yé.+2é3 denote the position vector to a general 
point (2, y,z). Show that 


1 
grad (r) = grad|7| = —7 = 6, 
Be 


where é, is a unit vector in the direction of 7. 


Solution Let r= |r| = 2? 4+ y? + 22, then 


grad (r) = grad |r| = Ze é; + ge €2 + a €3 
Ox Oy Oz 
where et 
Or Nat 4 at) Wag =? 
: 
1 
7 
1 
or =- (2? +y? 4 22)? Dp 
Oz 2 r 


Substituting for the partial derivatives in the gradient gives 


1 
grad (r) = grad |r| = —7 = é, 
r 
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Example 7-14. 
point (x,y,z). Show that 


Let Ff = 7é,+yé2+zé3 denote the position vector to a general 


1 — 


1 
grad (~) = grad 7 


1 
— “2 erad (r)=- 


where é, is a unit vector in the direction of 7. 
Solution Let r= |r| = \/2z? + y?+ 2 so that 4 = (2? + y? + 27)-1/?. By definition 


a) = @- 1 Pa rece 1 Pa ee 1 Pa 
ore r’ Or\r oa Oy \r o Oz \r ee 
where Bans ‘ 
_ 2 4 9,2 4 ¥2)\-3/2 ees 
Da (=) 5 (a ays 82) (22) 3 
a (1 1 7 -y 
By lg) =~ ge te + 2a) = 
O11 1 + Zz 
ye (z) =~ get te + 08) = 


Substituting for the partial derivatives in the gradient gives 


( 


> 


1 /r 


r2 


r 


grad ( : ) = grad 
r 


r3 


1 1. 
“) == “gerad r — a 


1 — 
I" 
7 


Example 7-15. 
point (2, y,z) and let r= |r|. Find grad(r”). 


Let f= ré,+yé2+zé3 denote the position vector to a general 


Solution By definition 


Or” Or” Or” 
d(r”) = V(r") = ~eé ———e —é 
grad (0) = Ve") = Fa + Fe + Fay 

where en ‘ 

a snr = ae =p? 2y 

Or” O 

r Synae” = np _ nr” 2y 

Oy Oy r 

Or” 6} 

- =n =nr™ 12 = nr" *z 
so that 

grad (r”) = nr" ?F = nr” 1 @, 
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Example 7-16. Let 7 = ré, + yé. + zé3 denote the position vector to a 
general point (z,y,z) and let r = |r|. Find grad f(r) where f = f(r) is any continuous 
differentiable function of r. 

Solution By definition 


O 
grad f(r) = Fa 4S ears €3 

where 

of _ df or = fi(r)= 

Ox dr dz . r 

Of, 2MOF (ry) Z 

Oy dr Oy r 

Of dfar_ 4, .z 

Be dp oe 
so that 

1 
grad f(r) = f'(r)-7 = f(r) & 


Compare this result with the result from the previous example. 
| 


Example 7-17. If ¢ = ¢(2,y,z) is continuous and possess derivatives which 
are also continuous, show that the curl of the gradient of ¢ produces the zero vector. 


That is, show 
curl(grad ¢) = V x (V¢) =0 


Solution The function ¢ is differentiable so that 


Od . Od . O 
gradd = VO= a+ ars 


and the curl of this vector is represented 


€; G63 
curl(grad ¢) =V x (V¢) = aa ay. “Oz 


) 2) 
Og Og Og 


(Pb 86) . (8b Pb). (Pb 8H) | 

Se (= Oz Oz a re (= Oz Oz s) aes & dy Oy =) =e 
because the mixed partial derivatives inside the parenthesis are equal to one another. 
a 
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Example 7-18. Show that V x (V x A)=V(V-A)-V?A 
Solution Calculate V x A using determinants to obtain 


a ce 
Oo OO OA 
VxA= Ox Oy Oz 
A, Ag As3 


_ (0A3 OA ‘ OA3 OA, Bs se OAg OA, F 
A Oy Oz ; Ox Oz 2 Ox Oy 


One can then calculate the curl of the curl as 


€) €2 €3 
Ss, OL OL oO. 
V x (V x A) = Ox Oy Oz (7.66) 


( dAg _ OA2 ) (241 — 94s) ( dAg _ OA, ) 
Oy Oz Oz Ox Ox Oy 
The é, component of V x (V x A) is 


O (0A, OA, 0 (0A, OA3\] _ é O7An O7A, O07A, O07 A3 
Oy \ Ox Oy Oz \ Oz Ox ea tar Oy Oy? Oz? Ox Oz 


e 


07 Ay 


= to the above result one finds the é 


By adding and subtracting the term 


component can be expressed in the form 


2 2 2 
a (es OA, OPA, eee 


0 (OA, . OAg , OAs 
Ox? Oy? Oz? 


Ox \ Ox Oy Oz 


In a similar fashion it can be verified that the é: component of V x (V x A) is 


e O7Ay O7Aq O07 Ag O (OA, . OAg . OA3 

2 {| Ox? Oy? Oz? Oy ( Ox as Oy v Oz )} (O68) 
and the é; component of V x (V x A) is 

‘ 0?A3  O7A3 O07 Az O (OA, OA  OA3 

a {| Ox? Oy? Oz? | ey ( oe Oy err )} ee) 


Adding the results from the equations (7.67), (7.68), (7.69) one obtains the result 


=> 


Vx(VxA)=V(V-A)-V?A (7.70) 


Directional Derivatives 
Let * = r(s) denote an arbitrary space curve which passes through the point 
P(x, y, 2) of the region R, where the scalar function ¢ = ¢(z, y, z) exists and has all first- 


order partial derivatives which are continuous. Here the space curve is expressed 


in terms of the arc length parameter s, where s is measured from some fixed point 
on the curve. In general, the scalar field ¢ = (2, y,z) varies with position and has 
different values when evaluated at different points in space. Let us evaluate ¢ at 
points along the curve 7 to determine how ¢ changes with position along the curve. 
The rate of change of ¢ with respect to arc length along the curve is given by 


dp Opdx Oddy  Oddz 
ds Oxds Oyds Oz ds 
dp (00, Od . Od . dx . dy . dz. 

= (Pat tat Ba) (a+ pore <7) 


do dr x 
Gs 7 Brad ear a er, 


where the right-hand side is to be evaluated at a point P on the arbitrary curve 7(s) 
in R. The right-hand side of this equation is the dot product of the gradient vector 
with the unit tangent vector to the curve at the point P and physically represents 
the projection of the vector grad ¢ in the direction of this tangent vector. Note that 
the curve r(s) represents an arbitrary curve through the point P, and hence, the unit 
tangent vector represents an arbitrary direction. Therefore, one may interpret the 
derivative { = grad ¢- @ as representing the rate of change of ¢ as one moves in 
the direction é. Here the derivative equals the projection of the vector grad ¢ in the 
direction é@. Such derivatives are called directional derivatives. 

(Directional derivative) The component of the gradient ¢ = o(a,y,z) in 
the direction of a unit vector 6 = cosa é, + cos Gé2 + cosyé3 is equal to the 
projection V@d-é and is called the directional derivative of ¢ in the direction é. 
The directional derivative is written as 

do 


—  =grad ¢-€=V?¢-é 
ds 


0¢.. 96, , OP, 


(7.71) 
= (3 é,; + — & 4+ — es) - (cos a 6; + cos 3 €g + cos y é3) 
Oy Oz 


Ox 


where s denotes distance in the direction €. If 6~@, is a unit normal vector to 
0 
a surface, the notation se = grad@d: é, is used to denote a normal derivative 
n 


to the surface. 


The directional derivative is a measure of how the scalar field ¢ changes as you move 
in a certain direction. Since the maximum projection of a vector is the magnitude 


of the vector itself, the gradient of ¢ is a vector which points in the direction of 
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the greatest rate of change of ¢. The length of the gradient vector is |grad ¢| and 
represents the magnitude of this greatest rate of change. 
In other words, the gradient of a scalar field is a vector field which represents 


the direction and magnitude of the greatest rate of change of the scalar field. 


Example 7-19. Show the gradient of ¢ is a normal vector to the surface 
d= (a, y, 2) = c = constant. 

Solution: Let 7(s), where s is arc length, represent any curve lying in the surface 
d(x,y,z) =e. Along this curve the scalar field has the value ¢ = ¢(2(s), y(s), z(s)) = ¢ 


and the rate of change of ¢ along this curve is given by 


dp  Oobdx  Opdy Opdz _de_4 

ds Oxds Oyds Ozds ds — 
or BD oan OF 1 eee 

ds ds 


The resulting equation tells us that the vector grad ¢ is perpendicular to the unit 
tangent vector to the curve on the surface. But this unit tangent vector lies in the 
tangent plane to the surface at the point of evaluation for the gradient. Thus, grad @ 
is normal to the surface ¢(x,y,z) = c. The family of surfaces ¢ = ¢(2,y,z) = ¢, for 
various values of c, are called level surfaces. In two-dimensions, the family of curves 
@ = ¢(2,y) = c, for various values of c, are called level curves. The gradient of ¢ is a 


vector perpendicular to these level surfaces or level curves. a 


Example 7-20. Find the unit tangent vector at a point on the curve defined 
by the intersection of the two surfaces 


F(z,y,z)=c, and G(z,y,z)=c2, 


where c, and cy are constants. 
Solution: If two surfaces F = c, and G = cp intersect in a curve, then at a point 
(29, yo, 20) common to both surfaces and on the curve one can calculate the normal 


vectors to both surfaces. These normal vectors are 
VF =gradF and VG=gradG 


which are evaluated at the point (zo, yo, z) common to both surfaces and on the 
curve of intersection of the surfaces. The cross product 


(VF) x (VG) 


is a vector tangent to the curve of intersection and perpendicular to both of the 
normal vectors VF and VG. A unit tangent vector to the curve of intersection is 


constructed having the form form 


_ VEFXxVG 
~ |\VF x VG 


et 
| 


Example 7-21. In two-dimensions a curve y = f(x) or 7 = 7 é€, + f(x) @2 can be 
represented in the implicit form ¢ = ¢(z, y) = y — f(x) =0 so that 


O¢ 
Oy 


0 
dys” Sh Oey a, Bey 

Ox 
is a vector normal® to the curve at the point (2, f(x)). A unit normal to this curve is 


given by 
~ _ f(a) eit &2 
: 1 + [f"(x)]? 


s ; ee 
The vector T = 2 = é, + f(x) @, and unit vector é = “2 + J) & 
= 1+ OP 


the curve and one can verify that é, - é, =0 showing these vectors are orthogonal. 


are tangent to 


Applications for the Gradient 

In two-dimensions, let é, = cosa é; + sina é, denote a unit vector in an arbitrary, 
but constant, direction a and let ¢ = ¢(z,y) denote any scalar function of position. 
At a point (x9, yo), the directional derivative of ¢ in the direction a becomes 


db 
ds 


0 O 
= grad ¢- BO a OO oes 


Ox Oy 


and the magnitude of this directional derivative changes as the angle a changes. As 
the angle a varies, the maximum and minimum directional derivatives, at the point 
(zo, yo), occur in those directions a which satisfy 

i 

A FA = sina + Dy cosa = 0. (7.72) 


Ox 


Note there exists two angles a lying in the region between 0 and 27 radians which 
satisfy the above equation. These directions must be tested to see which corresponds 


to a maximum and which corresponds to a minimum directional derivative. These 


e Always remember that there are two normals to a curve, namely €,, and — €p, 
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angles specify the directions one should travel in order to achieve the maximum (or 
minimum) rate of change of the scalar ¢. 

A physical example illustrating this idea is heat flow. Heat always flows from 
regions of higher temperature to regions of lower temperature. Let T(z, y) denote a 
scalar field which represents the temperature T at any point (x,y) in some region R 
within a material medium. The level curves T(x, y) = Ty are called isothermal curves 
and represent the constant “levels” of temperature. The vector grad T, evaluated 
at a point on an isothermal curve, points in the direction of greatest temperature 
change. The vector is also normal to the isothermal curve. Fourier’s law of heat 
conduction states that the heat flow ¢ [joules/cm?sec] is in a direction opposite to 


this greatest rate of change and 
gG = —kerad T, 


where k [joules/cem—sec—deg C] is the thermal conductivity of the material in which 


the heat is flowing. 


Example 7-22. In two-dimensions a curve y = f(x) can be represented 
in the implicit form ¢ = ¢(z,y) = y— f(x) =0 so that 


do Oo 


grad @ = 5-1 + By 2 = fi(v)e + & =N 


is a vector normal to the curve at the point (2, f(z)). A unit normal vector to the 
curve is given by 
st. Sf (eer es 
— VIF TF @)P 
Another way to construct this normal vector is as follows. The position vector 7 


d . . 
7 = @)+f'(x) >. 


The vector é3 


describing the curve y = f(z) is given by 7 = x é,+ f(z) é2 with tangent 
é1 + f’(x) 2 
V1+[f'(@)? 


is perpendicular to the planar surface containing the curve and consequently the 


The unit tangent vector to the curve is given by & = 


vector é€3 x € 1s normal to the curve. This cross product is given by 


/ A A 
ear ee —f (x) ei + 2 aoe 
1+ [f'(x)]? 
and produces a unit normal vector to the curve. Note that there are always two 
normals to every curve or surface. It is important to observe that if N is normal to 


a point on the surface, then the vector —N is also a normal to the same point on 


the surface. If the surface is a closed surface, then one normal is called an inward 


normal and the other an outward normal. 
| 


Maximum and Minimum Values 


The directional derivative of a scalar field ¢ in the direction of a unit vector @ 
has been defined by the projection 


dy 


de 7 Brad Ge. 


Define a second directional derivative of ¢ in the direction é as the directional deriva- 
tive of a directional derivative. The second directional derivative is written 


ce NOON, Me 
a2 7 grad BE -é€= grad [grad $- é]-@. (7.73) 


Higher directional derivatives are defined in a similar manner. 
Example 7-23. Let (x,y) define a two-dimensional scalar field and let 
€, = cosa e; + sina €g 
represent a unit vector in an arbitrary direction a. The directional derivative at a 


point (zo, yo) in the direction é, is given by 


ds Ox Oy 


where it is to be understood that the derivatives are evaluated at the point (xo, yo). 
The second directional derivative is given by 


Pb na (4). ¢ 
ae as 


OG 2 OOO ai OO 6 5 OOD suits OB ee Vm 
det ~ da \ On OS @ a COS @ Ba \ oe cos ai sina } sina 
ao od 4 ro. BOs. 5 

de age Oe Fag ne oN gy Q. 


| 
Directional derivatives can be used to determine the maximum and minimum 


values of functions of several variables. Recall from calculus a function of a single 
variable y = f(x) has a relative maximum (or relative minimum) at a point zo if for 


any x in a neighborhood of ao and different from zo, the inequality f(x) < f(xo) (or 


123 


124 


f(x) > f(xo)) holds. The determination of relative maximum and minimum values of 
a differential function y = f(x) over an interval (a,b) consists of 
1. Determining the critical points where f’(z) = 0 and then testing these critical 
points. 
2. Testing the boundary points z =a and x = b. 
The second derivative test for relative maximum and minimum values states 
that if zo is a critical point, then 
1. f(x) has the maximum value f(x) if f’(2o) < 0 (i.e., curve is concave downward 
if the second derivative is negative). 
2. f(z) has a minimum value f(x) if f”(xo) > 0 (i.e., the curve is concave upward if 
the second derivative is positive). 

The above concepts for the relative maximum and minimum values of a func- 
tion of one variable can be extended to higher dimensions when one must deal with 
functions of more than one variable. The extension of these concepts can be accom- 
plished by utilizing the gradient and directional derivatives. 

In the following discussion, it is assumed that the given surface is in an explicit 
form. If the surface is given in the implicit form F(z, y, z) =0, then it is assumed that 
one can solve for z in terms of x and y to obtain z = z(z,y). By a delta neighborhood 
of a point (xo, yo) in two-dimensions is meant the set of all points inside the circular 
disk 

No(6) = {2,y | (« — 20)? + (y— yo)” < 67}. 


The function z(x,y), which is continuous and whose derivatives exist, has a relative 
maximum at a point (29, yo) if z(x,y) < (zo, yo) for all x,y in a some 6 neighborhood 
of (xo, yo). Similarly, the function z(x,y) has a relative minimum at a point (zo, yo) if 
z(x,y) > z(#o, yo) for all x,y in some 6 neighborhood of the point (zo, yo). Points where 
the surface z = z(x,y) has a relative maximum or minimum are called critical points 


and at these points one must have 


Oz Oz 
ae and ae 


simultaneously. Critical points are those points where the tangent plane to the 
surface z = z(x,y) is parallel to the x,y plane. If the points (x,y) are restricted to a 
region R of the plane z = 0, then the boundary points of R must be tested separately 


for the determination of any local maximum or minimum values on the surface. 


The problem of determining the relative maximum and minimum values of a 
function of two variables is now considered. In the discussions that follow, note 
that the problem of determining the maximum and minimum for a function of two 
variables is reduced to the simpler problem of finding the maximum and minimum 
of a function of a single variable. 

If (xo, yo) is a critical point associated with the surface z = z(a,y), then one can 
slide the free vector given by é, = cosa é; +sinaé, to the critical point and construct 
a plane normal to the plane z = 0, such that this plane contains the vector é,. This 
plane intersects the surface in a curve. The situation is depicted graphically in the 
figure 7-14 

At a critical point where $= =0 and $ =0, the directional derivative satisfies 


dz . Oz Oz, 
— = grad z- €g = —cosa+ — sina =0 


ds Ox Oy 


for all directions a. 


Figure 7-14. Curve of intersection with plane containing é,. 


Here the directional derivative represents the variation of the surface height z 
with respect to a distance s in the é, direction. (i.e., measure the rate of change 
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of the scalar field z which represents the height of the curve.) To picture what the 


above equations are describing, let 
L=%+scosa and y=Yot+ssina 


represent the equation of the line of intersection of the plane z = 0 with the plane 
normal to z = 0 containing é,. The plane containing é, and the normal to the plane 


z =0 intersects the surface z(«,y) in a curve given by 
z= 2(@,y) = z(a0 + scosa, yo + ssina) = 2(s). 


The directional derivative of the scalar field z(x,y) in the direction a is then 


dz Oz Of: 

ae = ao apes 
Observe that the curve of intersection z = z(s) is a two-dimensional curve, and 
the methods of calculus may be applied to determine the relative maximum and 
minimum values along this curve. However, one must test this curve of intersection 
corresponding to all directions a. 

One can conclude that at a critical point (xo, yo) one must have # =0 for all a. 

If in addition wz > 0 for all directions a, then z = z(x9, yo) corresponds to a relative 


. . . . 2 . . 
minimum. If the second derivative 44 < 0 for all directions a, then z = z(2o, yo) 
corresponds to a relative maximum. 


Calculate the second directional derivative and show 


Cie ae ok > oa Oe as3 
= —= cos*°a+2 sin @cos@ + —~ sin* a. 


ds? Ox? Ox Oy Oy? 


The sign of the second directional derivative determines whether a maximum or 
minimum value for z exists, and hence one must be able to analyze this derivative 
for all directions a. Let 

O72 a2 One 

a 9 dedy = OP 

represent the values of the second partial derivatives evaluated at a critical point 
(zo, yo). One can then express the second directional derivative in a form which is 
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more tractable for analysis. Factor out the leading term and then complete the 
square on the first two terms to obtain 


d? 
Fao = cos? a + 2Beosasina + C'sin” a 
Ss 
B C 
= 2 5 . ese 2 
= A cos a +27 cos asin a + q on a (7.74) 
B. \? (AC-B?) ., 
=A (cosa + Fina) a sin’ a| . 


Figure 7-15. Saddle point for z(zo, yo) 


One can now make the following observations: 

1. If AC — B? = z,22yy — (Zzy)? = 0, then in those directions a which satisfy cosa + 
4 sina = 0, the second derivative vanishes. For all other values of a, the second 
derivative is of constant sign, which is the same sign as A. If the above conditions 
are satisfied, then the second derivative test for a maximum or minimum fails. 

2. If AC — B? = zonZyy — (Zry)* < 0, then the second derivative is not of constant sign, 
but assumes different signs in different directions a. In particular, for the special 
case a = 0 one finds = = A and for a satisfying cosa + 4 sina = 0 there results 

dz A(AC—B?) _, 


= sin* a. 


ds? A? 
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Hence, if A > 0, then A(AC — B?) is negative and alternatively if A < 0, then 
A(AC — B?) is positive. In either case, the second derivative has a nonconstant 
sign value and in this situation the critical point (xo, yo) is said to correspond to 
a saddle point. Such a critical point is illustrated in figure 7-15. 

3. If AC — B? = 2yx2yy — (Zny)? > 0, the second derivative is of constant sign, which is 
the sign of A. 
(a) If A> 0, az > 0, the curve z = z(s) is concave upward for all a, and hence 

the critical point corresponds to a relative minimum. 

(b) If A < 0, £ < 0, the curve z = z(s) is concave downward for all a, and 


therefore the critical point corresponds to a relative maximum. 
Example 7-24. Find the maximum and minimum values of 
z= 2(2,y)=2? +y? —2n+4y 
Solution: The first and second partial derivatives of z are 
OrZ Oz Oz 


Oz Oz 
Oy yrs Ox? pe , Ox Oy r 


Setting the first partial derivatives equal to zero and solving for x and y gives the 
critical points. For this example there is only one critical point which occurs at 
(zo, yo) = (1, -2). From the second derivatives of z one finds A = 2, B= 0,C = 2 and 


AC — B? =4> 0, and consequently the critical point (1,—2) corresponds to a relative 
minimum of the function. 
The use of level curves to analyze complicated surfaces is sometimes helpful. For 


example, the level curves of the above function can be expressed in the form 
z= 2(a#,y) = (x —1)? + (y+ 2)? -5 =k =constant. 


By assigning values to the constant k one can determine the general character of the 
surface. It is left as an exercise to show these level curves are circles which are cross 


section of the surface known as a paraboloid. 


Lagrange Multipliers 
Consider the problem of finding stationary values associated with a function 


f = f(z, y) subject to a constraint condition that g = g(z, y) = 0. Recall that a necessary 
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condition for f = f(x,y) to have an extremum value at a point (a,b) requires that the 


differential df = 0 or 
_ Of OF 5° 
df = an dz + ay a=): (7.75) 


Whenever the small changes dx and dy are independent, one obtains the necessary 
conditions that 
Of Of 


— and a 


at a critical point. Whenever a constraint condition is required to be satisfied, 
then the small changes dz and dy are no longer independent and one must find the 
relationship between the small changes dz and dy as the point (x,y) moves along the 
constraint curve. From the differential relation dg = 0 one finds that 


= oars dy =0 


= 5, a 


must be satisfied. Assume that oe #0, then one can obtain 


dy = —2 dx (7.76) 


Substitute the dy from equation (7.76) into the equa- 
tion (7.75) to produce the result 


1 (so so) Po, 


as Ox Oy Oy Ox 


i (7.77) 
oy 
that must hold for an arbitrary change dz. This 
gives the following necessary condition. The critical 
points (#,y) of the function f, subject to the con- 
straint equation g(x,y) = 0, must satisfy the equa- 


tions 
Of Og _ Of Og -0 
Figure 7-17. Ox Oy dy Ox (7.78) 
,y) =0 
Maximum-minimum problem| g@9) 
with constraint. simultaneously. 
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The equations (7.78) can be interpreted that when a member of the family of 
curves f(x,y) =¢ = constant is tangent to the constraint curve g(z, y) = 0, there results 


the common values of 


dy _~dc _ — de Of 0g Of Og | 
= Bf. 0 =a 
dx of a Ox Oy = OyOu 


One can give a physical picture of the problem. Think of the constraint condition 
given by g = g(z,y) = 0 as defining a curve in the z,y-plane and then consider the 
family of level curves f = f(x,y) = c, where ¢ is some constant. A representative 
sketch of the curve g(z,y) = 0, together with several level curves from the family, 
f =care illustrated in the figure 7-17. Among all the level curves that intersect the 
constraint condition curve g(x,y) =0 select that curve for which c has the largest or 
smallest value. Here it is assumed that the constraint curve g(x,y) = 0 1s a smooth 
curve without singular points. 

If (a,b) denotes a point of tangency between a curve of the family f = c and 
the constraint curve g(z,y) = 0, then at this point both curves will have gradient 
vectors that are collinear and so one can write Vf +Vg =0 for some constant 
called a Lagrange multiplier. This relationship together with the constraint equation 


produces the three scalar equations 


OF hy OF xx 
Ox Ox Of 0g Of Og _ 0 
OF a 29 = Ox Oy Oy Ox (7.79) 
Oy Oy 
g(x,y) =0. 


Lagrange viewed the above problem in the following way. Define the function 


where f(z,y) is called an objective function and represents the function to be max- 
imized or minimized. The parameter is called a Lagrange multiplier and the 
function g(x,y) is obtained from the constraint condition. Lagrange observed that a 


stationary value of the function F, without constraints, is equivalent to the problem 


of stationary values of f with a constraint condition because one would have at a 
stationary value of F the conditions 


OF of dg _ 


Ox =—Ox Ox a 
OF Of Og 
— — . 1 
Dy Dy + Ans 0 (7.81) 
OF 


Dy = 94s y) =0 The constraint condition. 


These represent three equations in the three unknowns z,y,\ that must be solved. 
The equations (7.80) and (7.81) are known as the Lagrange rule for the method of 
Lagrange multipliers. 


The method of Lagrange multipliers can be 
applied in higher dimensions. For example, 
consider the problem of finding maximum 
and minimum values associated with a func- 
tion f = f(z,y,z) subject to the constraint 
conditions g(x,y, z) = 0 and A(z, y, z) = 0. Here 
the equations g(z,y,z) = 0 and A(z,y,z) = 0 
describe two surfaces that may or may not 
intersect. Assume the surfaces intersect to 


give a space curve. 

The problem is to find an extremal value of f = f(z,y,z) as (x,y,z) varies along 
the curve of intersection of surfaces g = 0 and h = 0. At a critical point where a 
stationary value exists, the directional derivative of f along this curve must be zero. 
Here the directional derivative is given by We Vf-&, where é is a unit tangent 
vector to the space curve and Vf = grad f denotes the gradient of f. Note that if 
the directional derivative is zero, then Vf must lie in a plane normal to the curve of 
intersection. 

Another way to view the problem, and also suggest that the concepts can be 
extended to higher dimensional spaces, is to introduce the notation # = (x1, x2, 73) = 
(x,y,z) to denote a vector to a point on the curve of intersection of the two surfaces 
g(#1, 2,23) =0 and h(21, 22,23) =0. At a stationary value of f one must have 


Of. OF. OF | - 
df = 57 dai + a daa + a des = grad f dz = 0 
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This implies that grad f is normal to the curve of intersection since it is perpendicular 
to the tangent vector dz to the curve of intersection. At a stationary point, the 
normal plane containing the vector grad f also contains the vectors Vg and Vh since 
dg = gradg -dz = 0 and dh = gradh- dz = 0 at the stationary point. Hence, if these 
three vectors are noncollinear, then there will exist scalars \; and \2 such that 


at a stationary point. The equation (7.82) is a vector equation and is equivalent to 


the three scalar equations 


of Og Oh of Og Oh 

= + +2 =0 
Ox Bea Ox +A Ox 0 Ox, Ox Ox 
Of Og Oh Of Og Oh 

r DN =0 = 

Oy Pe Oy wee Oy a Ox cae 0x2 aaa 0x2 . 
of Og Oh Of Og Oh 
eo hoy ge pi ae aa 


depending upon the notation you are using. These three equations together with 
the constraint equations g = 0 and h = 0 gives us five equations in the five unknowns 
L,Y, 2, \1,A2 that must be satisfied at a stationary point. 

By the Lagrangian rule one can form the function 


F = F(a, y, 2,1, A2) = f(x,y, 2) + Arg(2, y, z) + Agh(z, y, 2) 


where f(z,y,z) is the objective function, g(z,y,z) and h(z,y,z) are the constraint 
functions and );,A2 are the Lagrange multipliers. Observe that F has a stationary 


value where 


Sp GE Oe og 

= a Seat + ae <0 

a ane os 
Se ahs ys2) = 


These are the same five equations, with unknowns 2, y, z,A1, A2, for determining the 


stationary points as previously noted. 


Generalization of Lagrange Multipliers 


In general, to find an extremal value associated with a n-dimensional function 
given by f = f(Z) = f(a1,22,...,%n) Subject to k constraint conditions that can be 
written in the form 9;(Z) = g;(v1,72,...,%n) = 0, for i=1,2,...,k, where k is less than 
n. It is required that the gradient vectors Vgi, Vgo,.-.,Vgx be linearly independent 
vectors, then one can employ the method of Lagrange multipliers as follows. The 


Lagrangian rule requires that the function F = f + So NG can be written in the 
1=1 


expanded form 


(7.84) 


which contains the objective function f, summed with each of the constraint func- 
tions g;, multiplied by a Lagrange multiplier \,, for the index i having the values 
i=1,...,k. Here the function F and consequently the function f has stationary values 
at those points where the following equations are satisfied 


a =0, fori=1,...,n 

a (7.85) 
cos =0, lof7=1] k 
Or; 53 J — bmi 


The equations (7.85) represent a system of (n +k) equations in the (n +k) unknowns 
©1,£2,.-+,@n, 1, A2,-.-, Ax for determining the stationary points. In general, the sta- 
tionary points will be found in terms of the ; values. The vector (Zo, Ao) where Zp and 
Xo are solutions of the system of equations (7.85) can be thought of as critical points 
associated with the Lagrangian function F(z,\) given by equation (7.84). The re- 
sulting stationary points must then be tested to determine whether they correspond 
to a relative maximum value, minimum value or saddle point. One can form the 
Hessian’ matrix associated with the function F(z; ) and analyze this matrix at the 


T See page 318 for definition of Hessian matrix. 
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critical points. Whenever the determinant of the Hessian matrix is zero at a critical 
point, then the critical point (Zp, \9) is said to be degenerate and one must seek an 
alternative method to test for an extremum. 
Vector Field and Field Lines 

A vector field is a vector-valued function representing a mapping from R” to 
a vector V. Any vector which varies as a function of position in space is said to 
represent a vector field. The vector field V = V (a, y, z) is a one-to-one correspondence 
between points in space (x,y,z) and a vector quantity V. This correspondence is 
assumed to be continuous and differentiable within some region R. Examples of 
vector fields are velocity, electric force, mechanical force, etc. Vector fields can be 
represented graphically by plotting vectors at selected points within a region. These 
kind of graphical representations are called vector field plots. Alternative to plotting 
many vectors at selected points to visualize a vector field, it is sometimes easier to 
use the concept of field lines associated with a vector field. A field line is a curve 
where at each point (z,y,z) of the curve, the tangent vector to the curve has the 
same direction as the vector field at that point. If 7 = x(t) é; + y(t) é2 + z(t) é3 is the 
position vector describing a field line, then by definition of a field line the tangent 

dr dx 


vector # = #6é,+ %é@ + “6, evaluated at a point t) must be in the same direction 


as the vector Vo = V(a(to), y(to), 2(to). If this relation is true for all values of the 


parameter ¢, then one can state that the vectors “ and V must be colinear at each 


point on the curve representing the field line. This requires 
dr dz, dy .. dz 


He ae Ge a 


e3 =k [Vi(a, YU; Zz) e} + Vo(a, uy; z) €2 + V3(a, Y z) e3] 


where k is some proportionality constant. Equating like components in the above 


equation one obtains the system of differential equations 


dx 
vi = kV\ (x,y, 2); 


dy dz 
dt = kVo(2, y, 2), TE 7 RVale wy 2) 


which must be solved to obtain the equations of the field lines. 
Surface Integrals 


In this section various types of surface integrals are introduced. In particular, 


surface integrals of the form 


[f fen2as, [fF as. [ff #xas. 
R R R 


are defined and illustrated. Throughout the following discussion all surfaces are 
considered to be oriented (two-sided) surfaces. 

Consider a surface in space with an element of surface area dS constructed at 
some general point on the surface as is illustrated in figure 7-16. 


Figure 7-16. Element of surface area. 


In the representation of various vector integrals, it is convenient to define vector 
elements of surface area dS whose magnitude is dS and whose direction is the same 
as the unit outward normal é,, to the surface. Define this vector element of surface 
area as dS = é,dS which can be considered as the limit associated with the area 
AS = 6. Ae. 


Normal to a Surface 


If é, is a normal to a smooth surface, then —é, is also normal to the surface. 
That is, all smooth orientated surfaces possess two normals. If the surface is a 
closed surface, there is an inside surface and an outside surface. The outside surface 
is called the positive side of the surface. The unit normal to the positive side of a 
surface is called the positive normal or outward normal. If the surface is not closed, 
then one can arbitrarily select one side of the surface and call it the positive side, 
therefore, the normal drawn to this positive side is also called the outward normal. 
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If the surface is expressed in an implicit form F(z, y,z) = 0, then a unit normal 
to the surface can be obtained from the relation: 


grad F’ 


|grad F'| 


If the surface is expressed in the explicit form z= z(x,y), then a unit normal to 


the surface can be found from the relation 
Ce ae 
oe grad [z(x, y) — 2| _ _d©1 Pig 2 3 (7.86) 


""~ [grad [z(z,y) — 2]| jit (32)° + (%) 


Surfaces can also be expressed in the parametric form 


2 = 0 (sw), y =9 (ur); 2=2(Uzv), 


where u and v are parameters. The functions x(u,v), y(u,v), and z(u,v) must be such 
that one and only one point (u,v) maps to any given point on the surface. These 
functions are also assumed to be continuous and differentiable. In this case, the 


position vector to a point on the surface can be represented as 


rF=Fr(u,v) = x(u,v) ei + y(u, v) 2 + 2(u, v) e3. 


The curves 
F(u, v) and 7(u, v) 
v=Constant u=Constant 
sweep out coordinate curves on the surface and the vectors 
Or Or 
Ou’ Ov 


are tangent vectors to these coordinate curves. A unit normal to the surface at a 
point P on the surface can then be calculated from the cross product of the tangent 
vectors tangent vectors 2" and 2 evaluated at the point P. One can calculate the 


unit normal 


Ba X Bal 

It should be noted that if the cross product 
Or OF = 
ape An #0, 


the surface is called a smooth surface. If at a point with surface coordinates (ug, v9) 
this cross product equals the zero vector, the point on the surface is called a singular 


point of the surface. 


Example 7-25. The parametric equations 
x =acosusinyv, y = asinusinv, z= acosv 


with 0 <u < 27 and 0 < v <7, represent the surface of a sphere of radius a. These 
parametric equations were obtained from the geometry of figure 7-18. 


Figure 7-18. Surface of a sphere of radius a. 


The position vector of a point on the surface of this sphere can be represented 
by the vector 


7(u,v) = acosusinv €; + asin usin v €9 + acosv €3. 
b) 


For uo and vo constants, the curves F(uo,v), 0 <u <7, are meridian lines on the 
sphere while the curves 7(u,vo), 0 <u < 2z, are circles of constant latitude. The 
tangent vectors to these curves are found by taking the derivatives 


or : ee ae 

— = —asinusinve; + acosusinv €9 

Ou 

or ? : : ae 
Fy ee EL ORIN a eg USI Ps: 
Uv 


From these tangent vectors, a normal vector to the surface is constructed by taking 
a cross product and 
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It can be verified that a unit normal to this surface is 
1, 

en = =-—-7T, 
a 


That is, the unit outer normal to a point P on the surface of the sphere has the 


same direction as the position vector 7 to the point P. 


Example 7-26. If the surface is described in the explicit form z= z(x,y) the 
position vector to a point on the surface can be represented 


r=P(x,y) = re, + yey + 2(2, y) 63 
This vector has the partial derivatives 
or ; Oz or . Oz 


Ap eae and by 2 Oy 


e3 


so that a normal to the surface can be calculated from the cross product 


e e e 
ya, _|y 9 al/__ 9%, OO: ik 
— Ox Oy 1 Ox * Oy : : 

Oy 

A unit normal to the surface is 
= Oz Zn Oz 

—  N 826-26 + 6 . : . 
ey = SS oe Oy = Nz C1 + Ny €2 + Nz €3 


where nz, ny,nz are the direction cosines of the unit normal. Note also that the vector 


dz az 4 Bs 
ae je Cbg, C2 RS 


en* 
2 
("+ (%) +1 


is also normal to the surface. 
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Consider a surface described by the implicit form F(z, y, z) = 0. 


Recall that equations of this form define z as a function of x and y and the derivatives 


Example 7-27. 
of z with respect to x and y are given by 
Oz _ —Fr Rees | Oz Fy _ ~ 3p 
Ox F, ge Oy F, oe 
Substituting these derivatives into the equation (7.86) and simplifying one finds that 
the direction cosines of the unit normal to the surface are given by 
OF OF. OF 
Ne = Ox Ny = Oy nN, = Oz 
2 Z me 2 Z 2 
GE) + (38) +) GE) + (38) + GE) + (38) +) 


Tangent Plane to Surface 
Consider a smooth surface defined by the equation 
p= r(u, v) = r(u, v) e1 + y(u, v) €2 + z(u, v) €3 


In order to construct a tangent plane to a regular point 7 = 7(uo, vp) where the surface 
coordinates have the values (uo, v9), one must first construct the normal to the surface 


at this point. One such normal is 
Or OF . . i 
=5- X a = M61 + No €o + N3 €3 
Ou Ov 


2 


20 = z(uo, vo) 


The point on the surface is 
Yo = y(uo, Vo); 
If * represents the 


to = x(uo, Vo), 


which can be described by the position vector ry = F(uo, vo). 


r=re;+yeo+ 763 


variable point 

which varies over the plane through the point (29, yo, 29), then the vector 7-7» must 

lie in the tangent plane and consequently is perpendicular to the normal vector N. 
(7.87) 


(F —F)-N =0 


One can then write 
as the equation of the plane through the point (29, yo, 79) which is perpendicular to 


N and consequently tangent to the surface. In equation (7.87) one can substitute 


any of the normal vectors calculated in the previous examples. 
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The equation of the line through the point (zo, yo, 0) which is perpendicular to 
the tangent plane is given by 
F=Fp+AN (7.88) 


where \ is ascalar. The equation of the line can also be expressed by the parametric 
equations 
L=Xo+AN,, Y= Yo tANao, z= 2z +AN3 (7.89) 


where again, the normal vector N can be replaced by any of the normals previously 


calculated. 


Element of Surface Area 


Consider the case where the surface is given in the explicit form z= z(z,y). In 
this case, the position vector of a point on the surface is given by 


F=FT(xz,y) =e, + yo t+ 2(z, y) 3. (7.90) 


The curves 
F(x,y) and Casy) 


y= Constant x=Constant 
are coordinate curves lying in the surface which intersect at a common point (z, y, z). 
The vectors 


or 
—— Sep + 


Ox 


ue. and cues ee 
3 rie 2 By 


are tangent to these coordinate curves, and consequently the differential of the po- 


e3 


sition vector 


lies in the tangent plane to the surface at the common point of intersection of the 
coordinate curves. This differential is illustrated in figure 7-19. 

Consider an element of area AA = Az Ay in the zy plane of figure 7-19. When this 
element of area is projected onto the surface z = z(a,y), it intersects the surface in an 
element of surface area AS. When projected onto the tangent plane to the surface 
it intersects the tangent plane in an element of surface area AR. These projections 
are illustrated in figure 7-19(c). 


Figure 7-19. Element of surface area and element parallelogram. 


In the limit as Az and Ay tend toward zero, AR approaches AS and one can define 
dR = dS, where the element of area dR lies in the tangent plane to the surface at the 
point (x,y,z). In the limit as Av and Ay approach zero, the element of area is defined 
as the area of the elemental parallelogram defined by the vector d7’ and illustrated in 
figure 7-19(b). The area of this elemental parallelogram can be calculated from the 


cross product relation 


(5 a) x (5 av) =| 0 2 der = (-3 é,— 0% 65-4 es) dx dy. (7.91) 
@ 0 dy dy y 


The area of the elemental parallelogram is the magnitude of the above cross product, 


and can be expressed 


i dnaiie{ 2 - oe “d d (7.92) 
= a an Dy x dy. : 
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Given a surface in the explicit form z= z(z,y), define the outward normal to the 
surface ¢(2, y, z) = z— z(x,y) =0 by 


dza _ azn “ 
. eradd Hz C1 — By C2 + 63 


€; = = 
|grad ¢| i+ (BE)? + (3)? 


(7.93) 


From equations (7.92) and (7.93), obtain the vector element of surface area 


dS = é,dS = mre = ae é3 ) dz dy. 
Ox Oy 


Taking the dot product of both sides of the above equation with the unit vector é3 


gives 
_ dxdy _ dudy 
> | é3 - é,,| 7 COs *y 


|é3-é@,|dS=dedy or dS (7.94) 


with an absolute value placed upon the dot product to ensure that the surface area 
is positive (i.e., recall that there are two normals to the surface which differ in sign). 
In equation (7.94), the element of surface area has been expressed in terms of its 
projection onto the xy plane. The angle y = y(z,y) is the angle between the outward 
normal to the surface and the unit vector é3. This representation of the element of 
surface area is valid provided that cosy 4 0; That is, it is assumed that the surface 
is such that the normal to the surface is nowhere parallel to the xy plane. 

We have previously shown that for surfaces which have a normal parallel to the 
xy plane, the element of surface area can be projected onto either of the planes x = 0 
or y = 0. If the surface element is projected onto the plane x = 0, then the element 
of surface area takes the form 


i= ee (7.95) 
|é,- én| 
and if projected onto the plane y = 0 it has the form 
ges eee (7.96) 
|@o- €,| 


If the element of surface area dS is projected onto the z = 0 plane, the total 


s- [fos [feet 
| €3 - é,,| 
R R 


where the integration extends over the region R, where the surface is projected onto 


surface area is then 


the z =0 plane. Similar integrals result for the other representations of surface area. 
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Example 7-28. Find the surface area of that part of the plane 
o(x,y, Zz) = 2x+ 2y+z2-—12=0 


which lies in the first octant. 


Figure 7-20. Surface area of plane in first octant. 


Solution The given plane is sketched as in figure 7-20. 
The unit normal to the plane is 


.  grad@ 2 
lgrad d| 3 


é, + ae = a: 
et 3 e€9 3 e3. 
The projection of the surface element dS onto the z =0 plane produces 


MGs aed 
| €3 ri é,,| 


By summing dz dy over the region where x > 0, y > 0, and + y <6, one obtains the 
limits of integration for the surface area. The surface area is determined from the 


2=6 y=6-2 6 3 6 
s= | / de dy = | 3(6— 2) dx =—5(6—2)’| = 54. 
x=0 Jy=0 0 2 


0 


integral 


If the element of surface area is projected onto the plane y = 0, there results 


_ dx dz ee 
“leere 2 


dS 
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and the limits of summation are determined as dx and dz range over the region 


x>0, z>0, and 22+ z< 12. This produces the surface integral 


xr=6 g=l2=22 3 6 3 
5 i) jae dz = | ~(2)(6 — x) dx = 54. 
x=0 z=0 2 0 2 


Similarly, if the element dS is projected onto the plane z = 0, it can be verified that 


dS = dy dz _3 


 |é,-@,| 2 


dydz 


and the surface area is given by 
y=6 12—2y 9 
S= / / —dzdy = 54. 
y=0 z=0 2 


Element of Volume 
In a general (u,v, w) curvilinear coordinate system the (z, y, z) rectangular coor- 


dinates of a point are given as functions of (u,v, w) and written 
C=] 20 ew), = y(usvsw):, HS Zw) 
so that the position vector to a point P can be written 
PF =F(u,v,w) = z(u,v, w) e; + y(u, v, w) 2 + 2(u, v, w) e3 


The vector is tangent to the coordinate curve 7 = r(u,vo,wo), the vector 2 is 


tangent to the coordinate curve 7 = r(uo,v, wo) and the vector # is tangent to the 


coordinate curve 7 = 7(uo, vo, w). Unit vectors to the coordinates curves are 


eu = Ca ey = Cae ew = 
l5a eral Ow 
The magnitudes h,,h,,h, defined by 
- (Ce = or 7 ag 
Oi o 1 Au" " Ow 


are called scaled factors. The vector change 


as | 7 
ee ri Oe OE dw = hy, du 61 + hy dv &) + hy dw é3 
Ou Ov Ow 


can be thought of as defining an element of volume dV in the shape of a parallelepiped 
with vector sides A = h,du é,, B = h, dv é and C = h,, dw é3. The volume of this 


parallelepiped is given by 
dV =|A-(B x C)| = |(Ay du €) - (hy du €2) x (hy dw 3)| = hyhyhy dudvdw 


In rectangular coordinates (z, y, z) one finds h, =1, hy =1, and h, = 1 and the element 
of volume is dV = dadydz. 
In cylindrical coordinates (r,6,z) where x = rcos 6, y = rsin@, z = z one finds 
h, =1, he =r and h, =1 and the element of volume is dV = rdrd6dz 
In spherical coordinates (p, 0, ¢) where x = psin@ cos ¢, y = psin@sin ¢, z = pcos@, one 
finds h, =1, he =p, hg =psin6é and the element of volume is dV = p’ sin 6 dpd6d¢ 
These elements of volume must be summed over appropriate regions of space in 
order to calculate volume integrals of the form 


[[[sen2dacintz, fff t0.02raravas, [ff 10.0.0) 0° smoapavds 


Surface Placed in a Scalar Field 


If a surface is placed in a region of a scalar field f(x,y, z), one can divide the 
surface into n small areas 
BS RSs WS... 


For n large, define f; = fi(xi,y:,z;) as the value of the scalar field over the surface 
element AS; as i ranges from 1 to n. The summation of the elements f,AS; over all i 
as n increases without bound defines the surface integral 


[f tevaeas= ff evo = im S flens 205. (7.97) 
R R =} 


where the integration is determined by the way one represents the element of surface 
area dS. The integral can be represented in different forms depending upon how the 


given surface is specified. 


Surface Placed in a Vector Field 


For a surface S$ in a region of a vector field F = F(x, y,z) the integral 


[[Fad= [fF eas (7.98) 
R R 
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represents a scalar which is the sum of the projections of F onto the normals to the 
surface elements. If the surface is divided into n small surface elements AS;, where 
i=1,...,n. Let F; = F(a;,y;, 2%) represent the value of the vector field over the ith 
surface element. The summation of the elements 


over all surface elements represents the sum of the normal components of F'; multi- 


plied by AS; as i varies from 1 to n. A summation gives the surface integral 
tim SF, AS, = ff Fas. (7.99) 
t=1 R 


Again, the form of this integral depends upon how the given surface is represented. 
Integrals of this type arise when calculating the volume rate of change associated 
with velocity fields. It is called a flux integral and represents the amount of a 


substance moving across an imaginary surface placed within the vector field. 


[fF xas 
R 


represents a vector which is obtained by summing the vector elements F; x AS; over 


The vector integral 


the given surface. The fundamental theorem of integral calculus enables such sums 


to be expressed as integrals and one can write 
lim °F; x AS; = [fF x dS. (7.100) 
t=1 R 


Integrals of this type arise as special cases of some integral theorems that are devel- 
oped in the next chapter. 

Each of the above surface integrals can be represented in different forms de- 
pending upon how the element of surface area is represented. The form in which 
the given surface is represented usually dictates the method used to calculate the 
surface area element. Sometimes the representation of a surface in a different form 


is helpful in determining the limits of integration to certain surface integrals. 
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Example 7-29. Evaluate the surface integral i. : F.dS, where S is the surface 
R 


of the cube bounded by the planes 


and F is the vector field F = (x? + z) @, + (ay — z) €) + (wx + y) 63 
Solution The given surface is illustrated in figure 7-21. 


Figure 7-21. Surface of a cube. 


The given surface is piecewise continuous and thus the surface integral can be 
broken up and written as the sum of the surface integrals over each face of the cube. 
The following calculations illustrates the mechanics involved in evaluating this type 
of surface integral. 


(i) On face ABCD the unit normal to the surface is the vector 7 = é; and z has the 
value 1 everywhere so that 


a os a opal. di <i 1 3 
[[Fas= ff Feaas= fo fa+adae= fara 3 
E 0 Jo 0 Jo 0 


(ii) On face EFGO the unit normal to the surface is the vector 7 = —é and z has 
the value 0 everywhere so that 


ae 1 pl | i (1 1 1 
[fF as=[ [ Feaas= [of -2ayae= | —zdz=—-—= 
0 Jo 0 Jo 0 2 


R 
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(iii) On face BFGC the unit normal to the surface is the vector 7 = é2 and y has the 
value 1 everywhere so that 


ae 1 ipl ee te #4 14 1 
[[F-as=f[ f B-aas= ff e-2araz= f yae— | edz=0 
f 0 Jo 0 Jo 0 2 0 


(iv) On face AEOD the unit normal to the surface is the vector 7 = —é and y has 


the value 0 everywhere so that 


eee ite es 1 pl 1 1 
[fFas= ff Baas= [of zarax= [ zdz= = 
f o Jo o Jo 0 2 


(v) On face ABFE the unit normal to the surface is the vector 7 = ésand z has the 


value 1 everywhere so that 


oe Lopl | qs ea ly 1 
[fFas= fo [ Baas [wry aray= | say + [ ydy=1 
f o Jo o Jo 0 2 0 


(vi) On face DCGO the unit normal to the surface is the vector 7 = —é3 and z has 


the value 0 everywhere so that 


ie dS = [ [ #-1as- [f= x+y) dzrdy = —-1 


A summation of the surface integrals over each face gives 


= 1 1 3 
ye aba 5-5 +0454 : 


Example 7-30. Evaluate the surface integral / f(x,y, 2) dS, where S is the 
R 


surface of the plane 
G(a,y,z) = 2xa+2y+2z2-1=0 


which lies in the first octant and f = f(a,y,z) is the scalar field given by f = xyz. 
Solution The given surface is sketched in figure 7-22. The unit normal at any point 


on the surface is 
. grad G De Oe ge 
é, = =-€é 
(eae, Ba Be 
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The element of surface area dS is projected upon the zy plane giving 


dS = dady 
|é3- é,| 


= 3dzx dy 


Figure 7-22. Plane 2x + 2y+ z=1 in first octant. 


On the surface z = 1—2x—2y, and therefore the surface integral can be represented 
in terms of only x and y. One finds 


II f(z,y, 2) dS = /| ryz 6,48 


=a pu-a-s Oe x aw ake 
- xy(1 — 2% — 2y) |~€; + ~@o4+ ~€3] 3dr dy 
x=0 y=0 3 3 3 


2 paz 
= (2@,+2@)+ e.) | | (xy — 2x*y — 2ay”) dx dy 
0 Jo 


Integrate with respect to y and show 


cr dS = (26, +2@ +4 és) | 55 =a) = ee x)? ae — 0 dx 
5 lo 8 2 a0 
R 
Now integrate with respect to 2 and simplify the result to obtain 


~ 1 7 . 7 
Jf feud = a Re +26 + &) 
R 
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Example 7-31. Evaluate the surface integral [fF x dS, where S is the plane 
R 


2x + 2y+2—1=0 in the first octant and F = r1é, + yéo + zés. 


[fF xasa [fx é,, dS 
R R 


and from the previous example 


Solution Here 


glee ee cy 
e, = =e e e3. 
Fae eee a 


As in the previous example, the element of surface area is projected upon the zy 


plane to obtain dS = 3dz dy. Therefore, 


and the surface integral is 


[[#xas= ar | fy —22) andy — 62 f {a - 22) de dy +285 f { (wy) ddy. 
R R R 


R 


Here the element of surface area has been projected upon the zy plane and all 
integrations are with respect to « and y. Consequently, one must express z in terms 
of « and y. From the equation of the plane, the value of z on the surface is given by 


z=1- 22x -2y and the surface integral becomes 


[[Fxas= a f° (5y + 4a — 2) dydx 
- 0 Jo 
-@ f° [ (5a + 4y — 2) dydx 
0 Jo 


+265 f° f° (a — y) dydz. 
0 Jo 


These integrals are easily evaluated and the final result is 


Pe | 1 1 

ee oe A a 
| i‘ 16“! + 76 2 T aR % 
R 
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Summary 


When a surface is represented in parametric form, the position vector of a point 


on the surface can be represented as 
r= r(u, v) = r(u, v) €1 oh y(u, v) €2 oth z(u, v) €3 


where 


= £0, #), Y= 4G v); 2=Z(u,v) 


is the parametric representation of the surface. The differential of the position vector 


r=Fr(u,v) 1s 
& OF OF 
df= 5 du 5, 


and this differential can be thought of as a vector addition of the component vectors 


dv = §,+ 82 (7.101) 


S, = du and § = 2 dv which make up the sides on an elemental parallelogram 
having area dS lying on the surface. The vectors $, and §2 are tangent vectors to the 
coordinate curves r(u, v2) and 7(u;,v) where u; and v2 are constants. A representation 
of coordinate curves on a surface and an element of surface area are illustrated in 
the figure 7-23. 

The unit normal to the surface at a point having the surface coordinates (u,v), 


can be found from either of the cross product relations 


oF y. OF ar. oF 
~a _ 1 Ou Ov ~ _ _ Ov Ou 
€n = + oF OFT . ar Or €n = Fiar— oa] moa (7.102) 
Ou Ov Ov Ov 


The above results differing in sign. That is, é, and —é, are both normals to the 


surface and selecting one of these vectors gives an orientation to the surface. 


Example 7-32. Find the unit normal to the sphere defined by 
x=rcos¢sin#, y=rsingsiné, z=rcosdé 


Solution Here 


or z ‘ ee 
30 =r cos @cos@ €; + rsin gd cos 6 ég — r sin é é3 
or Po dined ee 
ap =-—rsingsinde, +rcos dsiné ég 
and the cross product is 
or oF e1 (25) é3 
a x a =| rcos¢cos@ rsindcos@ —rsin@| = é1(r?sin? @cos¢) + é2(r? sin? 6 sind) + &3(r? sin 8 cos 6) 


—rsingsind rcosdsin#d 0 
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One finds 


oF 


35 X $5 | =1?sin@ so that a unit vector to the surface of the sphere is 


e€, = sind cos¢é,; + sin sin d eg + cos 6 é3 


: 
For 7 a position vector to a point on the surface, the element dr lies in the 
tangent plane to the surface at the point determined by the parameters u and v. The 
element of surface area dS is also determined from the differential element dr and is 
given by the magnitude of the cross products of the vectors $; and $2 representing 
the sides of the elemental parallelogram which defines the element of surface area. 
This element of surface area is calculated from the cross product 
oF OF 


os Bu Ou 


dudv 


dudvu 


Figure 7-23. 
Coordinate curves on surface and elemental parallelogram. 


Using the dot product relation 
(A x B)-(C x D) =(A-C)(B-D) -(A- D)(B-C) 


one can readily verify that 
Or Or 


wees a — f2 
rears BGS. (7.103) 
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pHa (2) (Yo (2) 
Ou Ou Ou Ou Ou 
_ Or Of  Ordxr  OyOy , 0202 
=, 86 udu Oude. Oude 


ga OF OF _ (ax\" | (ay\" | (d2)" 
— Ov Ov \Ov Ov Ov) ~ 
Then the surface area can be represented in the form 


s= | V EG — F? dudv, (7.104) 
Rug 


F 


where the integration is over those parameter values u and v which define the surface. 
The various surface integrals can also be represented in terms of the parameters 
u and v. These integrals have the forms 


[tena as = [f f(x(u, v), y(u, v), 2(u, v)) VEG — F? 6, dudv 
R Bus 


(7.105) 
and | [Few -d§ = | Fou v), y(u, v), 2(u,v))- nV EG — F? dudv. 
R Rise 
Example 7-33. A cylinder of radius a and height h has the parametric 


representation x = 2(6,z) = acos#, y= y(0,z) =asin@é, z= z(0,z) = z, where the 
parameters 6 and z, are illustrated in figure 7-24, and satisfy 0 < 6 < 27 and0<z<h. 


Figure 7-24. 
Surface area in cylindrical coordinates. 


A point on the surface of the cylinder can be represented by the position vector 


r= F(0,z) = acos0€; + asin @ é2 + zé3. 
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The coordinate curves are 
The straight-lines, 7(0,2z), 0<z<h 
and the circles, 7(9,2), 0< 6 < 2r, 


where 6) and z are constants. The tangent vectors to the coordinate curves are 


given by 
or OF 
ola Oz 
Consequently, we have E = a?, F =0, and G=1. The element of surface area is then 


dS = VEG — F?d0 dz = ad6dz. The surface area of the cylinder of height h is therefore 


h Qn 
oa) i adé dz = 2rah. 
0 Jo 


= —asin@é; + acos@ é€9 and = 63 


Volume Integrals 


The summation of scalar and vector fields over a region of space can be expressed 


by volume integrals having the form 


// f(a,y,z)dV and [{[Fex dV, 
Vv Vv 


where dV = dxdydz is an element of volume and V is the region over which the 
integrations are to extend. 
The integral of the scalar field is an ordinary triple integral. The triple integral 


of the vector function F = F(zx,y,z) can be expressed as 
{ffFav = & Sf Fila,y, 2) dV + € fff Fol, y, 2) dV + é3 fff F3(2,y,2) dV, (7.106) 
Vv Vv Vv 4 


where each component is a scalar triple integral. 
Whenever appropriate, the above integrals are sometimes expressed 

(i) in cylindrical coordinates (r, 0, z), where x = rcos6,y = rsin6, z = z and the element 
of volume is represented dV = r dr d dz 

(ii) in spherical coordinates (p, 6, ¢) where x = psin@ cos ¢, y = psinOsing, z = pcosé and 


the element of volume is dV = p?sin@dpd¢doé. 


(iii) in curvilinear coordinates (u,v,w) where x = z(u,v, w),y = y(u,v,w),z = z(u,v, w) 
and the element of volume is given by? dV = OF p28 x a dudvdw where 
Ou \Ov~ Ow 


r= alt, Vv, w) €1 ap y(u, Vv, w) €2 + z(u, Vv, w) €3 


8 See pages 143 and 156 for details. 


Example 7-34. Evaluate the integral /f/ f(a, y, z) dV, where f(x,y, z) = 6(r+y), 
4 


dV = dxdydz is an element of volume and V represents the volume enclosed by the 
planes 22+ 2y+2=12, x=0, y=0, and z=0. The integration is to be performed 
over this volume. 


Solution 


The figure on the left is a copy of the 
figure 7-20 with summations of the element 
dV illustrated. From this figure the limits of 
integration can be determined. The volume 
element is dV = dxrdydz is placed at the gen- 
eral point (z,y,z) within the volume. This 


volume element can be visualized as a cube 
inside the volume. Summation of these cu- 
bic elements aids in determining the limits of integration for the integral to be 
calculated. If this cube is summed in the z-direction, a parallelepiped is produced. 
This parallelepiped has lower limit z = 0 and upper limit z = 12— 2x — 2y. If the 
parallelepiped is summed in the y-direction, then a triangular slab is formed with 
lower limit y = 0 and upper limit y = 6— «x. Summing the triangular slabs in the 
z-direction from x = 0 to x = 6 gives the limits of integration in the z-direction. At 
each stage of the summation process, the volume element is weighted by the scalar 
function f(z,y,z) giving the integral | | | f(z,y,z) dV. From all this summation one 
Vv 


can verify the above integral can be expressed. 


6 y=6-2 z=12—2x4—2y 
[[[tevow =| / / 6(x + y) dzdydx 
- x2=0 y=0 z=0 


=F [f* o¢e-+ wae — 2224) ay ihe 


6 
= | (432 — 36x? + 4x?) dx = 1296 
0 


This integral is calculated by first integrating in the z-direction holding the other 
variables constant. This is followed by an integration in the y-direction holding x 
constant. The last integration is then in the z-direction. 
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Example 7-35. Evaluate the integral i ‘ / F(z, y, z) dV, where 
Vv 


F = xe, +ryéo+ €3 

and dV = dzdydz is a volume element. The limits of integration are determined from 
the volume bounded by the surfaces y = 27, y=4, z=0, and z= 4. 

Solution From figure 7-25 the limits of integration can be determined by sketching an 
element of volume dV = dz dy, dz and then summing these elements in the x—direction 
from «= 0 to x = \/y to form a parallelepiped. Next sum the parallelepiped in the 
z-direction from z= 0 to z= 4 to form a slab. Finally, the slab can be summed in 
y—direction from y = 0 to y =4 to fill up the volume. 


Figure 7-25. 


Volume bounded by y = x”, and the planes y =4, z=0 and z=4 


One then has 


- y=4 z=4 pxr=VJ/Y¥ 
[[[Fav-=] / / (x @; + vy 2 + €3) dx dz dy 
os y=0 z=0 x2=0 


4 ph ph 
_ | | | Rane ae 
0 0 0 


Perform the integrations over each vector component and show that 


_ 12 4 

[[ Few =a + Fat Fe 
3 3 

4 
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Volume Elements Revisited 
Consider the volume element dV = dxdydz from cartesian coordinates and intro- 


duce a change of variables 
f= 20,0), y= yO. ew), 2= 200; w) 


from an z,y,z rectangular coordinate system to a u,v,w curvilinear coordinate sys- 


tem. One finds the vector 
Pr =F(u,v,w) = z(u,v, w) e + y(u, v, W) @2 + z(u,v, W) @3 


is the position vector of a general point within a region determined by the restrictions 


placed upon the u,v, w variables. The surfaces 
F(u,v,Wo), F(u,vo,w), F(uo, v, w) 
are called coordinates surfaces and the curves 
F(uo,Vo,W), T(uo,v,wWo), T(U, Vo, Wo) 
are called coordinate curves. The coordinate curves represent intersections of the 


coordinate surfaces. The partial derivatives 


or or or 
Ou’ Ov’ Ow 


represent tangent vectors to the coordinate curves and the quantities 


or 
Ou 


or 
Ov 


or 
Ow 


uw 


’ Or 


’ WwW 


are called scale factors associated with the tangents to the coordinate curves. These 


scale factors are used to calculate unit vectors 


‘. 1 Or A 1 Or 6 1 Or 
Cu = Ta Us Ae We 5 — “Ate 
hig, Of hy OU hoe 


to the coordinate curves. If these unit vectors are all perpendicular to one another 


the coordinate system is called an orthogonal coordinate system. The differential 


, or or or 
dr = 7 wut ay dv + Fu dw 
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represents a small change in 7. One can think of the differential dr as the diagonal 
of a parallelepiped having the vector sides 


du, . and a dw. 
Ow 


The volume of this parallelepiped produces the volume element dV of the curvilinear 
coordinate system and this volume element is given by the formula 
Or (5 Or 


ae du aaa 


) | du dv dw. 


This result can be expressed in the alternate form 


dV = ewe du dv dw, 


U, UV, W 


where one can make use of the property of representing scalar triple products in 
terms of determinants to obtain 


Wa: OE 
(ers)-[2 By 4 


U, UV, W 


The quantity J i) is called the Jacobian of the transformation from z, y, z CO- 
ordinates to u;8,w coordinates: The absolute value signs are to insure the element 
of volume is positive. 

As an example, the volume element dV = dxdydz under the change of variable 


to cylindrical coordinates (r,6,z), with coordinate transformation 


eS 200.2) =reost,- yah) jrsnd,. 22002) =] 


cos@ —rsinéd 0 
has the Jacobian determinant |.J ee =|sin@ rcos@ 0} =r which gives the 
ae: 0 0 1 


new volume element dV = rdr dé dz. 
As another example, the volume element dV = dz dydz under the change of vari- 
able to spherical coordinates (p,9,¢), where 


z= 2(p,0,¢) = psinécosd, y=y(p,0,¢)=psinOsind, z= 2(p,0,¢) = pcosé 
sindcos@ pcos@cosd —psindsing 
sin@sing pcosésingd psin@cosd 


eee) - 
p84 cos —psind 0 


giving the new volume element dV = p*sin@ dp d¢ do. 


one finds the Jacobian = p’ sind 


Verification of the above results is left as an exercise. 


Cylindrical Coordinates (r, 9, z) 


The transformation from rectangular coordinates (x,y,z) to cylindrical coordi- 
nates (r,@,z) is given by 


w= 27.0.2) —Treosd, y= or. 2,2) = rein’, 2=2160.2) =2 
so that a general position vector is given by 7 = r(r, 9, z) = rcosé€; +rsin6 @) + zé3 In 
cylindrical coordinates the coordinate surfaces are 
F(ro, 9, 2) =ro cos @; + rosindéz+zé3 a cylinder 
P(r, 00, 2) =r cos 09 €; +rsinOp 62 +zé3 a plane perpendicular to z—axis 
F(r, 0, 2) =r cos0é, + rsin@é,+ 2%é3 a plane through the z—axis 


These surfaces are illustrated in the figure 7-26. 
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Figure 7-26. 
Coordinate surfaces and coordinate curves for cylindrical coordinates (r, 0, z). 


The coordinate curves are 


F(ro, 9,2), lines perpendicular to plane z = 0 
F(9,20), lines emanating from the origin 


F(ro,9, 20), circles of radius rp in the plane z = zp 


or . ne Or oe ” or ds 
The vectors os = cos#e; + sind €g, a = —rsindée, + rcosdéo, a = é3 are 
r z 
tangent vectors to the coordinate curves and the vectors 
? 1or or 
6, = = = cosh + sind és, éy = —— = —sin6 é; + cos és, ie Sey 
Or r 00 


Copyright 2012 J.H. Heinbockel. All rights reserved 


159 


160 


are unit vectors tangent to the coordinate curves, where é,.éj, =0, é, - é&. = Oand 
é9:é, =0. The unit vector é, = é, x ég produces the triad system { é,, é9, €,} so that 
the cylindrical coordinate system is a right-handed orthogonal coordinate system. 


The unit vectors are sometimes expressed in the matrix? form 


cos 0 — sind 0 
é, = | sind ], eo = cos@ |, ée, = | 0 
0 0 1 


In the cylindrical coordinate system the element of volume is given by dV = r dr dé dz 
and the element of surface area is dS = rd@dz. The direction é, is called the radial 
direction, the direction é 9 is called the azimuthal direction and the direction é, is 
called the vertical direction. 
Spherical Coordinates (p, 6, ¢) 

The transformation from rectangular coordinates (2, y, z) to spherical coordinates 


(p, 9, @) is given by the equations 
x= 2(p,0,¢)=psindcosd, y=y(p,0,¢) = psinGsingd, z= 2(p,0,¢) = pcos0 
and the general position vector is given by 
r =7(p,9, d) = psinO cos de; + psin@ sin dé + pcosé é3 


In this coordinate system the coordinate surfaces are 
F(p0,9,¢), asphere 2? +y?+27= p82 
F(p,%,%), acone «?+y? = tan? 6z? 
F(p,9,¢9), a plane through the z—axis y = xtan¢ 


The coordinate curves in spherical coordinates are obtained from the intersection of 


the coordinate surfaces and can be represented by 


F(po,9,¢), circles of latitude 
F(po,9, 0), meridian curve 


F(p,90,¢0), lines through the origin 


These coordinate surfaces and coordinate lines are illustrated in the figure 7-27. 


9 See chapter 10 for a discussion of the matrix calculus. 


Figure 7-27. 
Coordinate surfaces and coordinate curves for cylindrical coordinates. 


The partial derivative vectors 


ar 
Hp ~Sind cos $é + sind sind &y + cos és 
p 

or ‘: bia uted — 
Ap Pcs A cos pei + pcos sin P én — psind es 
or fen Boe ode P 

jg CEE eas PRI P Cone 


are tangent vectors to the coordinate curves and the scaled vectors 


, OF : E . os dA ‘ 
ep 7 = sin# cos dé; + sind sin d €2 + cos 6 é3 
. 10r ; ae ee 
eo = = cos 4 cos ¢ €; + cos O sin ¢ 2 — sin 8 3 (7.108) 
1 
ey Se = —singée, + cos d €g 
psind 


are unit vectors tangent to the coordinate curves. The spherical coordinate system 


is a right-handed orthogonal coordinate system because 


€,: €9 = 0, €,: eg = 0, €9- €g = 0, Cy X €g = &y 


The above unit vectors are sometimes expressed in the matrix form! as the column 


vectors. 
sin 8 cos @ cos 4 cos @ — sind 
€, = | sin@sing | , €9 = | cosOsing | , €y = | cosd 
cos 0 — sind 0 


10 See chapter 10 for a discussion of matrices. 
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The element of volume in spherical coordinates is given by dV = p?sin@ d0d¢dp 
and the element of surface area is dS = p* sin@ d@ dd, with p constant. The direction 
é, is called the radial direction, the vector é» is called the polar direction"! and the 


direction é, is called the azimuthal direction. 


Example 7-36. For F = (x#—z)@, + (y—az)@+(z+ar+y)é3, let S denote the 
surface enclosing the volume V bounded by the hemisphere 2? + y? + z? = 1, z > 0, 
and the plane z=0. Calculate (i) 4 = i V-Fdv (ii) Ip = // F.é,ds 

Vv s 


Solution Show V-F' = div F =3 and use spherical coordinates with dV = p? sin@ dpd¢dd, 


and show is 
= i [- ve 3p” sin 0 dpdddd = 2n 
6 e= 


Break the surface integral J, into an integration I,»p-- over the hemisphere and 
an integral [jouer surface integral over the plane z = 0. On Tupper use dS = sind dodo 
and 6, = ré; + yé. +263 with Fé, =2?+y?4+ 2? =1. One finds 


Lupper = -[" ee sin 0 dé do = = 27 
o=0 J0=0 


On the plane z = 0, use dS = drdy and 6, = —é3 with F. é, = —(z+a+y) =—-(x+y) 
z=0 
so that 


1 V1-2« 
Tiower = i, / —(a + y) dydx =0 
xz=-1 y=—V1—2? 


and consequently Ig = Lupper + Dower = 27. 


Example 7-37. — Let S denote the surface of the hemisphere 2?+y?+z? = 1, z >0 
and let C denote the curve x? + y? = 1 lying on the surface $. Calculate the integrals 


(i) n= ff curlF’- é, dS (ii) i= | BF drF 
Ss Cc 


where F = yé; + (2? + 2x) ) + 2yzéy 
Solution One finds curl F = é3; and on the hemisphere é,, = 7é, + yé: + 263, so that 


curl F - é, =z. Let dS = Bade = Cay 


and show 
| e3° é,| 


V1—«? 1 
b= fi if ellie =2 | Vl-a?dr=T7 
=-1Jy= =i 


—V1—22 


11 The angle @ is called the polar angle or zenith angle and the angle Oo) is called the azimuthal angle. 
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To evaluate the line integral let 
x =cosé, y=sin@ with dx = —sin@d0, dy = cos@d0 
and show 
_ 2n 
Ty ey Bear = [ (y-2)de+Qr-y)dy= [ [— sin? 6 + 2 cos? @ — sin 0 cos 6] d0 = x 
C c 0 


Note that z=0 on C. 
| 


Example 7-38. Evaluate the flux integral J = /[F -d§ where the vector field 
s 


is given by F = F(a,y,z) = zé. + yéo + ré3 and S is the surface of the unit sphere 
ety? +22 =1. 

Solution Transform to spherical coordinates where the position vector to a point of 
the unit sphere is 


F=xe;+yeo4+ 763 =sindcos¢ €; + sind sing €2 + cosé €3 


for 0< ¢< 207 and0<6<~7. An element of surface area in spherical coordinates is 
dS = sin@ déd@ and a unit normal é, to the surface of the unit sphere is in the same 


direction as the vector 7 above so that one can write 
€,, = sindcos¢ €; + sin@sing €2 + cos € é3 
Substituting these values into the flux integral one obtains 
7 21 wT 
‘— // F.é,dS = / | [cos 0(sin 6 cos ¢) + (sin @ sin ¢) (sin 6 sin ¢) + (sin @ cos ¢) cos 6] sin 6 d0dé 
F $=0 J9=0 
Evaluating the inner integral, holding ¢ constant gives 
21 
I= if 2 ua ga 
er) 


which can be integrated to obtain the value J = eS 
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Exercises 
2 2 2 2 2 2 
& . y z x ae z av 
> 7-1. Sketch the given surfaces (i) a hag (ii) Zt po a ee bse 
; y? 2 2 ita y 
> 7-2. Sketch the given surfaces (i) as aoe (it) tay = aeee b>c 


> 7-3. Sketch the given surfaces defined by the parametric equations 
2 v2 
(2) L— Io =U, Y—Yo=2, z-a=0(5 +H 
uv? 
(it) Z— Xo =u, Y¥— Yur, 2-0 =0(- Fl 
> 7-4. Thecurve r= 7r(t) = acoswt é;+asinwt é2+6té3, where a, 3 and w are constants, 
describes a circular helix of radius a. For this space curve calculate the following 
quantities. 
(a) The unit tangent vector &; 


(d) The curvature « 


(b) ‘The unit normal vector é,, 
(e) The torsion V 


(c) The unit binormal vector é, 


> 7-5. If *=,r(t) denotes a space curve, show that the curvature is given by 


V(r! ; FY (F" F 7") - (7! 2 pia 


(FP r ps/? 


K= 
where ‘= 4 denotes differentiation with respect to the argument of the function. 
If 7 = r(x) = re, + y(x) é2 is the position vector describing a curve in the 


> 7-6. 
x,y—plane, show that the curvature is given by 


ee 
aegieyr 


where ‘= + denotes differentiation with respect to the argument of the function. 


> 7-7. 
2> 
(a) For 7 =7(s) the position vector of a curve, show that a x a = Kk). 
=> 2—> 
(b) For *=7(s) the position vector of a curve, show that a x a = 


> 7-8. If r= 7r(t) denotes a space curve, show that the torsion can be calculate from 


the relation 
pr! - (Fr x re") 


= (7 : Pr \(R" ‘ F") _ (7 F ply? 


where prime ‘= £ always denotes differentiation with respect to the argument of 
ie dr (Pr Pr\ , 
the function. Hint: Show aa (3 x = KV. 
> 7-9. 


(a) Find the curvature of the straight line 7 = F(t) = é; + é) + é3 + (76; + 2€ — 3é3)t 


(b) Find the torsion of the plane curve 7 = F(x) = 7 é, + 27 5 


> 7-10. For 7 = 7(t) the position vector of a curve, show that 
|j7 x F"| =nl7"|?, where ’ =< 
> 7-11. Find the directional derivative of ¢ in the specified direction, at the given 
point. 
(i) @=y'a?z +232, P(1,1,1), 3@,—2@+6é 
(ii) d=zyz, P(2,1,-1) 5é@,—4é. +206; 
(iii) d=ay? + y2%, P(1,-1,0), 2@;—5é@)—14é, 
(iv) b= xy? + yz?a, P(i,1,1), 6€:+26)4263 
> 7-12. 


(i) Let ¢=2y define a two-dimensional scalar field. Find the directional derivative 
of ¢ at the point (2, V3) in the direction é, = cosaé; + sina é, 
(ii) In what direction a is the directional derivative a maximum? 
(iii) In what direction a is the directional derivative a minimum? 


= > a 35 
> 7-13. Show that |. (¥ =) |-" (4 a 


di dt di ~ dt 
>» 7-14. Prove that Ax (Bx C)+ Bx (Cx A)+C x (Ax B)=0 


> 7-15. Discuss the critical points of the function 


ZEDGE = sah + au + 52? sv Qa + 2y 
> 7-16. Show that the Frenet-Serret formulas may be expressed in the form 
GEE aes La Oa ee Gere nis 
ds ds ds 


by finding the vector d. Hint: Let Gd = aé,+ 6é, + yé, and examine the above cross 


products to solve for a, 6, and ¥. 
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p> 7-17. Let 7(s) denote the position vector of a space curve which is defined in terms 
of the arc length s. 


(a) Show that the equation of the rectifying plane can be written as 


(b) Show that the equation of the osculating plane can be written as 


: dr(s0) 2 d°(s0) 


(F(s) — F(s0)] - |= a 


(c) Show that the equation of the normal plane can be written as 


[7(s) — F(s0)]- 


> 7-18. Show that the direction cosines (é,, 2,3) of the normal to the surface 
r=7(u,v) are given by 


dy az dz Ox du dy 
oy Oz oz ox ox oy 
é= Pre ly = acs ae f3 = aera ' 


where 


D=VEG-— F?. 


> 7-19. Show that the direction cosines (4, 4,3) of the normal to the surface 
F(a, y,z) =0 are given by 


ar oF ar 
0, = 2 ly = y bo = 22 
HH? a 3 H’ 


where 5 5 : 
OF OF OF 
2-3 nina pe ates = 
— (3) : Ge 7 (3) | 
> 7-20. Show that the direction cosines (é,, 2, £3) of the normal to the surface 
z= z(x,y) are given by 


_ a: _ 22 ' 
1 H ’ 2 H ’ 3 H’ 


where 


> 7-21. Find a unit normal vector to the cylinder x? + y? =1 
> 7-22. Find a unit normal vector to the sphere 2? + y? +2? =1 
> 7-23. Find a unit normal vector to the plane az + by+cz =d 


» 7-24. Evaluate the surface integral f/f 2?yzdS over the cylinder x? + y? = 1 lying in 


R 
the first octant between the planes z =0 and z = 2. 


> 7-25. Evaluate the surface integral [f «yzdS where integration is over the upper 
R 


half of the sphere a? +y2 +22 =1 in the first octant. 


> 7-26. Evaluate the surface integral [fF - dS, where F = xé, + zé and S is the 


R 
surface of the cylinder x? + y? = 1 between the planes z =0 and z =2. 


> 7-27. Evaluate the surface integral {fF .dS, where F = zé; + zé. + ryé3 and S is 


R 
the upper half of the sphere 2? + y? + z? = 1 lying in the first octant. 


> 7-28. Evaluate the surface integral {{ #.dS, where F = é; and S is the upper half 
R 
of the sphere x? + y? + 2? =1. 


> 7-29. Evaluate the surface integral [fF x d§, where F = (z+y)é: +2? é9—yés 
and S$ is the surface of the plane z = i here O0<a2<land0<y<1. 
> 7-30. Show that any curve on a surface defined by the parametric equations 
e=ax(u,v) y=yluv) z=2(u,v) 
has an element of arc length given by 
ds? = Edu? +2F dudv+ G dv’, 


where E, F,G are defined by the equations (7.54). 


> 7-31. 
(a) Show that when the curve z= f(x), xo < # < 2, is rotated 360° about the z-axis, 


the surface formed has a surface area 
20 C1. 
6 = / rJ/1 + [f!(r)?? dr do 
0 xo 


(b) The curve z = f(z) = 42 for 0< «< Ris rotated 360° about the z axis. Find the 


surface area generated. 
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> 7-32. Consider a circle of radius p < a centered at x =a >0 in the xz plane. The 
parametric equations of this circle are 


x-a=pcos#, z= psind, O0O<0<27, a>p. 


If the circle is rotated about the z-axis, a torus results. 


(a) Show that the parametric equations of the torus are 
x =(a+pcos@)cos¢, y=(a+pcosé)sind, z=psiné, 0<o¢<20r 


(b) Find the surface area of the torus. 
(c) Find the volume of the torus. 


> 7-33. Calculate the arc length along the given curve between the points specified. 


(a) y=a, p1(0, 0), p2(3, 3) 

(0) = Cste “y =sind 0 SiS 27 

(c) xw=t, y=2t, z= 2t, p1(0,0,0), po(2,4, 4) 
(d) y=2", pi(0, 0), p2(2, 4) 


> 7-34. 
(a) Describe the surface 7 = wé; + véy and sketch some coordinate curves on the 
surface. 
(b) Describe the surface 7 = vcosué;+vsinué, and sketch some coordinate curves on 
the surface. 
(c) Describe the surface 7 = sinwcosvé; + sinusinvéy + cosué3 and sketch some coor- 
dinate curves on the surface. 


(d) Construct a unit normal vector to each of the above surfaces. 


> 7-35. Evaluate the surface integral I = [fF -dS, where F = 4yé, + 4(x + z) é and 


s 
S is the surface of the plane «+ y+ z=1 lying in the first octant. 


> 7-36. Evaluate the surface integral J = [fF -dS, where F = x? é, + y2é) + 2763 


s 
and § is the surface of the unit cube bounded by the planes x = 0, y =0, z =0 and 


Gel, y=) wel: 


> 7-37. Evaluate the surface integral J = // f(z,y,z) dS, where f(z, y,z) = 2(x + 1)y 


s 
and S$ is the surface of the cylinder x? + y? =1, 0 < z <3, in the first octant. 


> 7-38. Evaluate the integral J = [f Beas, where F' = (x +z) @:+(y+z)@—(x+y) 63 
s 


and S$ is the surface of the sphere x? + y? + z? =9 where z > 0. 


> 7-39. Evaluate the surface integral J = [fF .dS, where F = 4yé, + 4(x +z) é) and 


s 
S is the surface of the plane z+ y+z=1 which lies in the first octant. 


> 7-40. (Lagrange multipliers) 

Lagrange multipliers are used to help find the maximum or minimum values as- 
sociated with functions of several variables when the variables are subject to certain 
constraint conditions. The following is a two-dimensional example of finding the 
minimum value of a function when the variables in the problem are subject to con- 
straints. Let D denote the distance from the origin (0,0) to a point («,y) which lies 
on the line x+y+2=0. Let F(2,y) = D? =x? +y? denote the square of this distance. 
The mathematical problem is to find values for (x,y) which minimize F(z, y) when 
(x,y) is constrained to move along the given line. Mathematically one writes 


Minimize F(x,y)=2?+y" 


subject to the constraint condition G(z,y)=x+y-2=0. 


The point (x,y), where F has a minimum value, is called a critical point. 
(a) Show that at a critical point VF is normal to the curve F = constant and VG is 
normal to the line G = 0. 
(b) Show that at a critical point the vectors VF and VG are colinear. Consequently, 
one can write 
VF +AVG=0 


where \ is a scalar called a Lagrange multiplier. 
(c) Show that at a critical point which minimizes F, the function H = F+)G, satisfies 


the equations 
OH _ 


oH OH _ OH _ 
Or 


Cn Oye 


Calculate these equations and find the point (x,y) which minimizes F. 


0, 0. 
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> 7-Al. (Lagrange multipliers) 
Use Lagrange multipliers to 


Minimize w=w(e,y,z) = 22 +4? +2, 
subject to the constraint conditions: g(z,y,z)=x+y+z-6=0 


h(a, y, z) = 3a + 5y + 7z —- 34=0 


>» 7-42. Given the vector field F = (a? + y— 4) @, + 3ry €) + (2x2 + 2”) é3. Evaluate the 
surface integral 
r= [[(vxF)-a8 
s 


over the upper half of the unit sphere centered at the origin. 


> 7-43. Evaluate the surface integral /[F -dS, where F = x? 6, + (y+6) é:—2é@3 and 
s 


S is the surface of the unit cube bounded by the planes z = 0, y = 0, z = 0 and 


eS Ty H 1 ea. 


p> 7-44, 
(a) Show in the special case the surface is defined by 7 = F(z, y) =2é@: + yéo4+ 2(a, y) és 


the element of surface area is given by 


2 2 
fg OO ee) as ay Gedy 
|e, + é3| Ox Oy 


(b) Show in the special case the surface is defined by 7 = F(z, z) = x1 + y(2, z) 2+. 263 


the element of surface area is given by 


2 2 
ig, Oh OU all OU) eed 
|@n° €9| Ox 2 


(c) Show in the special case the surface is defined by 7 = 7(y, z) = x(y, z)@1 + yé2 + 2é3 


Q 


the element of surface area is given by 
2 2 
Gi OE ek aa 
[En - €1| Oy Oz 


> 7-45. Given n particles having masses m,,mz,...,mn. Let 7;, i = 1,2,...,n de 
note the position vector describing the position of the ith particle. Find the vector 


describing the center of mass of the system of particles. 
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> 7-46. Show that (A x B)- (C x D) 


> 7-47. Let F = F(a,y,z) and G = G(z,y,z) denote continuous functions which are 


everywhere differentiable. Show that 


(a) V(F+G)=VF+VG (b) V(FG)=FVG+GVF (c) V (3) = “Se 


> 7-48. (Least-squares) 
(a) Assume that (21, y1), (v2, y2),---,(@i,yi),---,(@n, yw) are N known distinct data 


points that are plotted in the z,y plane along with a sketch of the straight 


line 
y=ar+ PB 


where a and £ are constants to be determined. The situation is illustrated in 


figure 7-28. 


Figure 7-28. Linear least-squares fit. 


Each data point (x;,y;) has associated with it an error E; which is defined as the 
difference between the y value of the line and the y value of the data point. For 


example, the error associated with the data point (z;,y;) can be written 
E; = E,(a, 3) = {y of line} — {y of data point} 


Ej, = Ei(a, 8) = (ax; + B) — yi. 
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Find the error associated with each data point and then square these errors and sum 
N 
them to obtain the quantity Ss" E? called the sum of the errors squared. The “best 


w=1 

” linear least squares fit to all the data points is defined as the line which minimizes 
the sum of the errors squared. This requires finding those values of a and 6 which 
minimize the sum of the errors squared given by 

N N 

E(a, 8) = S- BS S- (az; +8—y;)°, to have a minimum value 

w=1 t=1 

(a) Show that the best linear least-squares fit requires that the coefficients a and £ 


be chosen to satisfy the equations 


Nes LiYi — (oe x) Ooo vi) 
A 
Je (ea )aOa) ay) 
rR ; 


N N 2 
where A= NY a? — (> «) 
t=1 t=1 


(b) Given the data points 


a= 


(1,10), (2,4), (2.5, 6), (3, 12), (3.5, 5), (4, 10) 


Find the best linear least-squares fit. Hint: Construct a table of values of the 


form 


2 


4 4 4 4 
ia Zi iat Yi yA a: ia LiYi 


(c) Plot the least squares straight line and the data points. 


Chapter 8 
Vector Calculus II 


In this chapter we examine in more detail the operations of gradient, divergence 
and curl as well as introducing other mathematical operators involving vectors. 
There are several important theorems dealing with the operations of divergence and 
curl which are extremely useful in modeling and representing physical problems. 
These theorems are developed along with some examples to illustrate how powerful 
these results are. Also considered is the representation of the many vector operations 
and their use when dealing with a general orthogonal coordinate system. 

Vector Fields 

Let F(x,y, z) = F\(2,y, 2) @1 + Fela, y, z) @3 + F3(x, y, z) 63 denote a continuous vector 
field with continuous partial derivatives in some region R of space. A vector field 
iS a one-to-one correspondence between points in space and vector quantities so by 
selecting a discrete set of points {(2;,y;,2)}|i = 1,...,n, (vi,yi,2%) € R} one could 
sketch in tiny vectors each proportional to the given vector evaluated at the selected 
points. This would be one way of visualizing the vector field. Imagine a surface 
being placed in this vector field, then at each point (x,y,z) on the surface there is 
associated a vector F(2,y,z). This is another way of visualizing a vector field. One 
can think of the surface as being punctured by arrows of different lengths. These 
arrows then represent the direction and magnitude of the vectors in the vector field. 
The situation is illustrated in figure 8-1. 


Figure 8-1. Representation of vector field F(x, y, z) at a select set of points. 
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Another way to visualize a vector field is to create a bundle of curves in space, 
where each curve in the bundle has the property that at every point (x,y,z) on any 
one curve, the direction of the tangent vector to the curve is the same as the direction 
of the vector field F(x,y, z) at that point. Curves with this property are called field 
lines associated with the vector field F(a,y,z). Let 7 = x@, +yé.+zé3 be a position 
vector to a point on a field line curve, then dr’ = dx é; + dy é2 + dzé3 is in the direction 
of the tangent to the curve. If the curve is a field line, then one can write dF = aF, 
where a is a proportionality constant. That is, if the curve is a field line, then the 


vectors dr and F are colinear at all points along the curve and one can write 
dr = dx €, Bn dy €2 + dz €3 = ay (x,y, z) €) + ak, (x, y, z) €2 “fe aF3 (x, y, z) €3 


where a is some proportionality constant. By equating like components in the above 
equation, one obtains 


dx dy dz 


Fi (x, y, 2) Fo (x,y, 2) F3(x, y, 2) ( ) 


The equations (8.1) represent a system of differential equations to be solved to obtain 


the representation of the field lines. 


Example 8-1. Find and sketch the field lines associated with the vector field 


=> 


V =V(a,y) = (3—2)(4— y) @1 + (6-27) (44-9?) & 
Solution If 7 = xé; + yé2 describes a field line, then one can write 
dF = dx + dy@ = aV (x,y) = a(3 — x)(4— y) 6; + a(6 — 2?)(4 + 7) bp 


where a is a proportionality constant. Equating like components one can show that 


the field lines must satisfy 
dz = a(3— x)(4—y), dy = a(6— 2”)(4+y”) 


or one could write 


dx a dy Ses 
(3—2)(4—-y)  (6-27)(4+y?) © (8.2) 


Separate the variables in equation (8.2) to obtain 


6 — x 4-y 


= d 
Sage > ae 


and then integrate both sides to obtain 


6-2? 4-y 
dx — | —_“d 8.3 
[<S = ls oe) 


Use a table of integrals and evaluate the integrals and then collect all the constants 


of integration and combine them into just one arbitrary constant C to obtain the 
result 
32 + 52 + 3In|z — 3| = 2tan 1 (y/2) — ; In(4+y*)+C (8.4) 


The equation (8.4) represents a one-parameter family of curves which describe the 
field lines associated with the given vector field. Assign values to the constant C and 
sketch the corresponding field line. Place arrows on the curves to show the direction 
of the vector field. 


(a) — (b) 


Figure 8-2. 
Vector plot and field lines for V (a, y) = (3— x)(4—y) 6: + (6 — 2?)(44 y?) é 


The figure 8-2 illustrates three graphs created by a computer. The figure 8-2(a) 
represents a vector field plot over the region —2 < x <2 and -2<y< 2. The figure 
8-2(b) is a graph of the field lines associated with the vector field with arrows placed 
on the field lines. The figure 8-2(c) is the vectors of figure 8-2(a) placed on top of 
the field lines of figure 8-2(b) to compare the different representations. 


Divergence of a Vector Field 


The study of field lines leads to the concept of intensity of a vector field or the 


density of the field lines in a region. To visualize this, place an imaginary surface 
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in a vector field and try to determine how the vector field punctures this surface. 
Let the surface be divided into n small areas AS; and let F; = F(2;,y;,2;) denote 
the value of the vector field associated with each surface element. The dot product 
F,- AS; = F;- é,AS; represents the projection of the vector F; onto the normal to the 
element AS; multiplied by the area of the element. Such a product is a measure of 
the number of field lines which pass through the area AS; and is called a flux across 


the surface boundary. The total flux across the surface is denoted by the flux integral 


y= lim SA ase [fF ad= [fF-a,as (8.5) 
aa R R 

The surface area over which the integration is performed can be part of a surface 

or it can be over all points of a closed surface. The evaluation of a flux integral 

over a closed surface measures the total contribution of the normal component of 

the vector field over the surface. 

The term flux can mean flow in some instances. For example, let an imaginary 
plane surface of area 1 square centimeter be placed perpendicular to a uniform 
velocity flow of magnitude Vo, such that the velocity is the same at all points over 
the surface. In 1 second there results a column of fluid Vo units long which passes 
through the unit of surface area. The dimension of the flux integral is volume per 
unit of time and can be interpreted as the rate of flow or flux of the velocity across 
the surface. 

In the above example, the flux was a quantity which is recognized as volume rate 
of flow. In many other problems the flux is only a definition and does not readily have 
any physical meaning. For example, the electric flux over the surface of a sphere 
due to a point charge at its center is given by the flux integral al E-dS, where E is 


the electrostatic intensity. The flux cannot be interpreted as How because nothing 
is flowing. In this case the flux is considered as a measure of the density of the field 
lines that pass through the surface of the sphere. 

The value for the flux depends upon the size of the surface that is placed in 
the vector field under consideration and therefore cannot be used to describe a 
characteristic of the vector field. However, if an arbitrary closed surface is placed 


in a vector field and the flux integral over this surface is evaluated and the result is 
Flux By 

Volume’ 

letting the volume and surface area of the arbitrary closed surface approach zero, the 


divided by the volume enclosed by the surface, one obtains the ratio of 
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ratio of eae turns out to measure a point characteristic of the vector field called 


the divergence. Symbolically, the divergence is a scalar quantity and is defined by 


the limiting process 


es Flux 


ivF= lim 2—— = lim ———— 8.6 
a av-o0 AV avo Volume ee) 


AS—0 
Consider the evaluation of this limit in the special case where the closed surface 
is a sphere. Consider a sphere of radius « > 0 centered at a point Po(2xo, yo, zo) situated 


in a vector field 


= 


ye F(z, y,2) aes F, (x,y, Z) @1 + Fo(x, y, 2) €2 + F3(a, y, z) €3 
Express the sphere in the parametric form as 
x= 29 + €sin@ cos ¢, 0<d< 27 
y = yo + esinOsin @, 0O<d0<a7 
z= 2% +€cosé 
then the position vector to a point on this sphere is given by 
r= F(0, 0) = (ao + €sinO cos g) €; + (yo + €sin sin d) €2 + (zo + € cos A) é3 
The coordinate curves on the surface of this sphere are 
F(00,¢) and F(6,¢0) 4, ¢0 constants 
and one can show the element of surface area on the sphere is given by 
ds =| a" x = | d0dé = VEG — F? do dd = & sin0 d6 dé 
A unit normal to the surface of the sphere is given by 


ar 
0 Od ‘ x : ; a ‘ 
: = sin cos ge; + sin @ sin ¢ €g + cos 8 é3 
‘id 


0 Ob 


The flux integral given by equation (8.6) and integrated over the surface of a sphere 


can then be expressed as 


me dS = ue é, dS 


2 ie 2% 
e= fi i. F (xo + esin@ cos ¢, yo + €sin® sin d, z + € cos 6) é,€7 sin 6 déd¢. 
b= 6 
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Treating the vector function F as a function of e, one can expand F in a Taylor’s 
series about « = 0, to obtain 


si dF @ @F 8 BF 


F = F(z, yo, 8.7 
(70,4020) te G+ Ga + 3G Set) 


where all the derivatives are to be evaluated at « = 0. Substituting the expressions 


for the unit normal and the Taylor’s series into the flux integral produces 
y= ep teu tetuet:--, 


where ; 
wo= ff Flco,yo, 0): @ sindads.d0 
0 0 


wT 2Qr F 
m= | aS - @,, sin 6 dd dé 
o Jo dé |.x0 
wT 27 2R 
w= [ a - €, sind dd dé, 
o Jo de* |< 


plus higher order terms in «. The vector F(o, yo, 2) is a constant and an evaluation 
of the integral defining po produces pp = 0. To calculate the second integral defining 
pu Observe that the chain rule for functions of more than one variable produces the 


result 2 2 os S 
dP. OF 02 OF Oy OF Oz 
de Ox Oe Oy Oe Oz OE 
dF OF | OF... OF 
ae Oe sin 6 cos @ + Eee ome oa By 1088 


This result can be expressed in the component form 


dF 
de 


= (z sin@ cos ¢@ + OE i Oe ae = 0056) e) 
e=0 Ox Oy Oz 


FE. 
+ a er ee Cay ee ee CLL eo 
Ox Oy Oz 


F: F: 
+ cL ere Oe ag. OFS €3 
Ox Oy Oz 


e=0 
where all the derivatives are to be evaluated at « = 0. Evaluating the integrals defining 


1, produces 


_4, (OF , OF | OF; 
eee Ox Oy Oz 


e=0 
The flux integral then has the form 


_4 3/0F, OF). OF; 
pa pnd (Fi 


) teat Sua te 


where the derivatives are to be evaluated at « = 0. The volume of the sphere of radius 
« centered at the point (ao, yo, 2) is given by $e? and consequently the limit of the 


ratio of tes as « tends toward zero produces the scalar relation 
ee OF, OF) OF 
ee es _ OF) 2 3 
div F = avn, Ale = Oy =e Dy + Bei lteck (8.8) 


Recalling the definition of the operator V, the mathematical expression of the diver- 


gence may be represented 


divF=V-F= Dg Oe ee - (FY €; + Fo 2 + F3 3) 
Ox Oy Oz (8.9) 


_ OF; i: OF» on OF3 
— Ox Oy Oz 


Example 8-2. Find the divergence of the vector field 
F (x,y,z) = 2°y@, + (x? + y2?) @2 + yz és 


Solution: By using the result from equation (8.9), the divergence can be expressed 


2 2 2 
div Fav. fa Wey , Wet +92") , A(xyz) 
Ox Oy Oz 


= Qy +27 4+ ay = Bay+ 27 


The Gauss Divergence Theorem 


A relation known as the Gauss divergence theorem exists between the flux and 
divergence of a vector field. Let F(x,y,z) denote a vector field which is continuous 
with continuous derivatives. For an arbitrary closed sectionally continuous surface S$ 


which encloses a volume V, the Gauss’ divergence theorem states 


| | ER eae | ees (8.10) 


which states that the surface integral of the normal component of F summed over 
a closed surface equals the integral of the divergence of F summed over the volume 
enclosed by $. This theorem can also be represented in the expanded form as 


OF, OF, | OF: , eh 
/I/ ( — “f ay + =) dr dydz= | [ (F, €; + Fo €o + F363) + 6, dS, (8.11) 
¥ s 


where 6, is the exterior or positive normal to the closed surface. 
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The proof of the Gauss divergence theorem begins by first verifying the integrals 


If[[ Bia [fv aas 
Ss 

{ff Ba [freee a 
Ss 

If Ba [f ris aes 
S 


The addition of these integrals then produces the desired proof. Note that the 
arguments used in proving each of the above integrals are essentially the same for 
each integral. For this reason, only the last integral is verified. 

Let the closed surface S$ be composed of an upper half $2 defined by z = z2(z, y) 
and a lower half $, defined by z = z(z,y) as illustrated in figure 8-3. An element 
of volume dV = dxrdydz, when summed in the z—direction from zero to the upper 
surface, forms a parallelepiped which intersects both the lower surface and upper 
surface as illustrated in figure 8-3. Denote the unit normal to the lower surface by 
é,, and the unit normal to the upper surface by é,,. The parallelepiped intersects 
the upper surface in an element of area dSj and it intersects the lower surface in an 
element of area dS,. The projection of § for both the upper surface and lower surface 


onto the xy-plane is denoted by the region R. 


Figure 8-3. Integration over a simple closed surface. 
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An integration in the z-direction produces 
22(#,Y) 
dx dy 


ia [[ Revs ie 
= ff Foley z2ley) deay— ff Fe(o,y,2a(0.y) deay. 
R R 


The element of surface area on the upper and lower surfaces can be represented by 


On the surface Sz, dS = Ue ay 
e€3° Cn, 

On the surface Sj, dS, = mee 
183" Cry 


so that the above integral can be expressed as 


MN a: ae dV = [pee Cn eet en, dS; = [fre é,, dS, 


which establishes the desired result. 
Similarly by dividing the surface into appropriate sections and projecting the 
surface elements of these sections onto appropriated planes, the remaining integrals 


may be verified. 
Example 8-3. Verify the divergence theorem for the vector field 
F(x, y, z) = 2x @ — 3y @y + 4263 
over the region in the first octant bounded by the surfaces 
z=a27+4+y’, z=4, «=0, y=0 


Solution The given surfaces define a closed region over which the integrations are 
to be performed. This region is illustrated in figure 8-4. The divergence of the given 
vector field is given by 


bee ~- OF, OF OF 
aves pol 24 3 = 9-344=3 
Ox Oy Oz 


and thus the volume integral part of the Gauss divergence theorem can be deter- 
mined by summing the element of volume dV = dzxdydz first in the z-direction from 


the surface z = 2?+y? to the plane z = 4. The resulting parallelepiped is then summed 
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in the y—direction from y = 0 to the circle y = /4—2? to form a slab. The slab is 
then summed in the x—direction from 2 = 0 to # = 2. 


Figure 8-4. Integration over closed surface area defined by S$; U $2 U $3U S4. 


The resulting volume integral is then represented 


7 @=2 py=V4—-22 pz=4 
[f[aiv FdV= i / 3 dzdy dx 
_ x=0 y=0 z=a2+y? 


2 pV4—2? 
=f 4 3[4 — (2? + y*)| dydzx 
0 Jo 
2 


faa 
dx 


1 
= 3(4y — ay — =y") 
0 3 0 


2 
=). (8 — 2a7)\/4 — 2? dx = 6n. 
0 


For the surface integral part of Gauss’ divergence theorem, observe that the surface 

enclosing the volume is composed of four sections which can be labeled ;, 52, $3, 4 
as illustrated in the figure 8-4. The surface integral can then be broken up and 
written as a summation of surface integrals. One can write 


[fF asa [Pass [fF ads ff Pads ff Fas, 
S S3 


1 So S4 


Each surface integral can be evaluated as follows. 
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On S;, 2=4, é,=6@3, dS =dzrdy and 


2 V4—22 2 

[[F-as= | ip 16dydx = 16 [ V4— 22 dx = 16r. 
0 Jo 0 

Si 


On S,, y=0, 6é,;=—@, dS =dzxdz and 


[[#-a5= [[ -syardz =o. 
So 


On $3, «=0,e,=—€,, dS =dydz and 


[[ Fad = [[ -2edyaz=o. 
S3 


On S, the surface is defined by ¢ = x? + y?— z =0, and the normal is determined 


from 
grad @ = 2x @, + 2y eg — €3 _ 2x @, + 2y eg — e3 


lgradg| (a? Fy?) $1 J4z+1 


and consequently the element of surface area can be represented by 


dS = dady 
| Ep, - é3| 


= V4z+ 1ldzxdy. 


One can then write 


[[ Fad = [PF ends = ff (40 — oy? 42) de dy 
S4 S4 Sa 


= [fue — 6y? — A(x? + y*)) dx dy 
S 


4 
2 V4—2? 2410 
-/ | =10y? dy dx = — | —y? 
0 Jo 0 3 


2 
1 
ae Ley eee eee te 
0 3 


V4—x2 
dx 


0 


The total surface integral is the summation of the surface integrals over each 
section of the surface and produces the result 67 which agrees with our previous 
result. 

Sometimes it is convenient to change the variables in a surface or volume inte- 


gral. For example, the integral over the surface S$, is not an integral which is easily 
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evaluated. The geometry suggests a change to cylindrical coordinates. In cylindrical 
coordinates the following relations are satisfied: 


z=rcosé, y=rsiné, z=2°+y*%=r" 


F=xey +yeot 2zé3 =rcosdé; + rsinOé,+ 17 é3 
Batya, “PS Car 


2r cos @ @; + 2rsin@ ég — &3 
é, = 


V1+4r2 

— Ar? cos? 6 — 6r? sin? 6 — 4r? 

F-.ée@,= : dS = rv 1+ 4r? drdoé. 
V1+4r2 


The integral over the surface S$, can then be expressed in the form 


es 4d 
[fF-a-f | (4 cos? 6 — 6sin? 6 — 4)r?° drdO = —10r. 
0 Jo 
S4 


Physical Interpretation of Divergence 


The divergence of a vector field is a scalar field which is interpreted as represent- 
ing the flux per unit volume diverging from a small neighborhood of a point. In the 
limit as the volume of the neighborhood tends toward zero, the limit of the ratio of 
flux divided by volume is called the instantaneous flux per unit volume at a point or 
the instantaneous flux density at a point. 

If F(x,y,z) defines a vector field which is continuous with continuous 
derivatives in a region R and if at some point Py of R, one finds that 

div F > 0, then a source is said to exist at point Po. 

div F <0, then a sink is said to exist at point Po. 

div F =0, then F is called solenoidal and no sources or sinks exist. 


The Gauss divergence theorem states that if div F = 0, then the flux y = ff F-dS 
over the closed surface vanishes. When the flux vanishes the vector field . called 
solenoidal, and in this case, the flux of the vector field F into a volume exactly equals 
the flux of the field F out of the volume. Consider the field lines discussed earlier 
and visualize a bundle of these field lines forming a tube. Cut the tube by two plane 


areas S$, and Sj normal to the field lines as in figure 8-5. 


Figure 8-5. Tube of field lines. 


The sides of the tube are composed of field lines, and at any point on a field 
line the direction of the tangents to the field lines are in the same direction as the 
vector field F' at that point. The unit normal vector at a point on one of these field 
lines is perpendicular to the unit tangent vector and therefore perpendicular to the 
vector F so that the dot product F- é, =0 must be zero everywhere on the sides of 
the tube. The sides of the tube consist of field lines, and therefore there is no flux 
of the vector field across the sides of the tube and all the flux enters, through 5S, 
and leaves through $3. In particular, if F is solenoidal and div F = 0, then 


[fFeass [fo Fass ff Fas=0 o [fF ad=- [fF -as 
as Sides 3) so e 
If the vector field is a velocity field then one can say that the flux or flow into S, 
must equal the flow leaving 5%. 

Physically, the divergence assigns a number to each point of space where the 
vector field exists. The number assigned by the divergence is a scalar and represents 
the rate per unit volume at which the field issues (or enters) from (or toward) a point. 
In terms of figure 8-5, if more flux lines enter S, than leaves 52, the divergence is 
negative and a sink is said to exist. If more flux lines leave $, than enter $,, a source 
is said to exist. 


Example 8-4. Consider the vector field 
ka e ky P 


A sketch of this vector field is illustrated in figure 8-6. 


V= (x,y) £ (0,0), k a constant 


Copyright 2012 J.H. Heinbockel. All rights reserved 


185 


186 


Figure 8-6. Vector field V = EIS + Rrra k>0O constant. 
x+y u?+y 


Observe that the magnitude of the vector field at any point (2, y) 4 (0,0) is given 
by |V| =k. In polar coordinates (r,@), where x = rcos@ and y = rsin#, the vector field 
can be represented by 


= 


V = k(cos@&€, + sind €9). 


Thus, on the circle r = Constant, the vector field may be thought of as tiny needles 
of length |k|, which emanate outward (inward if k is negative) and are orthogonal to 
the circle r = constant. The divergence of this vector field is 

ky? kx? _ 


dievy =Vev = = 
Vv (x2 + y2)3/2 + (22 + y2)3/2 or’ 


where r = \/z2+y?. The divergence of this field is positive if k > 0 and negative if 
k <0. If the vector field V represents a velocity field and k > 0, the flow is said to 
emanate from a source at the origin. If k < 0, the flow is said to have a sink at the 


origin. 


Green’s Theorem in the Plane 


Let C denote a simple closed curve enclosing a region R of the zy plane. If M(z, y) 
and N(a,y) are continuous function with continuous derivatives in the region R, then 


Green’s theorem in the plane can be written as 


0) Nei NG ay /| (= 7 = dey: (8.13) 
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where the line integral is taken in a counterclockwise direction around the simple 
closed curve C which encloses the region R. 

To prove this theorem, let y = yo(x) and y = y,(x) be single-valued continuous 
functions which describe the upper and lower portions Cz and C, of the simple closed 
curve C in the interval 2; < z < x2 as illustrated in figure 8-7(a). 


Figure 8-7. Simple closed curve for Green’s theorem. 


The right-hand side of equation (8.13) can be expressed 


y2(x) ©2 
“Ly dz dy = — [ / SG, tyde =~ f M (a, y) 
Oy u(2) 1 


a [M (x, yi(x)) — M (a, yo(x))] dx 


yo (a) 
dx 


yi(x) 


(8.14) 


x2 


=f” Nien az. i. Ce OveS 


ty 


= M(x, yi(a)) dx + M (a, yo()) av=¢p M (a, y) dz. 
Cy Ceo C 


Now let x = 2:(y) and x = x2(y) be single-valued continuous functions which 
describe the left and right sections C3 and C, of the curve C in the interval y, < y < yp. 
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The remaining part of the right-hand side can then be expressed 


[fs [ [2 Gera [sof 
=-[" [N (w2(y),¥) — N(ai(y), y)] dy (8.15) 
= P(e ), y) dy + 7 N(ai(y), y) dy 
= [ Ne).nav+ [ N(oalu).) du = New) dy. 


Adding the results of equations (8.14) and (8.15) produces the desired result. 
Example 8-5. Verify Green’s theorem in the plane in the special case 
M(z,y)=a?+y* and N(x,y) = ay, 


where C is the wedge shaped curve illustrated in figure 8-8. 


Figure 8-8. Wedge shaped path for Green’s theorem example. 


Solution The boundary curve can be broken up into three parts and the left-hand 
side of the Green’s theorem can be expressed 


) Mae + Nady = Mdzx + Ndy+ Mdzx + Ndy+ Mdz + Nady. 
Cc Cy C2 C3 


Copyright 2012 J.H. Heinbockel. All rights reserved 


On the curve C;, where y = 0, dy = 0, the first integral reduces to 


a 3 
Mdr+ Nay = [ ade = + 
C1 0 3 


On the curve C2, where 
x =acos@, y = asing, 0<0d< 
the second integral reduces to 


m/A4 
Mdr+ Nay = [ —a? -asin@d6 +a? sin6 cos @- acos 6 d0 
C2 0 
m/A m/A4 


3 
a 
2 — —cos®@ 


=a’ cosé 


_ a (8v2_2 
me rage a 


On the curve C3, where y= 2, 0<a< a, the third integral can be expressed as 


0 

Mdz + Ndy = [. Qn" dx + x*dx = 2, 

C3 we 4 

Adding the three integrals give us the line integral portion of Green’s theorem 


which is 


1 3 3 5/2 2 vo) 3 a® J2 
QM a+ N =-at+ = 1}. 
C . dy re a ( 12 :) 4 : 3 2 


The area integral representing the right-hand side of Green’s theorem is now 
evaluated. One finds 


and F : 
N M 
// (=-5) dxdy = | [ yaya 
R 


The geometry of the problem suggests a transformation to polar coordinates in order 
to evaluate the integral. Changing to polar coordinates the above integral becomes 


m/4 pa 34a pr/A4 3 5 
if i (r sin @)(r drd6) = —— / anodes v2 
0 0 3 0/0 3 2 
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Solution of Differential Equations by Line Integrals 
The total differential of a function ¢ = ¢(z, y) is 


_ 96 Oo 
dp = az tet Bp (8.17) 


When the right-hand side of this equation is set equal to zero, the resulting equation 
is called an exact differential equation, and ¢ = ¢(z, y) = Constant is called a primitive 
or integral of this equation. The set of curves ¢(z,y) = C = constant represents a 
family of solution curves to the exact differential equation. 

A differential equation of the form 


M(a,y) dz + N(a, y) dy = 0 (8.17) 


is an exact differential equation if there exists a function ¢ = ¢(z,y) such that 


u(y and 2on(a,y). 
Ox 


If such a function ¢ exists, then the mixed second partial derivatives must be equal 


and 
Oo OM Oo ON 


M. a 
Ox Oy Oy 4 OyOx Ox 


= Ny. (8.19) 


Hence a necessary condition that the differential equation be exact is that the partial 
derivative of M with respect to y must equal the partial derivative of N with respect 
to x or M, =N,. If the differential equation is exact, then Green’s theorem tells us 


that the line integral of M dx +Ndy around a closed curve must equal zero, since 


gh Mar+ Ndy= ff oN a dxdy=0 because ON OM (8.19) 
C Ox Oy Ox Oy 
R 


For an arbitrary path of integration, such as the path illustrated in figure 8-9, 
the above integral can be expressed 


g Mdz+Ndy= [ M (a, yi(x)) dx + N(x, yi(x)) dy 
C ro 


+ im M(a, yo(x)) dx + N(x, yo(x)) dy = 0 


Figure 8-9. Arbitrary paths connecting points (x9, yo) and (a, y). 


Consequently, one can write 
/ Veini@ yen gi) a= / M (asin (2)) dB + Nae (@)) ay (8.20) 


Equation (8.20) shows that the line integral of Mdx + Ndy from (xo, yo) to (x,y) is 
independent of the path joining these two points. 
It is now demonstrated that the line integral 


lr M(a,y) dx + N(a, y) dy 
(xo,Yo) 

is a function of x and y which is related to the solution of the exact differential 
equation M dz + Ndy = 0. Observe that if Mdx+ Ndy is an exact differential, there 
exists a function ¢ = ¢(z, y) such that ¢, = M and ¢, = N, and the above line integral 
reduces to 


(x,y) 
= (x,y) — (20, Yo)- (8.21) 


(x0,Yo) 


(x,y) (x,y) 
/ Sede + dy = f de=a 
(vo,yo) OF Oy (0.40) 


Thus the solution of the differential equation M dz + N dy = 0 can be represented as 
¢(x,y) = C = Constant, where the function ¢ can be obtained from the integral 
(t,y) 


(2,9) — 60,40) = / M(ce,y) de + N(se, y) dy. (8.22) 


(x0,Yo) 
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Since the line integral is independent of the path of integration, it is possible to 


select any convenient path of integration from (Zo, yo) to (x,y). 


Figure 8-10. Path of integration for solution to exact differential equation. 


Illustrated in figure 8-10 are two paths of integration consisting of straight-line seg- 
ments. The point (zo, yo) may be chosen as any convenient point which guarantees 
that the functions M and N remain bounded and continuous along the line segments 
joining the point (zo, yo) to (az, y). If the path C; is selected, note that on the segment 
AB one finds y = yo is constant so dy = 0 and on the line segment BE one finds z is 
held constant so dx = 0. The line integral is then broken up into two parts and can 
be expressed in the form 


(x,y) ac Yy 
/ 465 =t6n= / Neato / NiCad: (8.23) 
(x0,Yo) LO Yo 


where z is held constant in the second integral of equation (8.23). If the path C2 is 
chosen as the path of integration note that on AD z is held constant so dz = 0 and 
on the segment DE y is held constant so that dy =0. One should break up the line 
integral into two parts and express it in the form 


(x,y) y x 
i 9 = oa) ~ ote0,40) = f NCe0,9) dy + / M(a,y) dz, (8.24) 
0,;V0 V’oO LO 


where y is held constant in the second integral of equation (8.24). 
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Example 8-6. Find the solution of the exact differential equation 
(2Qey — y*) dx + (2? — 2xy) dy = 0 


Solution After verifying that M, = N, one can state that the given differential 
equation is exact. Along the path C, illustrated in the figure 8-10 one finds 


x y 


(2ry9 — Yo) dz +f (x? — 2xy) dy 


Yo 


A(¢,y) ~ 60,90) = f 
= (27 yo — yor) i + (xy — xy’) r 


a0) 


= (xy — xy”) — (xy — toys): 


Yo 


Here ¢(2,y) = 2?y — ry? = Constant represents the solution family of the differential 
equation. It is left as an exercise to verify that this same result is obtained by 
performing the integration along the path Cy illustrated in figure 8-10. 


Area Inside a Simple Closed Curve. 

A very interesting special case of Green’s theorem concerns the area enclosed by 
a simple closed curve. Consider the simple closed curve such as the one illustrated 
in figure 8-11. Green’s theorem in the plane allows one to find the area inside a 


simple closed curve if one knows the values of x,y on the boundary of the curve. 


Figure 8-11. Area enclosed by a simple closed curve. 
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In Green’s theorem the functions M and N are arbitrary. Therefore, in the 
special case M = —y and N = 0 one obtains 


g —~ydz= / dx dy = A= Area enclosed by C. (8.25) 
C 
R 


Similarly, in the special case M =0 and N =z, the Green’s theorem becomes 


p x dy = // dx dy = A = Area enclosed by C. (8.26) 
C 
R 


Adding the results from equations (8.25) and (8.26) produces 


2A= d xdy—ydx 
Cc 
(8.27) 


or A=5Q vdy—yde= | f dedy = Area enclosed by C. 
C 
R 


Therefore the area enclosed by a simple closed curve C can be expressed as a line 
integral around the boundary of the region R enclosed by C. That is, by knowing 
the values of x and y on the boundary, one can calculate the area enclosed by the 
boundary. This is the concept of a device called a planimeter, which is a mechanical 
instrument used for measuring the area of a plane figure by moving a pointer around 


the surrounding boundary curve. 


Example 8-7. 

Find the area under the cycloid defined by x = r(#— sing), y = r(1 — cos@) for 
0<@#<2x7 andr>0isa constant. Find the area illustrated by using a line integral 
around the boundary of the area moving from A to B to C to A. 


Solution 


Let BCA and the line AB denote the bounding curves of 
the area under the cycloid between ¢ = 0 and ¢ = 27. The area 
is given by the relation 


1 1 
A=; / (vdy-yde) +5 | (a dy — ydz), 
2 Ci 2 2 


where C, is the straight-line from A to B and C, is the curve 
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B to C to A. On the straight-line C, where y = 0 and dy = 0 the first line integral has 


the value of zero. On the cycloid one finds 


z=r(¢—sin¢) y =r(1-—cos¢) 
dx = r(1— cos ¢) dé dy =rsingdd 
and # varies from 27 to zero. By substituting the known values of x and y on the 
boundary of the cycloid, the line integral along Cz becomes 
0 


2A= r(¢—sin d) rsin ¢ dé — r(1 — cos ¢) r(1 — cos ¢) dob 


21 
21 
or 2A =r | [1 — 2cos ¢ + cos’ d + sin” $ — dsin g] dd 
0 
2A = r? [26 — 2sind + bcos d— sing.” 
2A =6nr? 


Hence, the area under the curve is given by A = 3zrr?. 


Change of Variable in Green’s Theorem 
Often it is convenient to change variables in an integration in order to make 
the integrals more tractable. If x,y are variables which are related to another set of 


variables u,v by a set of transformation equations 
t=x(u,v) y=y(u,v) (8.28) 


and if these equations are continuous and have partial derivatives, then one can 
calculate 
Ox Ox Oy 


= _ oy 
dx= a dut a du dy = a aut a dv. (8.29) 


It is therefore possible to express the area integral (8.27) in the form 


i dx dy = xdy—ydx 
2Ic 
R 
ae Oy Oy Ox Ox 
// dx dy = 5 x(u,v) Ee du + An i y(u, v) E du + au iw (8.30) 
R 


ad Oy Ox Oy Ox 
- o. [oo 15 | du + [aoe — | dv. 


where R is a region of the x, y-plane where the area is to be calculated. 


195 


196 


Let M(u,v) = s(« cu — v5) and N(u,v) = AG -05) and apply Green’s 
theorem to the integral (8.30). Using the results 


OM 1 O?y Ox Oy Ora Oy Ox 
Oudv Ov Ou aM Oudv Ov Ou 


2 2 
ne = 5 [ae Oe ay ax dy Ox 


au 2 Gi S|" baba. Oude “Ona. Cad 
one finds ot 
Ox Oy 
ON = OM = ee Oe | = _ Ox Oy _ Ox Oy _ 7 met (8.31) 
Ou Ov a ae Ou dv OvdOu u,v 


where the determinant J is called the Jacobian determinant of the transformation 


from (x,y) to (u,v). The area integral can then be expressed in the form 


= [[ doay= [fe du du, (8.32) 
e 7 


where the limits of integration are over that range of the variables u,v which define 
the region R. 


Example 8-8. In changing from rectangular coordinates (x,y) to polar coordi- 
nates (r,@) the transformation equations are 


e= 270) 7 0038 y =y(r,0) =rsindg, 


and the Jacobian of this transformation is 


(24) =| &|-| cos 0 sin 0 


u,v —rsin@d rcosé| 


and the area can be expressed as 


// dx dy = [ [vara (8.33) 
Rey Ryo 


which is the familiar area integral from polar coordinates. 


a 
In general, an integral of the form i / f(x,y) dx dy under a change of variables 
Ray 


x(u,v), y= y(u,v) becomes [fre x(u,v), y(u, v)) 1(24) dudv, where the integrand 


is expressed in terms of u and v and the element of area dx dy is replaced by the new 
element of area J (= u) du dv. 


The Curl of a Vector Field 


Let F = F(z,y,z) = Fy(x,y, 2) @, + Fo(z, y, 2) @2 + F3(zx,y, 2) @3 denote a continuous 
vector field possessing continuous derivatives, and let Po denote a point in this vector 
field having coordinates (29, yo, zo). Insert into this field an arbitrary surface S$ which 
contains the point Py and construct a unit normal é, to the surface at point Py. On 
the surface construct a simple closed curve C which encircles the point Py. The work 
done in moving around the closed curve is called the circulation at point Po. The 


circulation is a scalar quantity and is expressed as 
p F . dr = Circulation of F around C on the surface S, 
C 


where the integration is taken counterclockwise. If the circulation is divided by 
the area AS enclosed by the simple closed curve C, then the limit of the ratio 
Circulation as the area AS tends toward zero, is called the component of the curl of 


F in the direction é, and is written as 


(8.34) 


To evaluate one component of the curlof a vector field F' at the point Po(zxo, yo, zo), 
construct the plane z = z which passes through Py and is parallel to the ry plane. 
This plane has the unit normal é, = é3 at all points on the plane. In this plane, 
consider the circulation at Py due to a circle of radius ¢ centered at Py. The equation 


of this circle in parametric form is 
L=AX+ecosé, y=yotesin#g, z=2 


and in vector form 7 = (a9 + €cos@) é; + (yo + €sin@) é2 + 2 63. The circulation can be 


expressed as 
> an > 
Il=QF-dr= il F' (ap + € cos, yo + €sin 8, 29) [—e sin €; + €cos 6 €9] dé. 
C 0 


By expanding F = F'(x9 + €cos0, yo + €sin8, 2) in a Taylor series about ¢ = 0, one finds 


dF @a@F 


F (ao + € cos, yo + sin, 20) = F (ao, yo, 20) + €—— + Aloe aes 
de 2! de? 


where all the derivatives are evaluated at « =0. The circulation can be written as 


T= Fedf= quot Om + nat 
Cc 
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where 3 
wo =f Fo - dé, Fo = F(2o0, yo, 20) 
0 


where all the derivatives are evaluated at « = 0 and dé = (—sin@é, + cos@ 2) dé. The 


vector Fo is a constant and the integral jo is easily shown to be zero. The vector 


“ evaluated at «= 0, when expanded is given by 
€ 


uF _ oF 
de Ox 


OF, 
Ox 

OF, OF, 

oF (Geo i Di “a 
OF 


OF» . 
+ (Foes d+ — Dik sind) é3, 


agg sin# = cos spe oe sin 6 
Oy Oy 


where the partial derivatives are all evaluated at « =0. It is readily verified that the 


integral 4, reduces to 


The area of the circle surrounding Pp is 7e?, and consequently the ratio of the circu- 


lation divided by the area in the limit as « tends toward zero produces 
(eur 63. ee (8.35) 


Similarly, by considering other planes through the point Py which are parallel to the 


xz and yz planes, arguments similar to those above produce the relations 
(curl F)- é =—+-—2 and (curl Ff): é = —2-—. (8.36) 


Adding these components gives the mathematical expression for curl F. One finds 
the curl F can be written as 


ae ee er On ws é) + gy és. (8.37) 
Oz Ox Ox Oy 
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The curl F can be expressed by using the operator V in the determinant form 


e3 


ee on oe (OF OF, 
Or dz)? Ax Oy 


a ee } (8.38) 


Aye.” 
I|e,> 
jos) 
xX 


Example 8-9. Find the curlof the vector field 
F= xy @, + (a? + yz) @2 + 4aryz é3 


Solution From the relation (8.38) one finds 


& é é3 
a a a 


curl F = 


Oy 
ety a t+y?z Axryz 


curl F = (4arz — y”) 6; — 4yz @y + (2x — x”) és. 


Physical Interpretation of Curl 


The curlof a vector field is itself a vector field. If curl F = 0 at all points of a 
region R, where F is defined, then the vector field F is called an irrotational vector 
field, otherwise the vector field is called rotational. 


The circulation g F. dr about a point Py can be written as 


C 
pFar= fF Las=h Fads 
C C ds C 


where C is a simple closed curve about the point Py enclosing an area. The quantity 
F. &, evaluated at a point on the curve C, represents the projection of the vector 
F (x,y,z), onto the unit tangent vector to the curve C. If the summation of these 
tangential components around the simple closed curve is positive or negative, then 
this indicates that there is a moment about the point Py which causes a rotation. 
The circulation is a measure of the forces tending to produce a rotation about a given 
point Py). The curl is the limit of the circulation divided by the area surrounding Po 
as the area tends toward zero. The curl can also be thought of as a measure of the 
circulation density of the field or aS a measure of the angular velocity produced by 
the vector field. 

Consider the two-dimensional velocity fied V = Wé,, 0 < y < h, where WY 
is constant, which is illustrated in figure 8-12(a). The velocity field V = Ve is 
uniform, and to each point (a, y) there corresponds a constant velocity vector in the 
é, direction. The curlof this velocity field is zero since the derivative of a constant 


is zero. The given velocity field is an example of an irrotational vector field. 
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Figure 8-12. Comparison of two dimensional velocity fields. 


In comparison, consider the two-dimensional velocity field V = yé, 0 < y </h, 
which is illustrated in figure 8-12(b). Here the velocity field may be thought of as 
representing the flow of fluid in a river. The curlof this velocity field is 


iP avxP = 


Flee 


In this example, the velocity field is rotational. Consider a spherical ball dropped 
into this velocity field. The curl V tells us that the ball rotates in a clockwise direction 
about an axis normal to the zy plane. Observe the difference in velocities of the water 
particles acting upon the upper and lower surfaces of the sphere which cause the 
clockwise rotation. 

Using the right-hand rule, let the fingers of the right hand move in the direction 
of the rotation. The thumb then points in the — és direction. 

The curltells us the direction of rotation, but it does not tell us the angular 
velocity associated with a point as the following example illustrates. Consider a basin 
of water in which the water is rotating with a constant angular velocity G = wy é3. 
The velocity of a particle of fluid at a position vector 7 = 7é; + yé is given by 


= —WoYy e} + Wort eo. 
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The curlof this velocity field is 


et 5 e€3 
= ia () () = 
culV=VxV=| = By 5 | = 2wo €3 
—woy —wor 0 


The curl tells us the direction of the angular velocity but not its magnitude. 


Stokes Theorem 


Let F = F(2,y,z) denote a vector field having continuous derivatives in a region 
of space. Let S denote an open two-sided surface in the region of the vector field. 
For any simple closed curve C lying on the surface S$, the following integral relation 


holds 
[ftom #)-ad= ff (vx F). 8.45 = Far, (8.39) 
S Ss oe 


where the surface integrations are understood to be over the portion of the surface 
enclosed by the simple closed curve C lying on S$ and the line integral around C is in 
the positive sense with respect to the normal vector to the surface bounded by the 
simple closed curve C. The above integral relation is known as Stokes theorem.! In 


scalar form, the line and surface integrals in Stokes theorem can be expressed as 


[ftom B)- a5 = ff out F eas 


Ss Ss 
OF; OF)\ . OF, OF3\ . OF, OFL\ . . 
= aa agra page colt eo A 
alee =) a+ (F mt) e+ (F 7s) es eee (ot) 
Ss 
and pb Far=f Pde + Pdy + Pode 
Cc Cc 


where é,, is a unit normal to the surface S$ inside the closed curve C. In this case the 
path of integration C is counterclockwise with respect to this normal. By the right- 
hand rule if you place the thumb of your right hand in the direction of the normal, 
then your fingers indicate the direction of integration in the counterclockwise or 


positive sense. 


: George Gabriel Stokes (1819-1903) An Irish mathematician who studied hydrodynamics. 
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Example 8-10. _ Illustrate Stokes theorem using the vector field 


= 


F = yzé, + w2z7 é) + ryés, 


where the surface $ is a portion of a sphere of radius r inside a circle on the sphere. 


The surface of the sphere can be described by the para- 
metric equations. 


ROT RY 
SS 


a 
z=rsinécos¢, y=rsinésind, z=rcosé 


for r constant, 0 < @< 7 and 0< ¢< 2z. The position vector 
to a point on the sphere being represented 


r=F(60,¢) =rsinécos dé; + rsind sind é2 + rcos 0 é3 (r is constant) 


From the previous chapter we found an element of surface area on the sphere can 
be represented 
Or Or 


dS = 06 * Od 


d0db = EG — F? do dd = r? sin 6 d0 dé (r is constant) (8.41) 


The physical interpretation of dS being that 
it is the area of the parallelogram having the 
sides $7 dd and $5 d@ with diagonal vector 


If one holds @ = 6) constant, one obtains a circle C on the sphere described by 
r= 7(¢) =rsin 6 cos/e; + rsin Op sin déz + rcos6 63, O< d< 2 (8.42) 


A unit outward normal to the sphere and inside the circle C is given by 


O<o< 20 


e,, = sin cos @e, + sin @ sin d €2 + cos 0 é3, ox eee 
SO< % 


(8.43) 


The vector curl F is calculated from the determinant 
Si Se 
curl F’ =V x F = 2 yy 2 


yz £2? ay 


= €)(x — 2xz) + €2(0) + 63 (2? — z) 
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The left-hand side of Stokes theorem can be expressed 


[femé a5 = [fom F ends = | / [z(1 — 2z) sin6 cos ¢ + (z? — z) cos6] r? sin6 d0 do 
S S S 


20 80 
-| | [r sin? 6 cos” (1 — 2r cos 0) + (r? cos® @ — rcos” 6)] r? sin 6 dO dd 
0 


27 23 
= 5 [4(—1 + cos® 09) — 3r(—1+ cos* 0) 
0 


+ 16(2 + cos 49) cos” @sin* (3) — 6r cos” dsin* 6)| dd 
al curl F- dS =mr® cos 6)(—1+ rcos 9) sin? Oo 


S 


The right-hand side of Stokes theorem can be expressed 
g F.ar=6 yz dx + xz7 dy + cydz 
Co ec 


Substitute the values of x,y,z on the curve C using 
2 =r sin 6 cos 4, y=rsinOysing, 2 =rcos% 
de —-—rsin@ysin¢dd, dy=rsinO)cos¢, dz —0 
The right-hand side of Stokes theorem then becomes 


d BF .dr = [yz(—r sin 6 sin d) + xz*(r sin cos d) + xy(0)] dd 
C ‘a 
aa 
= | [r sin 49 sin d(r cos 89)(—r sin 0 sind) + (r sin 9 cos )(r? cos” 89)(r sin 4 cos ¢)| dd 
0 


=nr* cos 09(—1 + r cos 99) sin” Oo 


Proof of Stokes Theorem 


To prove Stokes theorem one could verify each of the following integral relations 


OF, . ie OF, . s 3 
Ll Gaee G2 en Ge 8s: én) ds Fide 

0h). . OF, , 
ff (Sao. %Be-a) as = Fray (8.44) 
Ss 


Then an addition of these integrals would produce the Stokes theorem as given by 
equation (8.40). However, the arguments used in proving the above integrals are 


repetitious, and so only the first integral is verified. 
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Figure 8-13. Surface § bounded by a simple closed curve C on the surface. 


Let z = z(z,y) define the surface $ and consider the projections of the surface 
S and the curve C onto the plane z = 0 as illustrated in figure 8-13. Call these 
projections R and C,. The unit normal to the surface has been shown to be of the 


form 
&, 8s 
en = Ox : Oy 7 (8.45) 
1+ Oe an dz : 
Consequently, one finds 
. 2 — 
en €2 = ‘ en 63 = (8.46)) 
y+ GE) +P yi+ G+ 


az\? dz\? 
24h ache eid 
dS / +(F) +(F) dx dy 


and consequently the integral on the left side of equation (8.44) can be simplified to 


OFi, «4 OF, ., OF, Oz OF, 
// (Fie * En — Oy én) dS = /| (--3F = =) dz dy (8.47) 
S 


the form 
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Now on the surface § defined by z = z(a,y) one finds F, = F,(z,y,z) = Fi(z,y, z(z, y)) 
is a function of x and y so that a differentiation of the composite function F, with 


respect to y produces 
OF (x, y, z(#, y)) OF, OF Oz 


Oy ~ Oy Lae Oy oe) 
which is the integrand in the integral (8.47) with the sign changed. Therefore, one 
can write 

OF, 0z OF 7 OF \ (x, y, z(x,y) 
Free Be Oy =) dx dy = / Oy dx dy (8.49) 
s s 


Now by using Greens theorem with M(z,y) = F,(2,y,z(z,y)) and N(a,y) = 0, the 
integral (8.49) can be expressed as 


|| ED aeay =f Alenzew)de= f (en2 da (8.50) 
S 


p 


which verifies the first integral of the equations (8.44). The remaining integrals in 


equations (8.44) may be verified in a similar manner. 
Example 8-11. Verify Stokes theorem for the vector field 
F= 327 y ey + ry € + 23, 


where S is the upper half of the sphere x? + y? + 2? =1. 
Solution The given vector field has the curl vector 


et 5 e€3 
ulF=VxF=| 2 gf 2] =(Qry-327)é; 


The unit normal to the sphere at a general point (z,y,z) on the sphere is given by 
€, = 1, + yeg + 2763 


and the element of surface area dS when projected upon the zy plane is 


dxdy — dxdy 


en - 63 Zz 


dS = 
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The surface integral portion of Stokes theorem can therefore by expressed as 


[few Bad = ff (acy 30°) e0- énd8 = ff (acy — 30°) de dy 
S S Ss 


1 y=t+vV1-2? 1 +VJ/1—x2 
= ‘, / x(2y — 3x) dydx = a ax(y” — 3ay) | dx 
1 Jy=-V 1-2? -1 a4/ pe 


=f {2[a-2°)-s2Vi-#| -2[a-2) + 32Vi-#]} ae 


For the line integral portion of Stokes theorem one should observe the boundary 


of the surface S is the circle 
x =cosé y = sind z=0 0<0< 2r. 
Consequently, there results 


pFar=h 3a7y dx + x? ydy + zdz 
c ‘a 


20 
=H) —3 cos? @ sin? 6 dé + cos® singe =~". 
0 


Think of the unit circle x? + y? = 1 with a rubber sheet over it. The hemisphere 
in this example is assumed to be formed by stretching this rubber sheet. All two- 
sided surfaces that result by deforming the rubber sheet in a continuous manner are 


surfaces for which Stokes theorem is applicable. 


Related Integral Theorems 


Let ¢ denote a scalar field and F' a vector field. These fields are assumed to be 
continuous with continuous derivatives. For the volumes, surfaces, and simple closed 
curves of Stokes theorem and the divergence theorem, there exist the additional 


integral relationships 


[ee [eee [eee (8.51) 
{ff odV = Iffvow= [fos (8.52) 
i 6, x grad vas |f 6, x grad sce «a5 = oar. (8.53) 


The integral relation (8.51) follows from the divergence theorem. In the diver- 
gence theorem, substitute F = H x C, where C is an arbitrary constant vector. By 


using the vector relations 


div F=V-F=V-(H#xC)=C-(VxH) and (8.54) 
F. é, =(H x C)- 6, =H-(C x é,) =C- (€, x H) (triple scalar product), 


the divergence theorem can be written as 
Lid (H x C)dV = ee (V x H)dV = [fa x C)- é, dS = ie -(@, x H)dS (8.55) 
Since C is a constant vector one may write 
é. [fvxdav=c- [fax Has. (8.56) 
V s 
For arbitrary C this relation implies 


[[[ vx Hav = ff en» Has (8.57) 
4 S 


In this integral replace H by F ( # is arbitrary) to obtain the relation (8.51). 

The integral (8.52) also is a special case of the divergence theorem. If in the 
divergence theorem one makes the substitution F = 4C, where ¢ is a scalar function 
of position and C is an arbitrary constant vector, there results 


[faiv Bales | ECS) Ona) ane (8.58) 


V 


where the vector identity V(¢C) = (V¢):C +¢(V x C) has been employed. The relation 
given by equation (8.58), for an arbitrary constant vector C, produces the integral 
relation (8.52). 

The integral (8.53) is a special case of Stokes theorem. If in Stokes theorem one 
substitutes F = 4C, where C is a constant vector, there results 


[ftom B)-a8 = [fv x (60). ea8= [fvox de). es 
S Ss Ss 
ae ie 


(8.59) 
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For arbitrary C, this integral implies the relation (8.53). That is, one can factor 
out the constant vector C as long as this vector is different from zero. Under these 


conditions the integral relation (8.53) must hold. 


Region of Integration 


Green’s, Gauss’ and Stokes theorems are valid only if certain conditions are 
satisfied. In these theorems it has been assumed that the integrands are continuous 
inside the region and on the boundary where the integrations occur. Also assumed 
is that all necessary derivatives of these integrands exist and are continuous over the 
regions or boundaries of the integration. In the study of the various vector and scalar 
fields arising in engineering and physics, there are times when discontinuities occur 
at points inside the regions or on the boundaries of the integration. Under these 
circumstances the above theorems are still valid but one must modify the theorems 
slightly. Modification is done by using superposition of the integrals over each side 
of a discontinuity and under these circumstances there usually results some kind of 
a jump condition involving the value of the field on either side of the discontinuity. 

If a region of space has the property that every simple closed curve within the 
region can be deformed or shrunk in a continuous manner to a single point within 
the region, without intersecting a boundary of the region, then the region is said 
to be simply connected. If in order to shrink or reduce a simply closed curve to a 
point the curve must leave the region under consideration, then the region is said 
to be a multiply connected region. An example of a multiply connected region is 
the surface of a torus. Here a circle which encloses the hole of this doughnut-shaped 
region cannot be shrunk to a single point without leaving the surface, and so the 
region is called a multiply-connected region. 

If a region is multiply connected it usually can be modified by introducing imag- 
inary cuts or lines within the region and requiring that these lines cannot be crossed. 
By introducing appropriate cuts, one can usually modify a multiply connected re- 
gion into a simply connected region. The theorems of Gauss, Green, and Stokes are 
applicable to simply connected regions or multiply connected regions which can be 


reduced to simply connected regions by introducing suitable cuts. 


Example 8-12. Consider the evaluation of a line integral around a curve in a 
multiply connected region. Let the multiply connected region be bounded by curves 
like Co, C1,...,Cn as illustrated in figure 8-14(a). 


(a) (b) 


Figure 8-14. Multiply-connected region. 


Such a region can be converted to a simply connected region by introducing cuts 
T;, i= 1,...,n. Observe that one can integrate along Cp until one comes to a cut, 
say for example the cut I, in figure 8-14. Since it is not possible to cross a cut, one 
must integrate along [, to the curve C,, then move about C, clockwise and then 
integrate along [, back to the curve Cy. Continue this process for each of the cuts 
one encounter as one moves around Co. Note that the line integrals along the cuts 
add to zero in pairs (i.e. from Cp to C; and from C; to Co for each i =1,2,...n), then 
one is left with only the line integrals around the curves Co, C1,...,C;, in the sense 
illustrated in figure 8-14(b). 


Green’s First and Second Identities 


Two special cases of the divergence theorem, known as Green’s first and second 
identities, are generated as follows. 
In the divergence theorem, make the substitution F = JV¢ to obtain 


// vEav = [{f 9(@ve) av = [fove-as= [fuseas (8.60) 
Vv Vv Ss Ss 
Og 


where aa = Vo: é, is known as a normal derivative at the boundary. Using the 
relation 


V(pV9) = ¥V7b+ Vy. Vo 
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one can express equation (8.60) in the form 


[| (pv? o+Vy-V¢) dV = oe dS = [] ¥an (8.61) 


This result is known as Green’s first identity. 
In Green’s first identity interchange 7 and ¢ to obtain 


{f oV?W+VO- Vy) dV = /| oVy- dS = []*s oe dS (8.62) 


Subtracting equation (8.61) from equation (8.62) produces Green’s second identity 


[{] (ove - eve) av = [ { (eve -vVe)-45 (8.63) 
II] (6V2y — yV"4) av = [] (an - on *) as 


Green’s first and mr identities have many uses in studying scalar and vector 


or 


fields arising in science and engineering. 


Additional Operators 


The del operator in Cartesian coordinates 
Os O. a 
V= Ag e, + ay €2 + Ae e€3 (8.64) 


has been used to express the gradient of a scalar field and the divergence and curlof 


a vector field. There are other operators involving the operator V. In the following 
list of operators let A denote a vector function of position which is both continuous 
and differentiable. 

1. The operator A-V is defined as 


ra ‘ : , OO, OO. Oy 
A-V = (Aj €1 + Ae €2 + Az 3) - (Fat aoe és) 
6) 6) O 
= ae Aa Bee 
Note that A-V is an operator which can operate on vector or scalar quantities. 
2. The operator A x V is defined as 


(8.65) 


(8.66) 


This operator is a vector operator. 
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3. The Laplacian operator V? = V-V in rectangular Cartesian coordinates is given 
by 


‘ Os 0. 0. Ox 0. 0. oO? oO? a) 
ie ppt oye pe Dp Gy? On or) Op Oe 8-07) 


This operator can operate on vector or scalar quantities. 


One must be careful in the use of operators because in general, they are not 
commutative. They operate only on the quantities to their immediate right. 


Example 8-13. For the vector and scalar fields defined by 


= 


B= aryze; + (a@+ y) @2 + (z — @) €3 = By, €; + By €p + Bz €3 
A = 27 6, + wy 6, + y? é3 = Ay Gy + An bo + Az és 
and ¢=27y?+ 2?yx 


evaluate each of the following. 


(c) WA (d) (AxV)¢ 
Solution 
(a) 
ae dB aB OB 
A B 2, 2. 
(A-V) er + xy ay wa, 
= 72 oP, . OB? rec 
a dx dx dx ° 
+ OP OBES yO ie 
TY dy 1 ay 2 ay 3 
OB, . OBz . OB; . 
+ (Sas a 1+ Fes) 
= [2*(yz) + ey(wz) + y*(ay)] 1 + [2*(1) + ry(1)] 2 + [x?(-1) + y7(1)] és 
(b) 
~ ~ ) O\. ) O\. O O\. ~ 
(A x V) ‘B= (aoe Aas) e; + (ag - a3) @29 + (ag - day) e, -B 
O 7) O O O O 
_ (ang - Aas) By + (ag Ais ) By+ (ag Aas.) Bg 
_ O(xyz) 2 A(xyz) 2A(x+y)  2A(aty) 2O(z— 2) O(z — 2) 
jv O ssOgali = gs ee ia aie. se vig 


= xy? = y xz + y" + xy 
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02 , ' . 2 
VWA= gga (® &1 t+ tye2 ty" ea) + 
Ea Bs 
(d) 
P Oo Oo... 
Ys See tt 
yer +(y Fa x Az) 02 + 
where = 2ry" 2 09 _» 2 z 
Ag ce eee a + 22", 


and (Ax V)6= (Qx7y?z — 2a7y3 — wy?z?) & 


08,20 
Oz Oy 


+ (2ay* + yP2? — 2x3 yz) &o 


+ (Qa4y + 032? — 2x? y3 — xy?z?) é3 


Relations Involving the Del Operator 


tae é, + ryég+y" é3) 


2 


+ 5 (x? @, + ry @2 + y” 3) 
Oo Og, . 
2nr —_ pa 
(x dy yr) es, 
Ob _ 
gp ee 


In summary, the following table illustrates a variety of relations involving the 


del operator. In these tables the functions f,g are assumed to be differentiable scalar 


functions of position and A, B are vector functions of position, which are continuous 


and differentiable. 


The V operator and differentiation 


1 Vift+tg)=Vf+Vg or. grad(f +g) = grad f+ gradg 
2 V-(A+B)=V-A+V-B or div(A+B)=divA+divB 
3. Vx(A+B)=VxA4+VxB or curl(A+B)=cwlA+curlB 
4. V(fA) = (Vf): A+ f(V- A) 
5 V x (fA) =(Vf) x A+ f(V x A) 
6. V-(A x B) = B(V x A)— A(V x B) 
he (AxV)f=Ax Vf 
8. For f = f(u) and u=u(z,y,z), then Vf = ae 
9. For f = f(u1,ug,...,Un) and u; = (2, y,z) for i1=1,2,...,n, then 
Vi = Sein + SA Vin tot FEVim 
10. V x (Ax B)=V(V-A)— B(V- A) 
11. V(A-B)=Ax(V x B)+Bx(V x A)+(BV)A+(AV)B 
1D, Vx (Vx A)=V(V-A)—-V?A 
Oo? Oo? oO? 
13. ViWN=VP= Fe + 55+ Ss 
14. VxVf)=0 The curl of a gradient is the zero vector. 
15. V-(Vx A)=0 The divergence of a curl is zero. 


The V operator and integration 


16. If VfdV = [fs é,, dS Special case of divergence theorem 
ieee if Vx AdV = iI é, x Ads Special case of divergence theorem 
18. f drFx A= ff é, x V) x AdS Special case of Stokes theorem 
19. ) fdr= a dS x Vf Special case of Stokes theorem 

s 


Vector Operators in curvilinear coordinates 

In this section the concept of curvilinear coordinates is introduced and the rep- 
resentation of scalars and vectors in these new coordinates are studied. 

If associated with each point (z, y, z) of a rectangular coordinate system there is 
a set of variables (u,v,w) such that 2,y,z can be expressed in terms of u,v,w by a 
set of functional relationships or transformations equations, then (u,v, w) are called 
the curvilinear coordinates? (x,y,z). Such transformation equations are expressible 
in the form 


£= 20, 0w), yey, vv), 2=—2( How) (8.68) 


and the inverse transformation can be expressed as 


UU Ue) eH Taye) wHS whey) (8.69) 


It is assumed that the transformation equations (8.68) and (8.69) are single valued 
and continuous functions with continuous derivatives. It is also assumed that the 
transformation equations (8.68) are such that the inverse transformation (8.69) ex- 
ists, because this condition assures us that the correspondence between the variables 
(x,y,z) and (u,v, w) is a one-to-one correspondence. 
The position vector 
= re; +y@o4+ 763 (8.70) 


2 Note how coordinates are defined and the order of their representation because there are no standard repre- 
sentation of angles or directions. Depending upon how variables are defined and represented, sometime left-hand 
coordinates are confused with right-handed coordinates. 
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of a general point (x,y,z) can be expressed in terms of the curvilinear coordinates 
(u,v, w) by utilizing the transformation equations (8.68). The position vector 7, when 


expressed in terms of the curvilinear coordinates, becomes 
r=Pr(u,v,w) = cu, v, w) éi + y(u, v, w) 2 + 2(u, v, w) €3 (8.71) 


and an element of arc length squared is ds? = dr. dr. In the curvilinear coordinates 

one finds 7 = 7(u,v, w) as a function of the curvilinear coordinates and consequently 
_ oF, OF OF 

ar = 7 wut Ap vt Ay Oe (8.72) 

From the differential element d7 one finds the element of arc length squared given 


by 


Or Or Or Or Or Or 
r. ry — 2 = fae gy cee a a ips ee ee SF 
dr - dr = ds au Du dudu + aa ae dudvu + au Ow du dw 
Or Or Or Or Or Or 
an ea Paige. Seg fe oe 8.73 
+ 0 Ou dudu + As ae dudv + ae Da dv dw ( ) 
Or Or Or Or Or Or 
The quantities 
_ Or or _ Or Or OF OF 
M1 aT By N12 =~ a By T1380 Bas 
Or Or Or Or Or Or 
Sp ee eee =e 8.74 
en Ov Ou 2 Ov Ov as Ov Ow ( ) 
or oF ar oF oF ar 
931 = ai Ba 932 = Bu Du 933 = Aan Oa 


are called the metric components of the curvilinear coordinate system. The metric 
components may be thought of as the elements of a symmetric matrix, since gi; = gj:, 
i,j = 1,2,3. These metrices play an important role in the subject area of tensor 
calculus. 

The vectors 3°, #, 2° used to calculate the metric components g;; have the 
following physical interpretation. The vector 7 = r(u, c2,c3), where u is a variable and 
v= co, w =cg are constants, traces out a curve in space called a coordinate curve. 
Families of these curves create a coordinate system. Coordinate curves can also be 
viewed as being generated by the intersection of the coordinate surfaces v(x, y, z) = ce 


and w(z,y,z) =c3. The tangent vector to the coordinate curve is calculated with the 


partial derivative 2°. Similarly, the curves 7 = 7(c1,v,c3) and 7 = F(c1,c2,w) are Coor- 


dinate curves and have the respective tangent vectors 2° and &. One can calculate 


a 
the magnitude of these tangent vectors by defining the scalar magnitudes as 
Or Or Or 
hi =hu=l5 71, ha =ho =|a 71, hg = hw = (27 I: (8.75) 


The unit tangent vectors to the coordinate curves are given by the relations 


1 Or Lor 1 or 
é,=——, = — = 8.76 
- hy Ou . ho Ov hg Ow ( ) 


The coordinate surfaces and coordinate curves may be formed from the equations 
(8.68) and are illustrated in figure 8-15 


F(c1,¢2,w) u(x,y,z)=c1 


v(@,y,z)=ca 


F(c1 »V,C3) 


7 (u,c2,¢3) w(2,y,2)=c3 


Figure 8-15. Coordinate curves and surfaces. 


Consider the point u = c,, v = c2, w = c3 in the curvilinear coordinate system. This 
point can be viewed as being created from the intersection of the three surfaces 


u=u(z,y,2) =e 
v= 0(2,y,2) =e 
WwW — w(z, y, 2) = 3 
obtained from the inverse transformation equations (8.69). 
For example, the figure 8-15 illustrates the surfaces u = c, and v = c2 intersecting 


in the curve 7 = 7(ci,c2,w). The point where this curve intersects the surface w = cs, 


is (ci, C2, c3). 
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The vector grad u(z, y, z) is a vector normal to the surface u = c,. A unit normal 
to the u = c, surface has the form 


~ grad u 


“ |orad ul” 


Similarly, the vectors 


B, = grad v . eave EB, = grad w 
lgrad v| lgrad w| 


are unit normal vectors to the surfaces v = cz and w = cs. 

The unit tangent vectors é,, é,, é, and the unit normal vectors E,, Ey, Ew 
are identical if and only if g;; = 0 for i 4 j; for this case, the curvilinear coordinate 
system is called an orthogonal coordinate system. 


Example 8-14. Consider the identity transformation between (x,y,z) and 
(u,v,w). We have u=2, v=y, and w =z. The position vector is 


Tee) = Ce + yee + 26s, 


and in this rectangular coordinate system, the element of arc length squared is given 
by ds? = dx? + dy? +dz?. In this space the metric components are 


1 O O 
Gig = 0 1 0 4 
0 0 1 


and the coordinate system is orthogonal. 


Figure 8-16. Cartesian coordinate system. 
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In rectangular coordinates consider the family of surfaces 
v= Ci, Y= C2, z= C3, 


where c1,¢c2,c3 take on the integer values 1,2,3,.... These surfaces intersect in lines 
which are the coordinate curves. The vectors 


grad x = @€1, grady = 6, and = grad z= é3 


are the unit vectors which are normal to the coordinate surfaces. The vectors 


Og ayo Oz 


= 63 


can also be viewed as being tangent to the coordinate curves. The situation is 
illustrated in figure 8-16. 


Example 8-15. In cylindrical coordinates (r, 6, z), the transformation equations 
(8.68) become 


“2 = a7, 0,2) Sr cos 6 
y=4(7,0;2) =rsine 
£2 O22 
and the inverse transformation (8.69) can be written 
r=r(e,y.2)= Vere 
6=0( 234, 2) = arctan 


222 (2) =e, 


where the substitutions u =r, v = 6,w = z have been made. The position vector 
(8.70) is then 


r=F(r,0,z) =rcosde; +rsind 2 + zé3. 


The curve 


PF = F(c1, 4, c3) = Cc, cos 0 €; + c, sin O eg + C3 €3, 


where c; and cz are constants, represents the circle x? + y? = c? in the plane z = c3 


and is illustrated in figure 8-17. The curve 


PF = F(C1, C2, Z) = Cy COS Co Ey + C1 SIN Cg Eg + 2 3 
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represents a straight line parallel to the z-axis which is normal to the zy plane at 
the point r=c,, 6=cy. The curve 


PF = F(T, C2, C3) = 7 COS Cg Ey + Tsing €2 + Cz 3 


represents a straight line in the plane z = c3, which extends in the direction @ = co. 


F (C1, C2, 2) 


Figure 8-17. Cylindrical coordinates. 


The tangent vectors to the coordinate curves are given by 


> 


r A ‘ a 
— =coséé, + sind é5 
Or 


ar = —rsin@é, +rcos@é 
OF 6 
dz 


and are illustrated in figure 8-17. The element of arc length squared is 
ds? = dr? + r7d6? + dz? 


and the metric components of the space are 
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Observe that this is an orthogonal system where g;; = 0 for i #¢ j. The surface 
r = c, is a cylinder, whereas the surface 6 = c2 is a plane perpendicular to the zy 
plane and passing through the z-axis. The surface z = c3 is a plane parallel to the 
xy plane. The cylindrical coordinate system is an orthogonal system. 


Example 8-16. The spherical coordinates (p, 6, ¢) are related to the rectangular 
coordinates through the transformation equations 


x = x(p,0, d) = psin@ cos 


y = y(p, 9, 6) = psin@ sin ¢ 
z= 2(p,0,¢) = pcosé 


which can be obtained from the geometry of figure 8-18. 


Figure 8-18. Spherical coordinate system. 


The position vector (8.70) becomes 
7F = 7(p,9, ¢) = psind cos ¢ €&; + psind sin d €2 + pcosOés, 


and from this position vector one can generate the curves 
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where cj, c2,c3 are constants. These curves are, respectively, circles of radius c¢ sin co, 
meridian lines on the surface of the sphere, and a line normal to the sphere. These 
curves are illustrated in figure 8-18. The surfaces r = ¢, 0 = co, and ¢ = cz are, 
respectively, spheres, circular cones, and planes passing through the z-axis. 

The unit tangent vectors to the coordinate curves and scale factors are given by 


€, = sin# cos fe; + sinOsin @ €2 + cos 0€3, m=h,y=1 
€9 = cosOcos ¢ €; + cos @sin fd €g — sind és, hg =he =p 
éy = — singe; + cos deo, h3 = hg = psiné. 


The element of arc length squared is 
ds? = dp” + p* dé” + p* sin” 6 d¢”, 


and the metric components of this space are given by 


1 0O 0 
97 = (0 oP 0 ; 
0 0. p?sin?6 


Note that the spherical coordinate system is an orthogonal system. 


Example 8-17. 
An example of a curvilinear coordinate system which is not orthogonal is the 
oblique cylindrical coordinate system (r,6,7) illustrated in figure 8-19 


op rsin@ “7)coS@ 


Figure 8-19. Oblique cylindrical coordinate system. 
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The transformation equations (8.68) are obtained from the geometry in figure 8-19. 


These equations are 
x=rcosé 


y=rsind+ncosa 
z=ynsina, 
which for a = 90° reduces to the transformation equations for cylindrical coordinates. 
The unit tangent vectors are 
é€, = cosdé; + sin 6 é9 
€9 = — sinfe; + cos 
€,, = COS a €2 + SiN Es, 


and the metric components of this space are 


1 0 sin 0 cosa 
95 = 0 i r cos @ cos a 
sinOcosa rcosécosa 1 


Orthogonal Curvilinear Coordinates 


The following is a list of some orthogonal curvilinear coordinates which have 
applications in many different scientific investigations. 


Cylindrical coordinates (r, 6, z) : 


x =rcosé 0<0<27 
y=rsind r>0 
ne -~oO<2%< © 
ds? = h? dr? + he dé? + h2 dz” (8.77) 
h>=1, hoe=r, he-=1 
he 0 0 
Gig = 0 h2 0 


0 O R 
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Spherical coordinates (p, 0, ¢) : 


x = psin@ cos ¢, p=o0 
y = psin@sin ¢, 0<¢< 27 
z= pcos6, 0<0<7 
ds* = h? dp* + hg dé? + hi, dd? 
ho=1, he=p, hg =psiné 
on 0 0 
Gig = 0 he 0 
0 O he, 


Parabolic cylindrical coordinates (£, 1, z) : 


x= En, —00 <E< CO 

1 
y= Cm) ~0 <z<00 
BZ, n= 0 


hy = he = V7? + &, h,=1 
hz 0 0 
Gj3=|{ 0 hb? O 
0 0 PR 
Parabolic coordinates (£,17, ¢) : 
x = nN cos ¢, 200), W200 
y = Ensind, 0<o<2n 
ml eee 
i iG 1) 


ds? = h2 dé? + h? dn? +h? de? 

he = hy = V0? + &, hig €F 
hi 0 0 

gij3 = | O h; 0 
O° Or che 


(8.78) 


(8.79) 


(8.80) 
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Elliptic cylindrical coordinates (€, 7, z) : 


x = cosh€cosn, E>0 
y = sinhésinn, O<n< 27 
Z=2, -wo<%< © 
ds* = hg dé? + he dn? + hi dz? (8.81) 
he= ty = \/ sine + sin? n, h,=1 


he 0 0 
Gj3=| 0 he O 
O- “O: 


Elliptic coordinates (€,7, ¢) : 


= /(1—9?)(6—1)cosg, = -1 SS 1 

y=V-7)(—sind,  1<€< 00 

z= €n, O0<o¢<27 
ds* = hz dé? + hi dn* + hi, dd? (8.82) 


2 _ 2 2 _ 72 
he= iat) =f, = VED 
0 


hi 0 
Gj3=| 0 bh? 0 
0 0 A 


Transformation of Vectors 


A vector field defined by 


=> 


A= A(a, Y; z) — Ai (2, Y; z) €) + Ag(a, Y; z) €2 + A3(a, Y5 Z) €3 


represents a magnitude and direction associated to each point (z, y, z) in some region 
R or three dimensional cartesian coordinates. This vector field is to remain invariant 
under a coordinate transformation. However, the form used to represent the vector 
field will change. For example, under a transformation to cylindrical coordinates, 


where 


ei cos? y=rsind y= 2 (8.83) 


the above vector can be represented in terms of the unit orthogonal vectors é,, @9, 6. 


in the form 
A = A(r,0,z) = A,(r, 0, 2) & + Ag(r, 9, z) &9 + Az(r, 0, z) ez. (8.84) 
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Here the quantities A;, Az, A3 represent the components of the vector field A in rect- 
angular coordinates, and A,, Ag, A, represent the components of the same vector 
field A when referenced with respect to cylindrical coordinates. The unit vectors 
é,, 9, €, are orthogonal unit vectors and hence 
A+ 6, = A161: 6, + An éo: 6, + Ag eg: & = Ay 
= Component of A in the é, direction 
A: @ = Ay 1 - &g + An bo - & + Az é3- €9 = Ag 
= Component of A in the ég direction 
A. 8, = Aj, - 6, + Apéa- 6, + Ag és 8, = A, 


= Component of A in the é, direction. 


These equations can be expressed in the matrix form as follows: 


A, Bee, eee Bece 7G 
Ag Vl epGy. Ha e2Gy: ~Sa-8p) (Ad | (8.85) 
A, €} . e, €2 . é, €3 7 e, A3 


For example, it is known that the unit vectors in cylindrical coordinates are 
é, = cos) é; + sind eo 
€9 = — sin @ é, + cos@ ég 


ez, = €3, 


and consequently the matrix (8.85) can be expressed as 


A, cos@ sind 0O Ay 
Ag | =| -—sin@ coséd 0 Ag |. (8.86) 
A, 0 O° ph As 


Equation (8.86) illustrates how to represent the vector field components 4,, Ag, Az 
of cylindrical coordinates, in terms of the components A;, Az, A3 of rectangular coor- 
dinates. In using the above transformation equation, be sure to convert all z, y, z co- 
ordinates to r, 6, z cylindrical coordinates using the transformation equations (8.83). 


Note also that the coefficient matrix in equation (8.83) is an orthonormal matrix. 


Example 8-18. Express the vector 


=> 


A = 2y@; + 2 @o + 27 63 


in cylindrical coordinates. 
Solution The rectangular components of A are A; = 2y, Ay = z, A3 = 22, and from 
equation (8.86) the cylindrical components are 

A, = 2ycos6 + zsin@ 


Ag = —2ysin6 + zcosé 


where the variables x, y, z must be expressed in terms of the variables r, 0, z. From the 
transformation equations from rectangular to cylindrical coordinates one finds 


x=rcosé, y=rsing, z=z 


so that 
A, = 2rsin@cos@+ zsin@ 
Ag = —2rsin? 6 + zcos6 
A, = 2rcos0 


and the vector A in cylindrical coordinates can be represented as 


A = A(r, 0, z) = A, 6 + Ag &g + Az &:. 


General Coordinate Transformations 


In general, a vector in rectangular coordinates 
A=Ai& + Ag €2 + Az €3 


can be expressed in terms of the orthogonal unit vectors é,, é,, é, associated with 
a set of orthogonal curvilinear coordinates defined by the transformation equations 
given in equation (8.68). Let the representation of this vector in the orthogonal 
curvilinear coordinates system be denoted by 


> 


A = A(u,v,w) = Ay 6y + Ay @y + Aw bu, 
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where A,, A,,A,, denote the components of A in the new coordinate system and 
are functions of these coordinates. The transformation equations from rectangular 


coordinates to curvilinear coordinates is represented by the matrix equation 


Ay €} 4 Cu €2 4 ey, €3 Ci Aj 
A, |= ( €-@ @-@ @3-@y | | Ao (8.87) 
Aw €} $ ey €2 . ew é3 ew A3 


which is derived by taking projections of the vector A onto the u,v and w directions. 
Let us find the representation of the gradient, divergence and curlin a general 
orthogonal curvilinear coordinate system. Recall that the gradient, divergence, and 


curlin rectangular coordinates are given by 


i OD P 
grad 6 = 5° 1+ FP e+ Ea 
: OF, OF, OF3 
div F 5 Dy AG 
= (OF; OF, OF, OF3\, OF, OF\\, 
oul F = (52-52) a+ (FP-F2) @+ (FE- FB) & 


Gradient in a General Orthogonal System of Coordinates 
In an orthogonal curvilinear coordinate system, let the vector grad ¢ have the 
representation 
erad @ = A, @, + Ay @y + Ay Ey. 


By using the matrix equation (8.87), the component A,, in the curvilinear coordinates 


1S 


By employing equations (8.75) and (8.76), this result simplifies and 


_ 1 |0¢0x  Obdy  Obdz| _ 1 Od 
ae Deon Oyu Oe Ou hy Ou’ a8i88) 


In a similar manner, it can be shown that the other components have the form 


ene _ 1 06 ae _ 1 0¢ 
Sra Nea at a, and grad @ aca ans 9 


Thus the gradient can be represented in the curvilinear coordinate system as 
10¢ . 1 00. 1 O¢. 


ee oe 8.89 
hy Ou Ser a . ( ) 


Ns Be ho Ov” hg Ow 
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ae Oo Op Oo 0¢ Ou 060 Oo O 
P r r U v w\ . 
Fe ied ace ee Ov Ox oo) * 

0¢0u O¢ddv  JAd Ow 6 
OudOy OvOdy Ow Oy 2 
O¢pOu  OhdvV Ahdw\ . 
Oudz | Ovdz | Owdz) °* 

equation (8.89) can be expressed in the form 

= — yy 2? 4 vy 2! ae 
Vo = grad 6 = Vua + Vv Fy + Vw Dw’ (8.92) 


Equation (8.92) suggests how the operator V can be expressed in a general curvilinear 


coordinate system. In a general curvilinear coordinate system (u,v, w) one finds the 


operator V has the form 


0 
a oa Ov 


a) 


O 
+Vv— 4+ Vu—. 


Ow 


(8.91) 


Divergence in a General Orthogonal System of Coordinates 


To find the divergence in an orthogonal curvilinear system, the following rela- 


tions are employed: 


(8.92) 


which are special cases of the result in equation (8.89). Equations (8.92) imply 


6, = @) X 6, = hoh3(Vv) x (Vw) 
ey = ew x ey, = hyh3(Vw) x (Vu) 
Cw = ey, x ey = hyho(Vu) x (Vv) 


Example 8-19. 


generalized orthogonal coordinates (u,v, w) in the form 


> 


(8.93) 


Derive the divergence of a vector which is represented in the 


F = F(u,v,w) = Fy éy + Fy 6 + Fy éy. 


Solution: By using the properties of the del operator one finds 


4 


V-F=V(F,éu) + V(Fy ey) + V(Fw bw). 


(8.94) 
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The first term in equation (8.94) can be expanded, and 


V(Fuéu) = V(Fu)+ @u + FuV(éu) 


= a + F,V[hghs(Vv) x (Vw)] (See eqs. (8.89) and (8.93)) 
- a + Fy {V(hahs) - [(Vv) x (Vw)] + hahsV - [(Vv) x (Vw)]}, 


where properties of the del operator were used to obtain this result. With the result 
div (grad v x grad w) = 0, so that 


L.OF, 


ft- by 
V(F, éy) = ae + F,,V(hgh3) haha (See eq. (8.93) 


_ 1 0F, F, A(hgh3) 1 A(hghg Fy) 
= hy Ou hihehs Ou rs hihohs Ou 


(See eq. (8.89)). 


Similarly it can be verified that the remaining terms in equation (8.94) can be 


expressed as 


V(F,é,) 1 O(hyh2Fy) 


= hi hohs Ov 
: 1 O(hyhoFy) 
Fy @w) = : 
and V (Fu ew) isis a 
Hence, the divergence in generalized orthogonal curvilinear coordinates can be ex- 
pressed as 
2 3 1 [O(heh3F,)  A(hih3F,) . O(hiheFp) 
F-V-F= 8.95 
div hy hohs Ou wv Ov i Ow ( ) 
a 


Curl in a General Orthogonal System of Coordinates 


Our problem is to derive an expression for the curlof a vector F' which is repre- 
sented in the generalized orthogonal coordinates (u,v, w) in the form 


=> 


F = F(u,v,w) = Fé, + Fy & + Fy ey 
one can write 
cul F=Vx F=V x (Fuéu) +V x (Fy é,) + V X (Fu bw). (8.96) 


The first term in equation (8.96) can be expanded by using properties of the del 


operator and 
V x (Fuéu) =V x (FuhiVu) (See eq. (8.89)) 


=V(F,hi) x Vut FymV x Vu. 
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Since curl grad u = 0, the above simplifies to 


V x (F,é,) = V(Fih1) x = 
1 
_ [1 (Fuh) . 1 O(F,hi). © 1 O(Fyh) . é, 
7 hy Ou a : ho Ov “ _ hg Ow i hy 
__1 Fuh) g 1 (Fula) 
hihg Ow hihe Ov 7 


In a similar manner it may be verified that the remaining terms in equation (8.96) 


can be expressed as 
1 O(Fyha) . 


A > 1 O(Fyh2) A 
VEX (Fo ey) i hyhe Ou re hohs Ow ia 
.\_ 1 O(Fwhs) . 1 O(Fwhs) . 
and vx (Fw ew) i hohs Ov = hyhs Ou ee 


Hence, the curlof a vector in generalized curvilinear coordinates can be represented 


in the form 1 [8(Fohe) ACE ihe) 
F = wlh'3 vll2 é., 
ae hahs Ov Ow | i 
1 [O(Fuhi) = O(Fwhs)] . 
a hyhs | Ow Ou me 20) 
1 [O(Fyh2) O(Fuhi)] . 
hyhe Ou Ov ae 
Equation (8.97) can also be represented in the determinant form as 
= 1 hy ey he ey hg ew 
ee lars 2 2 we le (8.98) 
ei Bh Fyho Fuhg 


The Laplacian in Generalized Orthogonal Coordinates 
Using the definition V?¢ = VV¢ and the relation for the gradient given by equa- 


tion (8.89) and show that 
_ fia. 186, 1, 
v= | eet Teas tae ee vee 


The result of equation (8.95) simplifies equation (8.99) to the final form given as 


2, 1 O [(hoh3 0b = O (hih3 0b d (hyhz Od 
MM hyheh3 E hy Ou Ov \ hg Ov Ow h3 Ow) |’ (8.100) 


The equation V?U = 0 is known as Laplace’s equation. 


Example 8-20. 


The Laplacian in rectangular coordinates (2, y, z) is given by 


ORE OPO Oo. 
277 — 
VU=73 +32 + oe (8.101) 


The Laplacian in cylindrical coordinates (r, 0, z) is given by 


V2U 


10 /( 0 LeU ou 
~~? Or (« =) r2 062 es Oz? 
00 10U 109U 0?U 
Or? TE OR Lae 06? - Oz? 


(8.102) 
V2U 


The Laplacian in spherical coordinates (p, 0, ¢) is given by 


g2 1-0 f 50U tO f 2 ,0U 1 0?U 
ee: p Dp 12a 00 sin é + ain? 0 OP 


OU 20 | 1 O°U | cotd OU ae oa 
= dp? p Op p? 06? p2 00 2 sinz 6 Od? 


(8.103) 
V2U 


Special cases of the Laplace equation V?U =0 are easy to solve. 

. If y = z = 0 in rectangular coordinates, the Laplace equation, with Laplacian 
(8.101), reduces to = = 0. One integration produces - = Ci, where C; is 
a constant of integration. Another integration gives U = Ci” + C2, where C, is 
another constant of integration. 

. If 6 = z = 0 in cylindrical coordinates, the Laplace equation, with Laplacian 


dr 
C,, where C; is a constant of integration. Separate the variables in this equations 


(8.102), reduces to ae (“Z) =0. An integration of this equation gives i = 


and integrate again to show the solution of the special Laplace equation is given 
by U =C,lnr+ Cy, where C, is another constant of integration. 
. If 6 = ¢ = 0 in spherical coordinates, the Laplace equation, with Laplacian 


, reduces to + (p?—] = 0. n integration of this equation gives 
8.103), reduces t 5 - An integration of thi tion gi 
Pe = C,, where C, is a constant of integration. Separate the variables and 


“1 + Cy, where C2 is another constant 


perform another integration to show U = =% 


of integration. 
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Exercises 


> 8-1. Sketch some level curves ¢ = k for the given values of k and then find the 
gradient vector. 
(i) =4r-2y, k= -2,-1,0,1,2 
)  o=2y, k=-2,-1,0,1,2 
(iii) @=a?+y’, k=0,1,9,25 
)  6=9a? +4y?, k=0,36,72 


> 8-2. Find the gradient vector associated with the given functions and then evaluate 
the gradient at the points indicated. 
(i) g=4r-2y, (4,9), (0,0), (—4,—-9) 
(ii) @=<ay, (0,1), (—1,0),(0,—1), (1,0), (1,1), (-1,1), (-1,-1),(1,-1) 
(iii) d=a?+y", (1,0), (3,4), (0,1), (-3, 4), (-1,0), (-3, 4), (0, -1), (3, —4) 
) 


(iv b=9x"+4y*, (2,0), (0,3), (—2, 0), (0, —3) 


> 8-3. Finda normal vector to the given surfaces at the point indicated and describe 
the surface. 
(i)  4¢+3y+6z=13 Pts 1) 

) ty t2=9 P(1, 2, 2) 

(iii) 2-2?-y?=0 P(3,4;25) 

)  g=ay P(2, 3,6) 


> 8-4. Discuss the critical points associated with the function z = z(z, y) = zy. Graph 


the level curves z = k, where k = —2,—1,0,1,2 and describe the surface. 


> 8-5. Find the unit tangent vector at the point P(3, 2,6) on the curve of intersection 
of the surfaces 
ag? +y? +27 = 49, and et+y+z=11. 


> 8-6. Let r denote the magnitude of the position vector 7 = x é; + yé2 + 763. 
(i) Show that V(r") = nr?-27 
(ii) Show that V(Inr) =4 

(iii) Show that V (f(r)) = f’(r)£, where f is differentiable. 


(iv) Does the result in part (iii) check with the solutions given in parts (i) and (ii)? 
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> 8-7. Find the minimum distance between the lines defined by the parametric 
equations 
Iy: w©=7T-1, y=-7T4+16, z=27-2 
Ig: w©=-t, y=2t, z=3t 


> 8-8. Find the minimum distance from the origin to the plane r+y+72=1 


> 8-9. The special symbol % is used to denote the normal derivative of a function 


¢@ on the boundary of a region R. The normal derivative is defined 


Lae eee ee 
dn 


where é, is the unit exterior normal vector to the boundary of the region. Find the 
normal derivative of ¢ = x?y+ay? on the boundary of the regions given. 
(i) The unit circle 2? +y?=1 
(ii) The ellipse 5+%=1 
(iii) | The square with vertices (0,0), (1,0), (1, 1), (0, 1) 


> 8-10. Find the critical points associated with the given functions and test for 
relative maxima and minima. 
(ij) z=(#-2)?+(y-3) 

(ii) = 2=(#@-2)?-(y-3)? 

(iii)  2=—-(#-2)?-(y—3) 


> 8-11. Let u(z,y,z) denote a scalar field which is continuous and differentiable. Let 
x = x(t),y=y(t) and z = z(t) denote the position vector of a particle moving through 
the scalar field. Show that on the path of the particle one finds 


du dr 
aps (grad wu) - Ee 


> 8-12. Let f(z,y,z,t) denote a scalar field which is changing with time as well as 
position. Let x = x(t),y = y(t) and z = z(t) denote the position vector of a particle 
moving through the scalar field. Show that on the path of the particle 


df dr af 
di (grad f) WE oe 
: dx dy dz F : 
In hydrodynamics, where Prey. represents the velocity of the particle, the 
above derivative ‘ is called a material derivative and is represented using the nota- 


tion ad Note that the material derivative represents the change of f as one follows 


the motion of the fluid. 
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> 8-13. A force field F is said to be conservative if it is derivable from a scalar 


potential function V such that 


F = +egrad V. 


One uses either a plus sign or a minus sign depending upon the particular application 


being represented. 


Consider the motion of a spring-mass system which oscillates in the z-direction. 


Assume the force acting on the mass m is derivable from the potential function 


v= 


+kx*, where k is the spring constant. Use Newton’s second law (vector form) 


and derive the equation of motion of the spring-mass system. 


> 8-14. (Divergence of a vector quantity ) 


Let 


=> 


F'(ayy; 2) = Fu( a; Y; 2) €) ++ Fol a, y, 2) @2 + F3 (x, y, 2) €3 


denote a vector field and consider a volume element ArAyAz located at the point 


(x,y,z) in this vector field. 
(a) Use the first couple of terms of a Taylor series expansion to calculate the vector 


field at 


(2) F(x + Az, y, Zz) 


— 
~. 
~. 

Sena 
esl 


(x,y + Ay, z) 
(iii) F(x,y,z+ Az) 


(b) Use the results in part (a) and calculate the flux over the surface of the cubic 


volume element AV = ArAyAz and then divided by the volume of this element 


in the limit as the volume tends toward zero. 


> 8-15. Determine whether the given vector fields are solenoidal or irrotational 


= (Qryz — 27) @, + 277 @y + (x?y — 2xz) eg 


= @, + (2? y — y*z) Go + (yz? — 27 z) 3 
= 2ryé, + (x? — Qyz) @2 — y? 63 


= 2a(z-—y)é@,+ (y? = ya") @> + (zx? = z*) €3 


> 8-16. Show that div (curl F) =0 


> 8-17. Show that curl (grad ¢) =0 


Copyright 2012 J.H. Heinbockel. All rights reserved 
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> 8-18. Forr=ré;+yé.+zé3 and r=|r| show 
(i) curl r"F# =0 
(ii) div7F=3 

(iii) cul? =0 


(iv) div r®F = (n+3)r” 


> 8-19. Show that the vector field V¢ is both solenoidal and irrotational if ¢ is a 


scalar function of position which satisfies the Laplace equation V7¢ = 0. 


> 8-20. Show that the following functions are solutions of the Laplace equation in 
two dimensions. 
(i) d= 72 — y? 
(ii) ¢=32?y—y8 

(iii)  %=In(2? +y?) 


> 


> 8-21. Verify the divergence theorem for F = ryé; + y*é. + zé3 over the region 
bounded by the cylindrical surface x? + y? = 4 and the planes z = 0 and z = 4. 
Whenever possible, integrate by using cylindrical or polar coordinates. Find the 
sections of this surface which has a flux integral. 


> 8-22. 
(i) Verify Green’s theorem in the plane for 


M(a,y)=0? +y? and N(a,y) =2y, 


where C is the closed curve illustrated in the figure. 
(ii) Use line integration and appropriate values for MW and N in Green’s theorem to 
determine the shaded area of the attached figure. 


> 8-23. Verify Stokes theorem for F = yé3 over that portion of the unit sphere in 
the first octant. Hint: Use spherical coordinates. 


p> 8-24. Verify the given differential equations are exact and then use line integrals 
to find solutions. 
(i)  (Qay + y”) dx + (x? + 2ay) dy = 0 
(ii) — (8x?y + Qary”) da + (x? + 2yx? + 2) dy =0 
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pe 8-25. Use line integrals to find the area enclosed by the given curves. 
(i) The ellipse, x=acost y=bsint, O0<t< 27. 
(ii) Thecircle, z=cost y=sint, 0<t<2z. 


(iii) | The unit square whose boundaries are «=0,2=1,y=0,y=1. 


> 8-26. Verify the divergence theorem in the case F = ré, + yé) + zé3 and S is the 


surface of the sphere x? + y? + 2? =a”. Hint: Use spherical coordinates. 


> 8-27. Calculate the flux of the vector field F = zé3 entering and leaving the volume 
enclosed by the two spheres #7 +y?+27=1 and a2?+y?+2* =4. Does the Gauss 
divergence theorem hold for this volume and surface? 


> 8-28. Calculate the flux of the vector field F = y é) entering and leaving the volume 
enclosed by the two cylinders 27+y?=1 and «a?+y? =4, bounded by the planes 
z=Oand z = 2. Does the Gauss divergence theorem hold for this volume and surface? 


> 8-29. 


Let S denote the surface of a rectangular parallelepiped with unit surface normals 


é;,+é@2,+é3 and write the surface integral 


r= [#45 = Bead + [ Beas [ Bead + [ F.ds+ [ FeaS+ [ Bag 
¢ Si So S3 Sa Ss Se 


as a summation of the flux over the six faces of the parallelepiped. Calculate the 


above flux integral for F = yé, + z@).+ xé3 
(iii) Consider a unit cube with one vertex at the origin. Calculate the flux entering 


or leaving each face of the cube. Sum these fluxes and comment on your result. 


> 8-30. Let F = M(x,y)é,+ N(x,y) 2 and use # = ré,; + yé to represent the position 
of the curve C and show Green’s theorem in the plane can be represented in either 
of the forms 


(a) fF ar= [fox F)- esdedy or (b) fF x ea): ends = ff 0B x é3), drdy 
R R 


where é, is a unit outward normal to the boundary curve C. 


Hint: Use triple scalar product. 
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> 8-31. Let 7 denote a position vector to a general point on a closed surface S, 
which encloses a volume V. Evaluate the surface integral 


> 8-32. The Gauss Theorem Let 7 denote the position vector from the origin to a 
general point on a closed surface S$. Show that 


[[*s én 7 oe. {* , if the origin is outside the closed surface S$ 
4x, if the origin is inside the closed surface $ 


Hint: Use the divergence theorem and when the origin is inside S, construct a small 


sphere of radius « about the origin. 


> 8-33. For F =272é,+2yz6. +yzé3 and d= xyz”, calculate V(oF) 


> 8-34. For A,B vector fields and f a scalar field, verify each of the following: 
(i) curl (f : = (grad f) x A+ fcurl A 
(ii) curl (A x B) = A(div B) — B(div A)+(B-V)A-(A-V)B 

(iii) div (fA) = (grad f)- A+ fdiv A 

(iv) grad (Ax B)=B-cwl A— A-curl B 
(v) grad (fg) = ferad 9 + gerad f 

(vi) grad (A.B) =(A-V)B+(B-V)A+A4 x curl B+ B x curl A 


> 8-35. Evaluate the line integral 


1 
A= 50 vdy—yde 
2c 


around the triangle having the vertices (0,0), (b,0) and (c,h) where b,c,h are positive 


constants. Evaluate this integral using Green’s theorem in the plane. 


> 8-36. Evaluate the integral 
t= f[(vxF)-45 
s 


where F = (y — 2) é + (3x + 2y) @) and S is the surface of the cone 


L=ucosv, y= usin, z=u for 0<u<9 and 0<v < 2rz. 


Hint: If you use Stoke’s theorem be sure to note direction of integration. 
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> 8-37. Let F=xré, +yé) +26; and evaluate the surface integral 
pe i / BF. ai, 
Ss 


where S is the surface enclosing the volume bounded by the planes z = 0, y= 0, z =0 


and 22+ 3y+4z=12 Hint: The volume of a tetrahedron having sides a, b and c is 
given by V = abc. 


p> 8-38. Use Stokes theorem to evaluate the integral 
[= p F. dr, where F= ye, + 2z@ + (4y + 2x) 63 
ie 


and C is the simple closed curve consisting of the line segments 


P, Py + P2P3 + P3P, 
connecting the points P,(0,0,0), P2(1,1,0), and P3(0, 0, 2V2). 


p> 8-39. Let ¢=a(2z,y,z,t) denote the velocity of a fluid having densityp = p(s, y, z, t). 
Construct an imaginary volume of fluid V enclosed by a surface $ lying within the 
fluid. 

(a) Show the mass of the fluid inside V is pee by M= /T/ p(x, y, 2, t) dV 

( 


b) Show the time rate of change of mass is —— -/F ge dV 
Show the mass of fluid leaving V per unit 4 time is given by au = -{ / pv-nds 


Use the divergence theorem to show It PWVe= Il pu-ndS = -f l/l V (pv) dV 


(e) Since V is an arbitrary volume show that VJ + e = 0, where J = pv. This 


) 
(c) 
(d) 
) 

equation is known as the continuity equation of fluid dynamics. 


p> 8-40. In parabolic cylindrical coordinates (€,n, z), find 
(a) The unit vectors é, €), é, 
(b) The metric components gi; 
> 8-41. In the paraboloidal coordinates (€,7, ¢), find 


(a) The unit vectors — é¢, é,, €4 


(b) The metric components gj; 
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> 8-42. In cylindrical coordinates (r, 6, z), show that 


> 8-43. In cylindrical coordinates (r, 6, z), show that 


Pane ee les) 0 0 


> 8-44. In cylindrical coordinates (r, 6, z), show that 


Ou 
Or 


Ou 
Oz 


1 Ou 
e, + 


eae. ez 


grad u= Vu = 
> 8-45. In cylindrical coordinates (r, 6, z), show that 


V2u 


_1oa Ou 107u—- 0?u 
r Or Tae r2 002 Oz? 


> 8-46. In spherical coordinates (r,6,¢), show that 


1 é, rég rsinfdes 

7 Abe (6) (6) (6) 

curl F =Vx F or) ad or 36 d6 
FF, rFo rsindFy 


> 8-47. In spherical coordinates (r,6,¢), show that 


1 


r2 sin 8 


divF=V-F= 


0 a) 0 
E (r? sin OF) + 0 (rsin OF) + Be (rF.)| 


> 8-48. In spherical coordinates (r,6,¢), show that 


ye Peis eo JON 
6 ar "| roe” rsin? 6 0¢ ¢ 


> 8-49. In spherical coordinates (r,6,¢), show that 


Vu = 1 0 ( ,0u i 1 O in Qo re 1 Ou 
Oar \" Or r2sind 00 \° Od r2 sin? 6 0¢? 


> 8-50. Show that 
(a) In cylindrical coordinates (r,6, z), the element of volume is dV = r dr d6dz. 
(b) In spherical coordinates (r,6,¢), the element of volume is dV =r? sin@ dr d¢ dé. 
(c) In a general orthogonal curvilinear coordinate system (u,v,w), the element of 


volume can be expressed as dV = hyhyhy, dudv dw. 
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> 8-51. Show in a general orthogonal coordinate system div (gradu x gradw) = 0 


mp 8-52. For é, é:, é3 independent orthogonal unit vectors (base vectors), one can 
express any vector A as 
A = A, @ + Ap & + Az és, 
where Aj, As, A3 are the coordinates of A relative to the base vectors chosen. 
(a) Show that these components are the projection of A onto the base vectors 


and 


A=(A- 6)@,+(A- &) 62.4 (A- 63) 63. 


(b) By selecting any three independent orthogonal vectors,£1, F2, £3, not nec- 


essarily of unit length, show that one can write 
. ABy. Ve As Hy, *\ 3 AE 
fe Se ee 
By By Fig: Eo ae ae oes 


Consequently, 


are the components of A relative to the chosen base vectors E1, E2, E3. 


> 8-53. Two bases £,,£2,E3 and E!, E?,E® are said to be reciprocal if they satisfy 
So. ae 1 ifi=j 
se De a pe 
{ 0 ifiAj 

(i.e., A vector from one basis is orthogonal to two of the vectors from the other 


basis). Show that if £1, £2, £3 is a given set of base vectors, then 


the condition 


Sv eee a en ae ae 

El = Box E BE? = —E3x E Ee= EB, xE 

vy? x 113, yo x 11, vo x Lr 
is a reciprocal basis, where V = FE, -(E2 x E3) is a triple scalar product and represents 
the volume of the parallelepiped having the basis vectors for its sides. Show also 


that B!. (£2 x B%) = - 
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>» 8-54. Let Fy, Fo, £3 and E', E?, E° be a system of reciprocal basis. (See previous 
problem). 

(a) If A= A'E, + A?E + A°E3 find the components 4!, A?, A® of A relative to the base 
vectors E1, Eo, Es. 

(b) If A = A,E1 + AsE? + A3E* find the components Aj, Ay, A3 relative to the basis 
E', E?, E®. The numbers 4’ are called the contravariant components of A and the 
numbers A; are called the covariant components of A. 

(c) Using the notation 


= = 


Ey bj = Gj = Ij and Et. BY = git = g%, 


where E,, £2,E3 and E', E?, E is a reciprocal system of basis, show that 
3 3 
A; = Ss" gin A® and A= Ss" Gik Ak, 
k=1 k=1 


where i is called the free index and k is a summation index. Here g’ are called 
3 


the conjugate metric components of the space and satisfy Ss" gig" = oF is the 
j=l 
Kronecker delta. 


(d) Show that 


gir 91218 Gy ae ag 1 0 O 3 “t : 
gn 922 goa || og g? gS l=|0 1 0) or So gig = 4; 
931 932 933 ge og? og? 0 0 1 j=l 


> 8-55. Show that in an orthogonal curvilinear coordinate system (u,v, w), the vec- 
+ = 3 OF Or OF 
CE is Eo, E3) = (= av: s) 
and (E', E?, E8) = (grad u, grad v, grad w) 


tors 


are a reciprocal system of basis. 


Chapter 9 
Applications of Vectors 


The use of vectors in mathematics, physics, engineering and the sciences is 
extensive. The applications presented within these pages have been selected mainly 
from the study areas of physics and engineering. 


Approximation of Vector Field 

The Kriging' method is a numerical method to approximate a quantity using 
a statistical weighting of known data values. The Kriging method can be used to 
approximate many different kinds of quantities. The following illustrates an ap- 
plication for the approximation of a vector field using interpolation. The weighted 


average associated with a set of data values {Q1, Qo, Q3,...,Qn} is defined 


O= wiQ1 + weQ2 + w3Q3 +--+ + WnQn (9.1) 


Wy, + W2+W3+'::Wn 


where w},...,W, are the assigned weighting factors. Note that if all the weights equal 
unity, then equation (9.1) reduces down to a regular average of the given data values. 

The following discussion illustrates how the Kriging method can be used to 
approximate a vector field in the neighborhood of known points and known vectors 
associated with these points. Note that the discussion presented can be generalized 
and made applicable to any quantity Q = Q(a,y,z) which is a function of position 
that one wants to approximate. 


Given a finite number of known vectors 


Fy = F(21,91, 21), Fo = F (x2, yo, 22), BP, =F Ga tinae) 

which are associated with the known points (71, 41, 21),---;(@n;Yn;2n). It is assumed 
that these known vectors are associated with a vector field F = F(«,y,z), but we 
don’t know the form for F. In order to approximate the representation of the vector 
field F = F(x,y,z) in some neighborhood of the known points (2;,y;,2;), i = 1,...,n 
and known vectors at these points one can proceed as follows. In order to use the 
known data values to estimate the value of F = F(zx,y,z) at a general point (z, y, z) 
one can define the distances 


' Danie Gerhardus Krige(1919- ) A South African geologist and mining engineer. 
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dy =/(e— 11)? + (y—m)? + (2- a)? 
dy =\/(x — 22)? + (y — yo)? + (2 — 2)? 


dn, =/(a ~~ by + (y => Ue)? + (z = By? 
of a general point (2, y, z) from each of the known data points. It is then possible to 
use these distances to construct the weights 


Wy = dod3d4---dn, W2 = di d3dq4...dn, W3 = didod4...dn, Pare Wn = dydo:--dn_1 (9.3) 


Note that to form the weight w;, for some fixed value of i in the range 1 <i <n, 


one can form a product of all the distances II d; = dydod3---dj_1djdj41---dy, and then 
j=l 
remove the term d; from this product to form the weight w; = djdzd3---dj—1dj41--+dn.- 


A shorthand notation to represent the above weights is given by the product formula 


wi= J] 4; where dj =/(e—2))?+(y— yj)? + (2-4? (9.4) 
fue 
for j =1,2,3,...,n. The vector F at the interpolation position (x,y,z) is then approx- 
imated by the weighted average 

= wi Fy + wok +++) + unk 


F = F(z,y,z)= e 9.5 
(2,952) Wi + W2e+++ + Wn, (9-5) 


Observe that if (x,y,z) = (v:,y;,2;) for some fixed value of i in the range 1 <i < n, 
then d; = 0 and equation (9.5) reduces to the identity F(2;, yi, 2:) = Fi. The Kriging 
method examines the distances between the coordinates of the known quantities and 
the selected interpolation point (2,y,z). It then forms weights where points closest 
to the interpolation point have the highest weight. This can be seen by writing the 
coefficients of the vectors in equation (9.5) in the form 
Es 

di 


a 


aad. 


Coef ficient; = 


(9.6) 


S&S 


so that the smaller the d; 4 0, the higher the weighting coefficient. If d; = 0, then 
all the coefficients with index different from i are zero so that an identity with the 


known value at i occurs. This approximation method is an interpolation method 

associated with the given data values and is known as a weighted prediction method. 
A modification of the above method is obtained as follows. The Kriging weights 

can be generalized by requiring the coefficients in equation (9.6) to have the form 


Coef ficient; = — 3 >0a constant (9.7) 


and then adjusting the parameter 3 to achieve some kind of desired result. 


Spherical Trigonometry 

The figure 9-1 illustrates three points A, B,C on the surface of a unit sphere with 
a great circle passing through any two of the selected points. This forms a spherical 
triangle. Let a, 3,7 denote the angles? at the points A,B,C and let a,b,c denote the 
length of the sides opposite these angles. On a circle of radius r the arc length s 
swept out by an angle @ is given by s=ré6. The sphere being a unit sphere dictates 
that the arc lengths a = ZB0C, b = ZA0C, c = ZAOB. One of the basic problems in 
spherical trigonometry is to find a relation between the angles a, (3, y and the sides of 
arc lengths a,b,c of a spherical triangle. The following illustrates how vectors can be 
employed to find such relationships. 


Figure 9-1. Spherical triangle with unit vectors é4, ég, éc 


2 The angles are the same as the angles between the tangent lines to the great circles. 
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Define the unit vectors @4, ég, éc from the center of the unit sphere to the points 
A, B,C on the surface of the sphere and observe that by using the definition of a cross 
product and dot product one obtains 
|é4 xX €c| =sind, |é4 xX @p| =sinc, €c X @p| =sina 
(9.8) 
64° €c =cosb, @€4° @€B =cose, €c : €g =cosa 
Note that since the sphere is a unit sphere the angles a,b,c are given respectively by 
the arcs sc, ac and aB or arcs opposite the vertices A, B,C. 
The angle between two intersecting planes is called a dihedral angle. The dihe- 
dral angle can be calculated from the unit normal vectors to the intersecting planes. 
In figure 9-1 , let 


ep x €c = sina €oBc; e, x €c = sin b €0AC; e, x €p = sinc €0AB (9.9) 


define the unit vectors €9gc, €o94c, €04B Which are perpendicular to the planes defin- 
ing the dihedral angles a, 3,7. The cross product relations given by the equation 
(9.8) together with the unit normal vectors can be used to calculate the cosines 
associated with the angle a, 3,7. One finds that 


€oBc : €oaB = Cos P, €0Bc * €9Ac = COS), €0Ac * CoAB = COS (9.10) 


and with the aid of equations (9.9) one can write 


\(€p x €c) -(@4 x ép)| 
|ép x €c||e4 x ec | 


cosy = (9.11) 


with similar expressions for the representation of cosa and cos. The relation (9.11) 
can be simplified using the dot product relation (6.32) which is repeated here 


(A x B)-(C x D) =(A-C)(B- D)-—(A-D)(B-C) (9.12) 
The numerator in equation (9.11) can then be expressed 


(ép x €c) : (é@4 x €c) =(€p : €4)(€c 2 €c) = (ép ‘ €c)( ec . €4) (9 13) 
= cos c — cosacos b | 
The results from equations (9.8) and (9.13) show that the equation (9.11) can be 
expressed in the form 


cosc = cosa cosb + sina sinb cos y (9.14) 


Using similar arguments associated with the representation of cosa and cos, one 
can show 
cosb =cosc cosa + sinc sina cos 3 
(9.15) 
cosa =cosb cosc + sinb sinc cos a 


The equations (9.14) and (9.15)) are known as the law of cosines for the spherical 
triangle ABC. 
Replace the dot product in equation (9.11) by a cross product and show 


|(@p x €c) x (€4 X €c)| 


siny = = = - - (9.16) 
|ép x €o||€4 X €c| 
The cross product relation (6.30), repeated here as 
(A x B) x (6 x B) =E[B- (Ax B)] - B/E (Ax B)| (9.17) 


can be used to simplify the numerator of equation (9.16). One can use properties of 


the scalar triple product to write 


=€,4[é@p-(€c x €c)] — €c [€4- (€p X e€c)| (9.18) 


so that 


|(€p x €c) x (€4 x €c)| = 64+ (Ep x Ec) 
The triple scalar product relation shows that 
siny sina sinb =|é4 -(@p x éc)| 
sina sinb sinc =|ép - (@c x 6a)| (9.19) 
sin @ sinc sina =|é¢ - (@4 x ép)| 
and the scalar triple product relation implies that 


sina sinb sinc = sin@ sinc sina = siny sina sinb (9.20) 


Divide each term in equation (9.20) by sina sinb sinc to show 


sina sinf _ siny (9.21) 


sina sin b sinc 


which is known as the law of sines from spherical trigonometry. 


245 


246 


Velocity and Acceleration in Polar Coordinates 


In polar coordinates (r,@) one can employ the orthogonal unit vectors 


é, = cos 6 €; + sin 6 ég (9.22) 


69 = — sin@ e; + cos 8 ég 


unit circle circle with radius r 


to represent the position of a moving particle. 
If in two-dimensional polar coordinates the position vector of a moving particle 
is represented in the form 


rF=re, 


where r, 6 and consequently, é,, ég are changing with respect to time t, then the 
velocity of the particle is given by 


ar de dr 
f=—= . é 2 
aa ae > Tes eo) 


Differentiate the vectors in equation (9.22) with respect to time t and show 


de ings + conn Oo, Ma 
a ee a eS (9.24) 
déo_ pW, pW. dO 
dt ae ee ae ae 
The first equation in (9.24) simplifies the equation (9.23) to the form 
ant dé . dr . = aa 
v a “er €9 + Tt é, = re, +70 €g (9.25) 


where ‘= 4. Here v, =7 is called the radial component of the velocity and the term 
ve = r6 is called the transverse component of the velocity or tangential component of 


the velocity. The speed of the particle is given by 
v=lal= Vea + 


which represents the magnitude of the velocity. 
The acceleration of the particle is obtained by differentiating the velocity. Dif- 
ferentiate the equation (9.25) and show 
~_d _@r _ de dé da... 
i= ap tae the OP + F088 | 
=7(669) + 7#é, + r6(—06,) + (rO + 70) &p 


& =(# — r(0)") &, + (rO + 276) &% 


Here the radial component of acceleration is (i'—1r(6)?) and the transverse component 
of acceleration or tangential component is (r6+276). The magnitude of the acceleration 


is given by 


a= al = /—r6)2)? + (rb + Fd? 


Velocity and Acceleration in Cylindrical Coordinates 
In rectangular (z, y, z) coordinates the position vector, velocity vector and accel- 


eration vector of a moving particle are given by 


U=Pf =x, + yo + 263 

, dr dz, dy dz. 

oa de Ge a 
, @& ar Wr. d’y . d’z. 
[Go ae Ge" ae ae 


Upon changing to a cylindrical coordinates (r, 0, z) using the transformation equations 
x=rcos@, y=rsindg, £2 
one can represent the position vector of the particle as 
r=rcosée; +rsind €2 + zé3 (9.26) 


Using the orthogonal unit vectors 


> 


1s kK : i 
é, =— = cose, + sind éo 


Or 
1or 

€¢ _1dr —— sin 6 e; + cos 0 é5 (9.27) 
r OO 

é oe e 

oa; a 3 


obtained from equations (7.107), the position vector of a moving particle can be 


expressed in cylindrical coordinates as 
F=ré,+2z6 (9.28) 
To obtain the velocity vector in cylindrical coordinates one must differentiate equa- 


tion (9.28) with respect to time ¢ to obtain 


, dr dr, dé, dz. 
ee a Ot oe + a & (9.29) 
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since é, changes with time, but é, = é3; remains constant. From equation (9.27) one 


can calculate the derivatives 


dé, pee Bos. 9 @ G8 
dt = sin dt et COS dt eg = dt €¢6 
deg dé . . do. dé . 

= a 9.30 
7 cos OF e} sin 6 5 i 6 ( ) 
de, 
dt re 


as these derivatives will be useful in simplifying any derivatives with respect to time 
of vectors in cylindrical coordinates. The equations (9.30) allows one to obtain the 
result 

ae (9.31) 


which can also be represented in the form 
B=76, +706) + 26, 


where the dot notation is used to represent time differentiation. Here v, = 7 is the 
radial component of the velocity, vg = ré is the azimuthal component of velocity and 
Uv; = 2 1S the vertical component of the velocity. 

The acceleration in cylindrical coordinates is obtained by differentiating the 


velocity. Differentiate the equation (9.31) with respect to time ¢ and show 


Oe ae || ere 
dt dt? dt|dt "| dt °' dt ” 
_dr dé, dr. dé d&g d20 . dr dé. dz. 


+ +r 


Ha! Geet a ae tee Ge agE ae 


_drd), | Pr. do", 00,  ardb, Pz, (9.32) 
7 ae ae OP” ae ae ae ge 


= Pr de . ée,+ a’6 | ar dd eit %e 
See ae PUN Gye ee ey eam 


& =(¥ — r()?) & + (76 + 276) 9 + 26, 


where ° = 4 and “= = are shorthand notations for the first and second derivatives 


with respect to time t. In calculating the derivatives in equation (9.32) make note 


that the results from equation (9.30) have been employed. 
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Velocity and Acceleration in Spherical Coordinates 
Upon changing to spherical? coordinates (p,6,¢) the transformation equations 
are 


x = psinécos¢, y = psin@sin ¢, z= pcosé 
and consequently the position vector describing the position of a moving particle is 
given by 
Fr = psiné cos Pe; + psinGdsin d é2 + pcos 6 3 (9.33) 
Using the unit orthogonal vector é,, é9, éy in spherical coordinates obtained from 
the equations (7.102) and having the representation 


< OF : ‘ . es ‘ 
Ep = = sin cos ¢ €; + sind sind €2 + cos @ €3 
. 10r o er be 
€6 a = cos @ cos @€; + cos Psind €9 — sin é3 (9.34) 
1 
éy =———._ = — sing é; + cos eg 
psind 


the position vector 7 can be expressed in spherical coordinates by the equation 
f= pe, (9.35) 


In order to obtain the first and second derivatives of equation (9.35) with respect 
to time t it is necessary that one first differentiate the equations (9.34) with respect 
to time ¢. As an exercise show that the derivatives of the equations (9.34) can be 
represented 
dé, 06,d0 0@,d@d _ do 
dt 00 dt Oo dt dt 
déy 6) d0 | Déodd_ «0, dd 
di OO dt' Ob dt dt? a? 
dé, 06,d0 dé,do_——,_— do, de . 
a OLg oka ee 


. 2» OD 
€6 +sino@ eg 


(9.36) 


One can then differentiate equation (9.35) and show the velocity in spherical coor- 
dinates has the form 


3 Note (p, 0, 0) gives a right-handed coordinate system, whereas the ordering (p, dQ, 0) gives a left-handed 


coordinate system. Be aware that European textbooks, many times use left-handed coordinate systems. 
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ya _ dey, dos 
oS ge ae ok 
do do. dp . (9.38) 
=p (8 nal es) + ‘7 ep 


=pée,+ pO + po sind & 
Here v, = p is the radial component of the velocity, vg = 0 is the polar component of 
velocity and vg = po sin@ is the azimuthal component of velocity. 


Differentiating the velocity with respect to time gives the acceleration vector 


= Qi 
poe ot — (sé, + 0b €9 + pdsin és) 
de de d de 
=p dt + py + (p6)—* er — (p8) &9 + (pbsin g)—* at “(08 sin 8) €4 


Substitute the derivatives from equation (9.36) into the equation and simplify 
the results to show the acceleration vector in spherical coordinates is represented 


, dv ar e . OR ee 
Sa ae =(6 — p(0)” — p(@)? sin® 6) €, 
+ (p0 + 2p0 — p(¢)? sin 0 cos 0) €g (9.39) 
+ (pdsin @ + 2p sin @ + 2p0¢ cos 6) eg 
where = £ and“= ue is the dot notation for the first and second time derivatives. 


In ical coordinates an element of volume is given by dV =r? sin6 dr d0d¢ 
Introduction to Potential Theory 


In this section some properties of irrotational and/or solenoidal vector fields are 
derived. Recall that a vector field F = F(x, y, z) which is continuous and differentiable 
in a region R is called irrotational if curl F = V x F =0 at all points of R and it is 
called solenoidal if div F = V-F =0 at all points of R. 

Some properties of irrotational vector fields are now considered. If a vector field 
F is an irrotational vector field, then V x F = 0 and under these conditions the 
vector field F is derivable from a scalar field ¢ = ¢(x,y,z) and can be calculated by 


the operation* 


3 , e fs Od. Ob. O6. 
F = F(a,y, z) = Fi (a, y, z) 1+ Fo(a, y, 2) €o+ F(a, y, z) €3 = Vo = grad d = ve ars at 58 €3 


Note that it you have a choice to solve for three quantities 


Fi (2x, y, 2), Fo(x, y, z), F3(ax, y, Z) 


* Sometimes F’ = —grad @. The selection of either a + or - sign in front of the gradient depends upon how 
the vector field is being used. 


or to solve for one quantity ¢ = ¢(z,y, z), then it should be obvious that it would be 
easier to solve for the one quantity ¢ and then calculate the components F,, Fo, F3; by 
calculating the gradient grad ¢. The function ¢, which defines the scalar field from 
which F is derivable is called the potential function associated with the irrotational 
vector field F. 

In a simply-connected® region R, let F define an irrotational vector field which 
is continuous with derivatives which are also continuous. The following statements 
are then equivalent. 

1. Vx F =cul F =0 and the vector field F is irrotational. 

2. F = Vo = grad ¢ and F is derivable from a scalar potential function ¢ = (x, y, z) 
by taking the gradient of this function. 

3. The dot product F - d7 =d¢, where d¢ is an exact differential. 

4. The line integral W = es F . dr is the work done in moving through the vector 
field F between two points P, and P2, and this work done is independent of the 
curve selected for connecting the points P, and P.. 

5. The line integral (® F - d* = 0, which implies that the work done in moving 
around a simple closed path is zero. 

If a vector field F = F(z, y, z) = Fy(x, y, z) @ + Fo(a, y, 2) @2 + F3(x, y, 2) 63 is derivable 
from a scalar function ¢ = ¢(a,y,z) such that F = grad ¢ = V¢ (sometimes F is 
defined as the negative of the gradient due to a particular application that requires 
a negative sign), then F is called a conservative vector field, and ¢ is called the 
potential function from which the field is derivable. Set F = grad ¢, and equate the 


like components of these vectors and obtain the scalar equations 


_ 9¢ _ 99 08 
Fi(z,9,2) = 2 Fat, ¥2)= 3 F3(2,y,z) = Oz: 
These equations imply that 
Fd? =Vo-dr= AT NSA a ee (9.40) 
Ox Oy Oz 


is an exact differential. Consequently the statement 2 implies the statement 3. 
If F = grad ¢, then the line integral [ees -dr is independent of the path of 
integration joining the points P, and P,. To show this, let P,(x1,y, 21) and P2(r2, yo, 22) 


ee region R where a closed curve can by continuously shrunk to a point, without the curve leaving the region, 


is called a simply-connected region. 
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denote two points in the simply connected region R of the vector field F. The work 
done can be expressed by performing a line integral of the equation (9.40) to obtain 


P2(x2,y2,22) = Po Po 
W= F.dr= vo-dr= | db = 4|% 
Pi (@1,Y1,21) Py Py 
P2(%2,y2,22) _ 7 ee} 
or Y= F - dr’ = $(£2, ya, 22) — (£1, Y1, 21) 
Pi(#1,y1,21) 


which implies that the work done depends only on the end points P, and P; and is 
thus independent of the path which joins these two points. Thus statement 2 above 
implies statement 4. Note that this result does not necessarily hold for multiply 
connected regions. 

The line integral given by equation (9.41) being independent of the path of 
integration which joins P, and P, can be expressed as 

/ F.dr= | F-d?F, (9.42) 
en Co 

where the integral on the left is along a path C; and the integral on the right is along 
a path C2, where both paths go from P, to P, as illustrated in figure 9-2. 


Figure 9-2. Paths of integration. 


The integral (9.42) can be expressed in the form 
b F .dr=0, (9.43) 
G 


where the closed path C goes from P, to P; along the path C, and then from P; to P, 
along the path Cy. The curves C, and C, are arbitrary so that the work done in going 
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around an arbitrary closed path is zero. Note that Stokes’ theorem, with V x F =0, 
implies that the line integral around an arbitrary simple closed path is zero. 

To show that statement 2 implies statement 1, let F = grad ¢ = Vé. In this case 
it is readily verified that 


Se. ae St: (9.44) 
Od =O Id 


on Fav xP 9x 95-1 by ba 
0 


The relation (9.41) establishes that in a conservative vector field the line integral 
between any two points is independent of the path of integration. In this case one 


can write 
Pley.z) | 
| B . de = (2,y,2) — 6(20, yo, 20), (9.45) 


Po(£0,yo,20) 
and this line integral is independent of the path of integration which joins the two 
end points. The function ¢ can be evaluated from F by selecting the special path of 
integration which is the piecewise smooth curve constructed from straight line seg- 
ments parallel to the coordinate axes. This special path of integration is illustrated 


in figure 9-3. 


Pi (2,y0;Z0) 


Figure 9-3. Straight line segments connecting end points of integration. 


Along the sectionally continuous straight-line paths of integration illustrated in fig- 
ure 9-3 the line integral (9.45) can be expressed in the component form as 


P P 
[ Bawa fo Aeu2)de+ Fley.2) du Ple,y.2) de = (0.0.2) ~ 620, 40,0). 
Po Po 
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The line integral (9.45) can be expressed as the sum of the line integrals along the 
straight line paths PoP;, P,P2, P2P illustrated in figure 9-3, where 


Along PoP;, one finds dy=dz=0, y=yo, z= % 
Along P,P, there exists the conditions dz =dz=0, z= 2%, «x held constant 


Along P,P, use dx =dy=0, x and y both held constant. 


This produces the integral 


P = x y z 
i Bear= | F(x, yo, Zo) n+ | F4(z, y, Zo) ay + | F3 (x, y, z) dz 
zo Z0 


Po Yo (9.46) 
= = (2, U,% 2 P(Xo, Yo, 2). 
If F is irrotational, then V x F =0 which implies that 
0m _0F OR _ OR AR _ OM, ead 
dz Oy’ dz Ox’ dy Ou ; 


This hypothesis leads to the result F = grad ¢ = V¢ or its equivalence 
= Fy. 


To demonstrate this take the partial derivatives of both sides of the equation (9.46) 


and show 5 ¥ aR * ORY 
Sale POND Gs) / OEE, U\2) 
Ai (2-20) + De dy + a a dz 
Ob “OF3 (8,9, 2) 9.48 
Fy = Felon) +f dy dz ( ) 
Oo 
az 7 3 (sy 2), 


Use the results from equation (9.47), to simplify the first set of integrals and find 


a) 
Fe = File, yo, 20) + f 


Yo 


’ OF (x, y, 20) ays f OF, (2, y, 2) dz 


Oy Oz 


¥y 
= F\(x, yo, 20) + Fi(a, y, 20) HP (Gey) 


Yo 
= Fi (2, yo, 20) + Fi(x, y, 20) — Fi (x, yo, 20) + Fi (2, y, 2) > Fy (2, y, 20) 


= Fi laswy, 2). 


20 


Similarly, the relations of equations (9.47) can be used to simplify the second integral 
of equation (9.48) and one can show 


Oo _ OF 2 (x, y, 2) 
ay = Fr(asys20) +f Oz dz 


= F(x, y, 20) PPO ease) 


20 


= Fy(x,y, 20) + Fo(a,y, 2) — Fo(2, y, 20) 

= Pyle ier): 
Thus, from the hypothesis that V x F = 0, one finds that F' = grad ¢ = V¢. Conse- 
quently, one can say that an irrotational vector field is derivable from a potential 


function @. 
Example 9-1. Show that 
F = (y? +z) 64+ (Qey + 2”) 62 + (Qyz+ 2) é3 


is an irrotational vector field and find the corresponding potential function from 
which F is derivable. 


e} e€2 63 
Solution: It is readily verified that curl F = 2 2 2 = 0 and 


Oy 
(yet+z) (Qey+27) (2yz+2) 
hence F is irrotational. Two methods of finding the corresponding potential function 


are as follows. 
Method 1___— By line integral integration, where the path of integration consists of 


the straight-line segments illustrated in figure 9-3, one can show 


x y z 
(0,92) ~ 60, y0,20) = f (vi +20) ae+ | (ory +28) dy+ f CONE 
ro VO ZO 


y 5 z 
+ (yz" + £2) 
Yo 


=(ypztzx)| + (xy? + oy) 


xO 


20 


= (xy” + y2? + xz) — (cove + yors + L020) 


where in the second integral x is held constant and in the third integral both z and 


y are held constant. The resulting integral implies 
d(x, y, 2) = ry? +y2? + 22. 


Method 2. The components of the relation F = grad ¢ produce the scalar equations 


Ob _ Oo 
= 


5 = tz, By rae Be = yet 


0 


Integrating the first equation with respect to «, the second equation with respect to 


y and the third equation with respect to z produces 


o=yurtzrt fily,2), o=y rt zy + fo(a, 2), b=azt zy + fa(x,y) 


2959 
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where fi, fo, fs are arbitrary functions which have been held constant during the 
partial differentiation process. Now add the first and second equations, add the first 
and third equation and add the second and third equations to obtain 

26 =2ry? +az+y22 + fit fo 

26 =ay? + 2xz+y2* + fit fs 

26 =ay” + wz + yz? + fot fs 


In order that these three equations be the same, require that 
fit fo=azt y2’, fit fs = ay? + y2’, fot fg = ay? +22 (9.49) 
Now solve the equations (9.49) for fi, fo and f; to show that 
ie y fo = £2, iso; 
The potential function can then be expressed as 
b= ay? +az4+ yz”. 


Observe that any constant can be added to this potential function to obtain a more 


general result, since the derivative of a constant is zero. 


Solenoidal Fields 
A vector field which is solenoidal satisfies the property that the divergence of the 
vector field is zero. An alternate definition of a solenoidal vector field is obtained 


from Gauss’ divergence theorem 


[[[v- fav = [fF as. (9.50) 
Vv S 


If V-F =0, then ff F-dS =0 which implies that the total flux, through the simple 
s 


closed surface surrounding the volume V, is zero. 

It has been shown that an irrotational vector field is derivable from a potential 
function. An analogous result holds for solenoidal vector fields. That is, if F is a 
solenoidal vector field which is continuous and differentiable, then there exists a vector 
potential V such that F = VxV =curl V. However, this vector potential is not unique, 


for if V is a vector satisfying F = curl V, then the vector potential V* = V + Vw, where 
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w is any scalar function, is also a vector satisfying F = curl V*. This result is verified 
by using the distributive property of the curl since 


F =cul V* = curl (V + Vv) = curl V + curl (Vy) = curl V. (9.51) 


together with the fact that curl (V7) = curl grad 7 = 0. 

Since the vector potential V is not uniquely determined, it is only necessary to 
exhibit one vector potential of F. Toward this end make note of the fact that F can 
be expressed in the form 


F=F,6,+h&e+he=VxV 


[ONE ONE sly CONE, OVEN eng f OND: ONL) 2 (9.52) 
~ \ Oy Oz : Oz Ox : Ox Oy 2 


Show that if the component V3; = 0, then the components of F’ must satisfy the 


equations 
Vs _ vy _ Ve aVy 
alate ee, ee ae Ti (9.53) 
An integration of the first two equations in (9.53) produces 
Y= i Fydz+ fi(z,y) 
n (9.54) 


Vo = -{ Fy dz+ fo(x,y), 


where f,, f2 are arbitrary functions which are held constant during the partial differ- 


OVa The functions f; and f, must be 


entiation processes used to calculate an and 
selected in such a way that the last equation in (9.53) is also satisfied for all values 
of x,y, and z. Substitution of equations (9.54) into the last equation of (9.53) informs 


us that 


OV, OV OF, oe i on poe Of; 
zo PY 


Ox Oy oer OR Ox Oy 


_ e OF, OF» Ofs Of; 
--[ (+R) er Z-E 


Now by assumption, F is a solenoidal vector field and consequently 


(9.55) 


8 OR: “ORS: ORs: 
div F’ ae + Dy + re 0. 


We therefore can write 
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and thereby simplify the integral (9.55) to the form 


3 Oz Ox Oy 


OVo OV, ib OF» Of2 Ofi 
pened) aL, Se ela S20 MAL 
Ox Oy e 


Of, of (9.56) 


= F(x, y, 2) — F3(a, y, 20) + ar 


This equation tells us that if f;, fo are selected to satisfy 


Of2 Of _ 
Bie ay = F3(x, y, 20), 


then the last equation of (9.53) is satisfied. One choice of f; and fy which satisfies 


the required condition is f;(z,y) =0 and 
fo(x, y) =| F3(x, y, 20) dx. 


For the special conditions assumed, the constructed vector potential V has the com- 


ponents 
u=/ F(x, y, z) dz 


Vo = -{ Pl eyy2) az f F3 (x,y, 20) dx 80) 


V3 = 0. 
Other vector potential functions may be constructed by utilizing different assump- 
tions on the components of V and performing similar integrations to those illus- 
trated. Alternatively one could add the gradient of any arbitrary scalar function to 


the vector potential V and obtain other potential functions V* = V + Vw. 


Example 9-2. 
By Newton’s inverse square law, the force of attraction between two masses m; 


and mz is given by 
Gmim , 


Ba ey (9.58) 


where G = 6.6730 (10)-!'mkg's~? is called the gravitational constant, p is the dis- 
tance between the center of mass of each body and é, is a unit vector pointing along 
the line connecting the center of mass of the two bodies. The force is an attractive 
force and so the direction of é, depends upon which center of mass is selected to 
sketch this force. 


| = 25g 


This force is derivable from the potential function 


o= 5, where p=V(x—21)2+ (y-m)2 + (2-2)? 


is the distance between the two masses and k = Gm,mz is a constant. In the above 
relation the coordinates of the center of mass of the bodies 1 and 2 are respectively 
P, (21,91, 21) and P(x, y,z). The quantity k is a constant, and é, is a unit vector with 
origin at P, and pointing toward P,. The force of attraction of mass m, toward mass 
my is calculated by the vector operation F = —grad ¢. To calculate this force, first 
calculate the partial derivatives 

0¢  Ob0p _ —k(x— 21) 

Ox OpOdxr p? p 

d¢ _ 9¢0p _ —k(y-m) 

Oy Opdy p?  p 

0b  Ob0p _ —k(z— 2%) 

Oz Opdz p? p 


and then the gradient is calculated and one obtains 


F2-gad¢=— (@-m), ,W-w, , eA), ue 
p p p p 


Here 7 = ré,+yé24+ 763 is a position vector for the point P, and 7, = x7; €:+y; é€2 +21 63 
is a position vector for the point P,. The vector 7-7, is a vector pointing from P, to 
= = €, is a unit vector pointing from P, to P,. Here the vector 
field is called aaa since the force field is derivable from a potential function. 


Py and the vector a 
F 


The potential function for Newton’s law of gravitation is called the gravitational 
potential. By using the relation F = +grad¢ one obtains the force of attraction of 
mass m2 toward mass mj. 
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Example 9-3. Multiply both sides of Newton’s second law F = ma@ = mas by 
= and then integrate from Po(o, yo, 20) to P(x, y, z), to obtain 
P Paid Pee ae 
sie = peeaiiow. gees —_— . — dt 
ee dr [F a tt | Seas ae 
Pimd (dF\? Pied acs 
my ay CL ier es a LL ; 9.59 
aaa) Sgn (9.59) 
Tae es — aye mV? 
2 Pi - 2 iP 2 Po 


which states that the work done in moving from Py to P, equals the change in kinetic 
energy. Now if F is derivable from a potential function ¢ such that F = —V¢, then 


P 


= ?(Zo, Yo, 20) ~~ (2, Y, 2) (9.60) 
Po 


P sy P P 
| F.dr= -vour= | —do=—o 
Po Po Po 


Equating the results from equations (9.59) and (9.60) and rearranging terms shows 
that 


m m 

(0, Yo, 2) - VY (ao: Yo, 20) — o(a, Y;, z) so mcs Y, z) (9.61) 
This equation states that the sum of the kinetic energy and the potential energy has 
a constant value. A result which is known as the principal of conservation of energy. 


As a result, any force fields which are derivable from potential functions are called 


conservative force fields. 


Example 9-4. If F isa solenoidal vector field, then div F = 0 and one can write 
F =cul V for some vector potential V. Consider an arbitrary region enclosed by a 
surface S$ and then select a simple closed curve C on this surface which divides the 


surface into two regions, call these regions S$, and Sj. The flux through this volume 


i FedS= [[Fddi+ [fF -ada= [ffawFav =o 
S Si So 4 


which implies that 
[[Fasi=- [fF ass 
Si So 


is given by 
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By Stokes’ theorem 


and 
[[ Fabz= [fv x0)-a.= = Vode 
C 
So So 


where the negative sign is due to the relative directions associated with the line 
integrals relative to the normals é,, and é,, to the respective surfaces $; and Sy. 
That is, Stokes theorem requires the line integral around the closed curve C be in 
the positive direction with respect to the normal on the surface. When the above 
integrals are added, the result is the net flux through an arbitrary closed surface is 


ZCYoO. 


Two-dimensional Conservative Vector Fields 
If corresponding to each point (z,y) in a region R of the plane z = 0, there 


corresponds a vector 
F = F(2,y) = M(az,y)@: + N(z, y) €2, (9.62) 


a vector field is said to exist in the region. Further, this field is said to be conservative 
if a scalar function of position ¢(a,y) exists such that 


0 0 ‘ ; = 
grad d= 5° ey + 5 by = M(c,y) 8 + N(0,y) @ =F. (9.63) 


The scalar function ¢ is called a potential function for the vector field F. (Again, 
note that sometimes F’ = —grad ¢ is more convenient to use.) The vector F is also 
referred to as an irrotational vector field and is derivable from the scalar potential 


function ¢ which satisfies 


ao = VE and Ls 


Ox Oy 
Differentiating these relations produces 
ao OM 06 aN 
Ox Oy Oy OyOx Ox 
so that a necessary condition that F = Mé, + Né) be a conservative field is that 
aM _ aN 
Oy Ox” 


An equivalent statement is that curl F = 0. 


(9.64) 
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Definition: (Equipotential curves) If F= F(a, y) is a 
given conservative vector field with potential d(x, y), then 
the family of curves $(za,y) = c are called equipotential 


curves. 


By selecting a constant value c and graphing the equipotential curves 
g=c, @=ct+l1l, d=cH+2,..., 


one can determine by the spacing of these curves an estimate of the field intensity 
in a given region. 


The equipotential family of curves ¢(z,y) =c satisfies the differential equation 


Oo Oo 
do = de +. dy =o 
v Ox Oy J (9.65) 


or M(a,y) dxz+ N(x, y) dy = 0. 
If this differential equation is exact, then it can be expressed in the form 


_ O¢ Ob 
de= Bg 12 + Hy dy = M(2,y) de + N(2,y) dy 


and using the figure 8-10, its solution may be expressed as a line integral in either 


of the forms 


x y 
(e.y) =f M(.w)de+ [ N(2,y)ay =e 
Be = (9.66) 
or (ey) =f M(ayde+ |” N(x0,y) dy =e 


Yo 
depending upon the straight-line path of integration from Py to P. At any point (2, y), 
except singular points, where M and N are undefined, there is a tangent vector and 
a normal vector to the point (x,y) on the curve ¢(x,y) =c. The vector F' = F(x, y) lies 
in the direction of the normal to the curve since grad ¢ = F is a vector normal to 
¢(x,y) =c at the point (z, y) 


Field Lines and Orthogonal Trajectories 

Field lines are lines or curves such that at each point on these curves the direction 
of the tangent vector to the curve is the same as the direction of the vector field at 
that point. An orthogonal trajectory of a family of plane curves is a curve which 
intersects every member of the family at right angles. The set of all curves which 


intersect every member of ¢(z, y) orthogonally are called the orthogonal trajectories 


of the family. Let (x,y) = c* denote the family of orthogonal trajectories to the 
family of equipotential curves ¢(z,y) = c. The family of curves w(z,y) = c* describes 
the field lines associated with the vector field F. That is, every orthogonal trajectory 
of the family of equipotential curves ¢(a, y) = c has a tangent vector which lies along 
the same direction as the vector F (same direction as the normal to ¢(a,y) = c.) If 
r =7r(2,y) defines a field line, then dr points in the direction of vector field so that the 
slope of the field lines are in direct proportion to the components of F. If d? = kF, 
where k is some constant, then one can write dx é; + dy é2 = k[M(z, y) €1 + N (a, y) 2] or 


after equating like components 


dx dy _ n 7 

Era or Ndx+Mdy=0. (9.67) 
This gives the differential equation which defines the field lines. An equivalent 
statement is that d7 x F = 0, where 7? is the position vector to a point on the field 


line curve 7)(z, y) =c. 


Example 9-5. Show that the vector field 


F = M(z,y)é1+N(2,y)@2=2& +y@o 
is conservative and sketch the equipotential curves and field lines associated with 
this vector field. 
Solution: The vector field is conservative, since curl F = 0. If 4(2,y) = c is a family 
of equipotential curves, then dé = grad¢- dr? = F - dF = 0 produces the differential 


equation of the equipotential curves and one can write 
dé= Mdx+ Ndy=0 or dgé=axdx+ydy =0. 


By integrating this equation, there results the equipotential curves 
2 2 
d(e,y) => + > 


=e, 


which are circles centered at the origin. 

If 7 is the position vector to a point on a field line, then dr is in the direction of 
the tangent to the field line and must have the same direction as the vector field F 
so that one can write d? = kF, where k is a proportionality constant. Equating like 
components one then finds the differential equation describing the field lines as 


dx _ dy _, dx dy _ 


poe oe O k. 
F, Fy x y 


dr = dx @, + dy @y = kF, €; + k Fo €o or 
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This differential equation is derived by requiring the direction of the vector field 
at an arbitrary point (,y) have the same direction as the tangent to the field line 
curve which passes through the same point (z,y). An integration of the differential 
equation defining the field lines produces 

Ina =Iny+Inc 
or the family curves defining the field lines is given by 

v(e,y) = 2 =k, 
where k is an arbitrary constant. 

The equipotential curves and field lines associated with the given vector field 

F =xé,+yé& are illustrated in figure 9-4. In two dimensions, the vector fields are 
best visualized by sketches of the equipotential curves and field lines. In sketching 
the vector fields be sure to distinguish the field lines from the equipotential curves by 
placing arrows at various points on the field lines. ‘These arrows indicate the direction 


of the vector field at various points. 


Figure 9-4. Equipotential curves and field lines for F = xé, + yé2 
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Vector Fields Irrotational and Solenoidal 
If in addition to being conservative, the two-dimensional vector field given by 


F = M(a,y)@, + N(a,y) é2 is also solenoidal and 


. 2 OM ON 
| pepe cheney | 
div Ae a Dy , 


then 
(i) The equipotential curves ¢(z,y) = c, c constant, are obtained from the exact 
differential equation 


dé=egrad@o:-dr or do = FE dn + dy =0 or dd= M(za,y)dx+ N(z,y)dy=0 


(ii) The family of field lines ¢(z, y) = c*, c* constant, are obtained from the differential 
equation 
dF =kF or wa tae or —Ndz+Mdy=0 
The solution of the differential equation defining the field lines is easily obtained 
since it also is an exact differential equation. The solution can be represented as a 


line integral in either of the forms 


x y 
vey) = | -N(e,y)de+ [ M(c,y)dy = 

2 a (9.68) 
or vw) =f -N(e.w)ar+ MG iva =e, 


Yo 
depending upon the choice of the path connecting the end points. These curves 
represent the field lines associated with the vector field F', where 


Oy Ov vy 


aa Ne and ai 


It follows that if the vector field is both irrotational and solenoidal, then the equipo- 
tential curves ¢(z,y) =c¢ and the field lines w(z, y) = c* are such that 


Oo _ Ow Op Ow 
aa Oy and By oe (9.69) 


These equations are called the Cauchy—Riemann equations. In vector form these 


equations may be expressed as 


grad ¢ = (grad w) x 63. 
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That is 


grad ¢ = 2 é, + €2. (9.70) 
Ox 


Oy 
Differentiate the Cauchy—Riemann equations (9.69) and show 


2 2 2 2 
a = oe an ao ae (9.71) 
Addition of these equations produces the Laplace equation 
vip = 8 4 TE m0. (9.72) 
Similarly, it can be shown that 
ay 6 4 BY _ a 
Ox? Ox Oy Oy? = OyOu 
so that by addition ; ; 
V7 = _ - = =0. (9.73) 


Hence, both ¢ and w are solutions of Laplace’s equation. 


Definition: (Harmonic function) Any function which is 
a solution of Laplace’s equation V2w = 0 and which has 
continuous second-order derivatives is called a harmonic 


function. 


Orthogonality of Equipotential Curves and Field Lines 
To show that the equipotential curves ¢ = c, and the field lines w = c* are 
orthogonal, consider the dot product of the vectors normal to these curves at a 


common point of intersection. These normal vectors are 


_0¢, Ob. _ Op, | ow, 
Se pe and grad Y = 3 e; + Dy ey) 
and their dot product produces 
_ Abd» Ob AY 
grad ¢- grad w DG OE 06 Ou. 


With the use of the Cauchy-Riemann equations it can be shown that this dot prod- 
uct is zero. Thus the vector grad w is perpendicular to the vector grad ¢ and the 
equipotential curves and field lines are orthogonal. 


In various branches of science and engineering, the quantities ¢ and ~ have many 
different physical interpretations. For example, in fluid dynamics, the velocity field 
is derivable from a velocity potential ¢, and the field lines are called streamlines. In 
the study of heat flow, the heat flow vector is derivable from a potential ¢ which rep- 
resents temperature and the equipotential curves ¢ = Constant are called isothermal 
curves (curves of constant temperature.) The field lines associated with this vector 
field are termed heat flow lines. In the study of electric and magnetic fields the 
potential functions from which these fields are derivable are termed, respectively, 
the electric and magnetic field potentials. The field lines associated with these po- 
tentials are called lines of electric and lines of magnetic force. Usually the harmonic 
functions ¢ and w are expressed as the real and imaginary parts of a function of a 
complex variable. 

Laplace’s Equation 


For F = F(z, y, z), a vector field which is both irrotational and solenoidal, then F 
satisfies 
curl F =0 and div F =0. (9.74) 


It has been shown that for these circumstances F is derivable from a scalar potential 
function ®. In particular, F = grad 6 = V&. Hence, ® must be a solution of Laplace’s 
equation V?6 = 0. That is, 


div F = div (grad®) = V- (V8) = V?®=0. 


In expanded form the Laplace equation is expressed 
om om oO? 
2 
= @ = 
v5 (fa+aat) i‘ 
Pb Fb PO, 
Ox? Oy? Oz? 


or V2i = 


This partial differential equation has many physical applications associated with it 
and arises in many areas of science, physics and engineering. The Laplace equation 
can be expressed in different forms depending upon the coordinate system in which 
it is represented. 
Three-dimensional Representations 

In a rectangular right-handed (z, y, z) system of coordinates, the Laplace equation 


is expressed as 
PU PU PU 


277 _ 
we Ox? + Oy? . Oz? 


0, U = UGG 2) (9.75) 


267 


268 


In a cylindrical (r, 0, z) coordinate system, the Laplace equation takes the form 


PU 10U 18U BU | 


Via or? a r Or > r? 06? uy Oz? % a oe 


and in a spherical (p, 0, ¢) coordinate system, the Laplace equation is represented has 
the form 


0?7U = 20U 107U  cot@OU 1 0?U 


277 
vo Op? ey Bere aD ae 00 + sin? 6 OP 


=0, U=U(p,0,d) (9.80) 


Two-dimensional Representations 


In a two-dimensional (x, y) coordinate system the Laplace equation is represented 


OU  0?U 
Qr7 = —_ } 
V= Dat - Oy 0, U=Ulay) (9.78) 
In a polar (r,@) coordinate system the Laplace equation becomes 
OU Lae 1 0?U 
OF OR OP 2° PO 


Vus= =10; U = U(r,@) (9.79) 


In spherical coordinates, where there is symmetry with respect to the variable ¢, the 
Laplacian is represented 


0?7U = 20U 1 0?U cot@ OU _ 


V2U = U =U(p,0 9.80 
Op? e p Op 7 p? 00? z p? 00 (, 8) 60) 
One-dimensional Representations 
In one-dimension, the Laplace equation becomes 
2 
eu =0, U=U(zx) rectangular 
dx? 
dU 1dU id dU 
ape ede par ¢ =) ; UU) DOr (9.162) 
d@U 2dU 1d f.4dU : 
= = = h ] 
Ge da ae (+ =) 0; U=U(p) spherica 


Three-dimensional Conservative Vector Fields 
Analogous to what has been done in studying two-dimensional vector fields, one 
can state that if a three-dimensional vector field 


> 


F = F(a,y,2z) = Fy(a,y,z) 1 + Fo(2,y, 2) @2 + F3(2, y, 2) 3 


is derivable from a potential function ¢(2,y,z) such that F = grad ¢,, then the family 


of surfaces ¢(2,y,z) = ¢ are called equipotential surfaces. The differential equation 


satisfied by the equipotential surfaces is obtained by differentiating ¢(2,y,z) = c to 
obtain the exact differential 


_ Oo Og Ob 
io= Da dx + Dy dy + ay 0 (9.82) 


or Fydr+Fodyt+F3dz=F -drF=0 


The solution of this differential equation may be obtained by line integration meth- 
ods. 

The field lines associated with the vector field F are those curves which are 
everywhere tangent to the field vectors. The direction of the field lines are in direct 
proportion to the components of F and thus the differential equation satisfied by the 
field lines is d? = kF’, where k is a proportionality constant. Equating like components 
produces the equations 


dx _ dy - dz 
Fy (2, y, z) F3 (2, y,2) F3(z,Y,2) 


=k (9.83) 


which is equivalent to the statement that df x F =0 since dr has the same direction 
as F. Another way of picturing this is to let # denote the position vector to a point 
(x,y,z) on a field line. The differential element dr will then be in the direction of 
the tangent to the field line which, by definition, is also in the same direction as F 
at the common point (2,y,z). Thus, d? = kF, where k is a proportionality constant. 


This equation can be written in the component form as 
dr’ = dx €, + dy€2 + dzé3 =k [Fi (az, y, z) €1 + Fo(a, y, z) €o + F3(a, y, z) es]. 


Equating like components produces the differential relation (9.83). Geometrically, 
the field lines defined by equation (9.83) are orthogonal to the equipotential surfaces 
defined by equation (9.82). That is, grad ¢ is perpendicular to the tangent element 
dr’. 

A solution of the differential system (9.83) consists of two independent relations 


or integrals of the form 
Ha(2, Yy, z) = C1 and [l2(x, Y, Zz) =o, 


which represents two families of surfaces having c; and cz as parameters. The field 
lines are the curves of intersection of these two family of surfaces, and these curves 


(field lines) are called a two-parameter family of curves, where the constants c; and 
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c. are the two parameters. Two methods for obtaining independent integrals of 
equations (9.83) are now presented. 
Theory of Proportions 

From the theory of proportions one can make use of the following result: 


For constants a, 8, y, not all zero, one can write 


dx dy dz _ adr+Bdy+vydz 


FL Fy Fs” af} +BFh+7F3° 


In many instances one can choose appropriate values for the constants a, 6, 7 to 
construct equations which can be easily integrated to produce a family of surfaces 
representing a solution of the differential equations. Using the method of propor- 
tions, by trial and error, one tries to construct two independent family of solutions. 
Consider one surface from each family. These surfaces intersect and the curve of 
intersection defines a field line. The two family of surfaces intersect in a family of 
field lines. 


Example 9-6. Find the field lines associated with the vector field 


=> 


F = F(a,y,z) =yé +2 €2+ 73 


Solution The field lines are obtained from the differential equations 


de _ dy _ dz 


a ae (9.84) 


In this equation make note that an addition of the numerators and denominators of 
the first two fractions produces an exact differential and 


dx+dy dz d(x+y) 


xa+y z r+y 


In this new equation the variables are separated and then an integration produces 
In(x + y) =Inz+Inc; where Inc, is selected for the constant of integration in order to 


simplify the algebra. This result can be expressed as 


Lry 


fi(2, y, Zz) = Cy 


and represents one family of solution surfaces. Return to the equations (9.84) defin- 


ing the field lines and observe that from the first two fractions one can write 


dx _ dy 


y aw 


This is an equation where the variables can be separated and then an integration 
produces another independent family of surfaces 
fi y? 


[2(X, YZ) — 2 a 2 = CQ. 


Hence the field lines are the intersection of the family of cylindrical surfaces, defined 
by hyperbola with rulings parallel to the z-axis, with the family of planes 2+y—cz = 0. 


Method of Tangents. 
Observe that if the field lines are defined as the intersection of two families of 
surfaces 
jue) =a and [GE 21s 


then by differentiation one obtains 


Oni Or Or — 
—d —d —dz= d -dr=0 
Ox or Oy oe Oz ie ee ed 

In a similar fashion one can show 
AE URC TLL PORE WP 
Ox Oy Oz 


Note that at a point (2,y,z) on a curve of intersection of two surfaces 4, = c, and 
lz = cy, the tangential direction dr = dz é; + dy é2 + dzé3 1s the same as the direction 
of the field line at that point. Therefore d? must be proportional to F. At the 
common point (x,y,z) on both surfaces the gradient vectors grad yu, and grad p2 are 
perpendicular to the surfaces yw, = c, and pz = co respectively. These vectors must 
therefore be perpendicular to the vector field F at this common point. Consequently, 
one can write grad j,- F =0 or 


Oly Om Om 
F- F: F3 =0 
dx ' 5 Oy 2+ dz ° 


and similarly grad pz: F = 0 or 


Ope Ope Ope 
F- F: 
dr * Ps Oy aan Oz 


These equations are the basis for the method of tangents. One tries to find, by using 


F3 =0. 


a trial and error method, two vector functions V = grad p, and W = grad po such that 
V-F =0and W.F =0. Then the equations 


V -drF=grad p,-d?=0 and W-dr=erad p2-dF =0 


are exact differential equations which are easily integrated. From these integrations 
one finds two independent family of surfaces py, = c; and pz = co. 
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Example 9-7. The field lines of the vector field F = F (x,y,z) = yé, + r@2 + zé3 
are determined from the differential system 


1 1 
i=t wat y=-etH 


z z zg 


so that V- F =0. One can then construct the exact differential equation 


=> 


1 1 
V -drf=—-—dx+—dy 
z z 


eeu) dz = grad py -dr=dyu, = 0 


from which to determine 


Wi =2 Wo =—Yy W3 =0 
are such that W - F = 0. This produces the exact differential equation 
W dF =axdz— ydy = grad po: dF = dpy =0 


which is easily integrated. One finds that 


ni 


Lt Se ee 
2 2 2 2° 


Note also that the trial and error method might produce all kinds of results. For 


example, let 
P= yy P= shy P3 = ce ) 
= 5 2 5 3 = 5 Y); 


then one can show P- F' = 0. Consequently, 


=> 


1 1 1 
Pdr = Szdx— 5zdy + 5(«—y)dz= grad psd? = dus =0 2) 


is an exact differential which can be integrated. The equation (9.85) implies that 


Oz 1 Owz Ou3 _ 1 
Ge Og ee en 


and an integration of each of these functions produces 


1 
3 = gee f(y, 2) 
1 
3 = — 592 + g(x, 2) 
1 
p3 = ric —y)z+h(z,y), 


where f(y, z), g(a, z), h(a, y) are treated as constants of integration during the integra- 
tion of partial derivatives. One finds that by selecting 


f=—jus G= 542, h=0 
there results the family of surfaces 
—. 1 pos 
Hg = 5(a@—y)z= es 


At first glance it appears that v3 = cs is a solution family different from py, = ¢ 
and p2 = co. However, from p; = c; there results 


r+y 


Cy 
which can be substituted into 3 to produce 


1 


ee ty ee 
Hs = 5 (2 ae 


Hence the solution 3; = Constant reduces to the solution p2 = Constant. When 
one of the surfaces pw; = ¢, (i = 1 or 2) has been obtained, this known solution 
may be used to determine the second surface. The known solution can be used to 
eliminate one of the variables in the differential system and thereby reduce it to a 
two-dimensional equation which theoretically can be solved. Three-dimensional field 
lines are in general more difficult to obtain and illustrate than their two-dimensional 
counterparts. - 
Solid Angles 

A cone is described as a family of intersecting lines. A right circular cone is an 


example which is easily recognized, however, this is only one special kind of a cone. 
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A general cone is described by a line having one point fixed in space which is free to 


rotate. The figure 9-5 illustrates two cones which differ from a right circular cone. 


Figure 9-5. Cones generated by moving line about fixed point. 


Consider a sphere of radius r and use the origin of the sphere to 
construct a cone which intersects the sphere and cuts out an area 
S on the surface as illustrated in the accompanying figure. The 
area S on the surface of the sphere of radius r will be proportional 
to r? since S$ is some fraction of the total surface area 4rr?. The 


2 


bh TO: ts : : : : S 

ratio — is therefore a dimensionless ratio and the quantity Q = > 
r r 

is called the solid angle subtended at the center of the sphere by the 


cone. The solid angle is a measure of how large an object appears to be when viewed 


from the origin of the sphere. Solid angles are measured in units called steradians® 


(abbreviated sr) and by definition 1 steradian is the solid angle represented by the 


surface area of a sphere equal to the radius of the sphere squared. For example, if 


the area S$ in the accompanying figure equals r?, then the solid angle subtended at 


the center of the sphere is said to be 1 steradian. The total solid angle about the 


center of the sphere being 47 steradians. 


( 


For a given oriented surface make the following constructions. 


(i) A position vector 7 from the origin to the point on the oriented surface. 


(iii) A unit normal é, to the surface at the terminus of the vector 7. 


(iv 


i) 
ii) An element of surface area dS at the terminus of the vector 7. 
i) 

) 


A sphere of radius r = |r| centered at the origin 0. 


© ‘The solid angle is really dimensionless and sometimes the terminology of steradians is not used. 
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(v) A unit sphere about the origin. 
(vi) Connect the points on the boundary of dS to the origin and form a cone which 

will intersect both the unit sphere and the sphere of radius r. 

(vii) Use the dot product given by é, -7=rcos@ to find the angle 6 between the unit 

normal to the surface and the position vector 7. 

An example using the above constructions is illustrated in the figure 9-6. In 
the figure 9-6, the cone, constructed using the boundary of the element of surface 
area dS, intersects the sphere of radius r to produce an element of surface area dQ. 
The element of surface area dQ can also be thought of as the projection of dS onto 
the sphere of radius r. This projection is given by dQ = cos@dS where @ is the angle 
between the normal to the surface and the position vector ?. 


Figure 9-6. Solid angle as surface area on unit sphere. 


The solid angle subtended at the origin does not depend upon the size of the sphere 


about the origin and so one can write 


en 7 


Using the result é, - 7 =rcos@ or cos@ = one obtains 


do 2eiGs = paae 


where dS = é, dS is a vector element of area. 
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Consider the special surface integral 


dQ én: F-dS 
ff w= ff a-ff ae ff os 
Ss S S Ss 


where the surface S$ encloses a bounded, closed, simply connected region. Surface 


integrals of this type represent the total sum of the solid angles subtended by the 
element dS, summed over the surface $. For the solid angle summed about a point 
0’ outside the surface, the resulting sum of the solid angles is zero. This is because 
for each positive sum +dw there is a corresponding negative sum —dw, and these add 
to zero in pairs. If the solid angle is summed about a point 0 inside the surface, 
the resulting sum is not zero. Here the sum of the areas dw on the unit sphere, 
subtended by the elements dS, do not add together in pairs to produce zero but 
instead give the total surface area of the unit sphere which is 47 steradians. From 
these discussions one obtains the following 


r-dS 0 if origin is outside closed surface 
jf »=|[ = ar a nee (9.86) 
rs Ar if origin is inside closed surface 
s s 


This result is utilized in the study of inverse square law potentials and is known as 


Gauss’ theorem. 


Example 9-8. Find the solid angle subtended by a right circular cone of radius 
r and height h. 

Solution Let tan) = ¢ and construct a sphere of radius r which intersects the circular 
cone to form a spherical cap. On this spherical cap construct a ring-shaped element 
of area where the thickness of the ring is ds = rdé and this element of thickness is 
rotated about the cone axis to form a ring as illustrated in the figure 9-7. 


Figure 9-7. Area of spherical cap using ring-shaped element of area. 
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This produces an element of area 
dS = (rd0)(2rr sin) = 2rr? sin 6 dO for 0<0<% 


The total surface area of the spherical cap is obtained by a summation of the ring 
elements to produce the integral 


90 
s= ‘i 2rr? sin 6 dO = 2nr? [— cos ayy = 2nr?(1 — cos) 
0 


The solid angle subtended by this right circular cone is therefore 


S 
o> aa 27(1 — cos 60) 


Potential Theory 


Potential theory is concerned with the solutions of Laplace’s equation Vu = 0, 
which satisfy prescribed boundary conditions. Two important problems of potential 
theory are the Dirichlet problem and the Neumann problem. 

The Dirichlet problem deals with finding a solution U of Laplace’s equation 
throughout a region R such that U takes on certain pre assigned values on the bound- 
ary of the region R. 

The Neumann problem is concerned with obtaining a solution of Laplace’s equa- 
tion in a region R such that on the boundary of R, the normal derivative 


ou =prad U- é, 
On 


has prescribed values. Here é,, is the unit outward normal to the boundary of the 
region R. 

In obtaining a solution to a Dirichlet or Neumann problem in an infinite region 
there is the additional requirement that U satisfy certain conditions far from the 
origin. 


Velocity Fields and Fluids 


Let V denote the velocity field of a fluid in motion and let p(z, y, z,t) denote the 
density of this fluid. Place within the fluid an arbitrary closed surface and consider 
an element of surface area dS on this surface. Let the mass of fluid flowing in a 


normal direction across this element of surface, in a time interval At, be denoted by 


278 


AM. It is assumed that the velocity is the same at all points over the tiny element 
of surface area. In a time interval At, the amount of fluid which crosses the element 
dS is given by AM = pV - é,dSAt. The total mass of fluid flowing out of the volume 
Vv bounded by the surface S$ is given by 


Am = at ff pV ds =a [f div (pV) dv. 
Ss Vv 


Also the total mass of the fluid enclosed within the volume VY bounded by S$ can be 


M= / | | dV. (9.87) 
Vv 


The rate of change of the mass with time is 


we bf oe a: (9.88) 


Hence, in a time interval At, the amount of fluid in the volume Y diminishes by the 


= Bae Ae hyo, O8 ay (9.89) 


The amount of fluid flowing out of the arbitrary volume is equated to the amount 


represented as the integral 


amount 


of fluid decreasing within the volume to obtain 


a, div (pV) dv Cea 
o {ff fawn p28) avo 


For an arbitrary volume VY within the fluid, the relation (2.42) must hold and con- 


(9.90) 


sequently 


Op ; = 
ae div (pV) = 0. (9.91) 


This equation is called the continuity equation of hydrodynamics which can also be 
expressed in the form 


e +Vp-V+pVV =0. (9.92) 


The first two terms on the left-hand side of this last equation represents the time 


rate of change of the density p, that is, 


Se Vey. (9.93) 


If 


de — (, then the fluid is an incompressible fluid, and the velocity field is solenoidal. 


If the fluid flow is also irrotational, then V is derivable from a potential function 


® called the velocity potential of the fluid flow. The potential function must be a 


solution of Laplace’s equation. The field lines associated with the velocity field V 


produce a family of curves which are termed streamlines. 


Heat Conduction 


In the basic equations describing heat conduction in materials, the following 


assumptions and terminology are employed: 


iL, 


. Heat flow within the material is denoted by the vector ¢ having units [q] = 


Let T = T(2,y,z,t) denote the temperature (°C) at a point (z,y,z) within the 


material at time t. 


aaa 
cm?-sec 


. Heat flows from regions of higher temperature to regions of lower temperature 


and the direction of heat flow is in the direction of the greatest rate of change 


of the temperature. Expressing this as a mathematics statement, we write 


q = —kgrad T, (9.94) 


where k is a proportionality constant having units of a and is called the 


thermal conductivity of the material. Since the gradient of temperature points 
in the direction of increasing temperature, the negative sign in the relation (9.94) 


indicates that heat is flowing in the direction of decreasing temperature. 


. The symbol c is used to denote the specific heat of the material which is a 


measure of the heat capacity per unit mass of material. The specific heat ¢ is 


re @ J 
measured in units PC 


. The symbol p is used to denote the density of the material [-8.]. 


cm? 


. The total amount of heat in an arbitrary volume VY bounded by a closed surface 


S is given by 


p= i | | coT AV, (9.95) 
Vv 


If an imaginary closed surface S enclosing a volume Y is placed within a body in 


where # is in joules. 


which heat is flowing, then the heat flux across this surface is given by the integral 


/ gas = || g: é, dS (9.96) 
S S 
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which by the divergence theorem can be expressed in the form 


// g-dS = [ff g dv. (9.97) 
S Y 


Substituting the heat flow given by equation (2.46) into equation (2.49) produces 


A g-dS = - ff k div (grad T) dV, (9.98) 
S 


Vv 


the relation 


which depicts the total amount of heat leaving the arbitrary volume Y enclosed by S. 
From equation (2.47), one can calculate the rate of change of decreasing heat within 
the volume. Such a change is given by 


and must equal the change given by the flux integral (2.50). Equating these quan- 
tities produces the relation 


/f/ los — kdiv (grad | dV =0 (9.100) 
v 


which must hold for any arbitrary volume Y within the material. Since the volume 


is arbitrary, it is required that the integrand be identically zero and write 


T . _ cpOT OPT PT PT cp OT | 
soley (ered) 0 ROE Op Oi OF k OF 


CP. V°T (9.101) 


This result is known as the heat equation. 

For steady-state temperature distributions, write & = 0, and consequently equa- 
tion (9.101) reduces to Laplace’s equation. 

In the study of heat flow the level curves T(z,y,z) = c are called isothermal 
surfaces, and the field lines associated with the heat flow ¢ within the material are 


called heat flow lines. 


Two-Body Problem 


Newton’s law of gravitation states that two masses m and M, are attracted 
GmM 


toward each other with a force of magnitude £4", where G is a constant and r is the 


distant between the masses. Let M represent the mass of the Sun and m represent 
the mass of a planet and assume that the motion of one mass with respect to the 


other mass takes place in a plane. Construct a set of x,y axes with origin located at 
the center of mass of M. Further, let é, = cos@é, +sin@é, denote a unit vector at the 
origin of our coordinate system and pointing in the direction of the mass m. One can 
then express the vector force of attraction of mass M on mass m by the equation 


GmM 


F=- 
r2 


é, (9.102) 


To find the equation of motion of mass m with respect to mass M, use Newton’s 
second law. Let 7 = ré, denote the position vector of mass m with respect to our 
origin. The equation of motion of mass m is determined from Newton’s second law 


and is Es 
_GmM . er _ al 

pe 
From this equation it can be shown that the motion of mass m can be described as 


F= (9.103) 
a conic section. In order to accomplish this, let us review some facts about conic 
sections. 

Recall that a conic section was defined as a locus of points P(z,y) such that the 
distance of P from a fixed point (or points), called a focus, is proportional to the 
distance of P from a fixed line, called the directrix. The constant of proportionality 
is called the eccentricity and is denoted by the symbol ec. If «= 1, a parabola results; 
if 0 < « < 1, an ellipse results; if « > 1, a hyperbola results; and if « = 0, the conic 
section is a circle. 


(a) ¥ directrix 


Figure 9-8. Parabolic and elliptic conic sections. 
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= Gs 


sg 


With reference to figure 9-8, a conic section is defined in terms of the ratio 2 
where OP =r, and PD = 2q—rcosé. From this ratio, solve for the radius r and 
obtain the representation 


Pp 
= —— 9.104 
" 1+e€cos@’ ( ) 


where p = 2g¢e. Equation (9.104) is the equation of a conic section. The following 
terminology is applied to the variables and parameters in this equation: 
1. The angle @ is called the true anomaly associated with the orbit. 
2. The symbol a is introduced to denote the semi-major axis of an elliptical orbit. 
The symbol a can be shown to be related to r,p and ec. 
3. The quantity p is called the semiparameter of the conic section and is illustrated 
in figure 9-8. Note that when @ has the value 7/2, then r = p. 
An important relation connecting the parameters p, a and « is obtained from 
equation (9.104) by setting 6 equal to zero. This gives 


_ Pp 
r= 
l+e 


=q=a(l-e) which implies p=a(1—e’). (9.105) 


In order to demonstrate that the motion of mass m with respect to mass M 
is a conic section, show that the magnitude r of the position vector 7 satisfies an 


equation having the exact same form as equation (9.104). 


Kepler’s Laws 


Johannes Kepler’, an astronomer and mathematician, discovered three laws con- 
cerning the motion of the planets. He discovered these laws from experimental data 
without the aid of calculus or vector analysis. Newton, using calculus, verified these 
laws with the model for the inverse square law of attraction. These three laws are 
now derived. 


To derive Kepler’s three laws one can make use of the following vector identities: 


7x 6=ré,x 6,=0 (9.106) 
: oe 
< (? x *) =7Fx a (9.107) 
bs ae =i) (9.108) 
é, x (€, X aor) = a (9.109) 


7 Johannes Kepler (1571-1630), German astronomer and mathematician. 


Note that the Newton law of gravitation implies that the derivative given by equation 
(9.107) is zero. That is, if 


dt? (| ra al 
25 F M o 
then 7x - = < (x =) = “ Fx 6, =0. (9.110) 


An integration of this equation produces the result 


FX a =h = Constant (9.111) 


Recall that the vector H = 7x m@ is defined as the angular momentum. The quantity 
h= 1H =7x © appearing in equation (9.111) is called the angular momentum per 
unit mass. Equation (9.111) tells us that the angular momentum is a constant for 
the two-body system under consideration. Since h is a constant vector, it can be 
verified that 


(9.112) 


Note that the result (9.112) was obtained by making use of the equations (9.106) 
and (9.109). An integration of the result (9.112) gives us the relation 


vxh=GMé,+C, (9.113) 


where C is a constant vector of integration. Using the triple scalar product formula 


it is readily verified that 
F. (@ xh) =e (Fx =) Sp SR: (# xh) =GMr-é,.+7-6 


or 
h? = GMr + Crcos8, (9.114) 


where @ is the angle between the vectors C and 7. In the equation (9.114) one can 


solve for r and find 


Pp 
—————— L1 
F 1+e€cos@’ ny) 
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where p = h?/GM and ¢« = C/GM. This result is known as Kepler’s first law and implies 
that all the planets of the solar system describe elliptical paths with the sun at one 
focus. 

Kepler’s second law states that the position vector 7 sweeps out equal areas in 
equal time intervals. Consider the area swept out by the position vector of a planet 


during a time interval At. This element of area, in polar coordinates, is written as 
dA = <1°d8 
2 


and therefore the rate of change of this area with respect to time is 


dt. 2 dt 
It has been demonstrated that the angular momentum per unit mass h = 7x @ 
is a constant. For 7 = rcos@é, +rsin@é, the angular momentum has components 
which can be calculated from the determinant 
= e} 5 e€3 
ss aT r cos @ rsind 0 
—rsin6@+rcos@ rcosd6+7rsind 0 


By expanding the above determinant and simplifying one can verify that 


h=r 7 é3 = h é3 = Constant (9.116) 
which in turn implies 
dA 1,40. 
= = : kT 
ome ae 1s a constant (9.117) 


This result is known as Kepler’s second law. Analysis of this second law informs us 
that the position vector sweeps out equal areas during equal time intervals. 

The time it takes for mass m to complete one orbit about mass M is called the 
period of the motion. Denote this period by the Greek letter +. Note that equation 
(9.117) tells us that when r? is small 4% becomes large and, conversely, when % is 
small r? becomes large. The resulting motion is for planets to move faster when 
they are closer to the Sun and slower when they are farther away. Express equation 


(9.117) in the form dA = $hdt and integrate the result from t = 0 to t= 7, to show 


where A is the area of the ellipse and 7 is the period of one orbit. The area of an 
ellipse is given by the formula A = rab, where a is the semi-major axis and b = avV/1— & 


is the semi-minor axis. Equation (9.118) can therefore be expressed in the form 
A=7reV1—2= ar 


from which the period of the orbit is 


2 
Pe i Cisse. 


h 
With the substitutions 
228 eras 
L=e7 = : and P= aap 
the period of the orbit can be expressed 
3/2 2,3 
T= a or = a (9.119) 


This result is known as Kepler’s third law and depicts the fact that the square of 
the period of one revolution is proportional to the cube of the semi-major axis of 
the elliptical orbit. 

Planets, comets, and asteroids have either elliptic, parabolic or hyperbolic orbits 
about the sun. 


Vector Differential Equations 
A homogeneous vector differential equation, such as 


dy 
dt? 


tof + pg =0 (9.135) 


where a and @ are scalar constants is solved by first solving the homogeneous scalar 


differential equation 
2 


y dy 
= st 
Ga tq + by =0 (9.137) 


The solution of the homogeneous differential equation is called the complementary 
solution and is expressed using the notation y.. By assuming an exponential so- 
lution y = e** and substituting it into the homogeneous equation one obtains the 
characteristic equation 

M+art(+8B=0 (9.136) 
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There are three cases to consider. 

Case 1 The roots of characteristic equation (9.136) are real and unique. If r1,r2 
are these roots, then the scalar homogeneous differential equation (9.137) has 
the fundamental set of solutions {e"*,e'} and the general of equation (9.137)is 
Yo = cye™ + cae"?! where c, and cz are arbitrary scalar constants. 

Case 2 The roots of the characteristic equation (9.136) are real and equal, say 
rj =T2. In this case the fundamental set of solutions is given by {e", te™*} and 
the general solution of equation (9.137) is y. = cye™* + cz te™! where c; and cz are 
arbitrary scalar constants. 

Case 3 The roots of the characteristic equation (9.136) are complex roots, say 
ry =a+ib and rz =a—ib. In this case the fundamental set of solutions can be 
represented in the form {e'¢+*)!, e(¢-)) or one can make use of Euler’s equation 
e’t — cosbt +isinbt and take appropriate linear combination of solutions to write 
the fundamental set of solutions in the form {e%' cos bt, e* sin bt}. The general so- 
lution to the scalar homogeneous equation can then be expressed in either of the 


forms 
y =c,e(o+ib)t a gel —tb)t 


or Yo =e" (c1 cos bt + cz sin bt) 
where c,; and ce, are arbitrary constants. 


If fy: (t), yo(t)} is a fundamental set of solutions to the homogeneous scalar differ- 
ential equation (9.137), then 


Yo = Cr yi (t) + 2 yo(t) (9.138) 


where @, and @ are arbitrary vector constants, is the representation of the general 
solution to the vector differential equation (9.135). Substitute equation (9.138) into 
equation (9.135) and show there results the vector equation 

dy 


qi Se a | creel G4 ag 5 (9.139) 
dS ae pe ON eee ap ee 


Observe that if @, and @ are arbitrary independent vectors, then in order for equation 
(9.139) to be satisfied, the scalar components of the arbitrary vectors ¢; and é must 
equal zero. 

The solution of the nonhomogeneous vector differential equation 


OF Ys oo (9.125) 


where a and @ are scalar constants is obtained by first solving the homogeneous 


equation 
dy dy 
We + oF + By = 0 


given by equation (9.138) and then finding any particular solution 7, = ,(t) which 
satisfies 


ne 
oe +a? + Bip = F(t t) 


The general solution to the vector differential equation (9.125) is then given by 


F=Jeot Vp = Ciys(t) + Coya(t) + ¥p(t) (9.126) 


Example 9-9. Solve the vector differential equation 


a? 
oF + 208 oF 5 92g = sin3t ¢ 63 (9.133) 


Solution First solve the homogeneous vector differential equation 
oI) — 2>- _ Vn 
y +2ay’ + By =0 (9.128) 


If 7 = G:yi(t) + Gyo(t) is the general solution of equation (9.128), then y:(¢) and yo(t) 
must be independent solutions of the scalar differential equation 


TY +204 4 %y =0 (9.129) 
This is an equation with constant coefficients. The general procedure to solve a 
differential equation with constant coefficients is to assume an exponential solution 
y —e*. Substituting the assumed exponential solution into the differential equation 


(9.129) produce the characteristic equation 
dM? + 2ar+ 87 =0 (9.130) 


for determining values of \ to be substituted into the assumed solution. Solving 
equation (9.130) for gives the characteristic roots 


jp COE erp (9.131) 


Case 1 If a? — 8? = w? > 0, then a fundamental set of solutions is given by 


f{e-(o-w)#, e-(o+)t) and the general solution to equation (9.128) is 


mi = Gee a Gye te 
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Case 2 If a? — 6? = 0, the characteristic equation has the repeated roots \ = —a. The 
first root gives the first member of the fundamental set as e~°’ and using the rule 
for repeated roots, the second member of the fundamental set of solutions is te~°. 


The general solution to equation (9.128) can then be expressed in the form 
y = eie o + tate 7 


Case 3 If a? — 6 = -w? < 0, then the fundamental set of solutions is 


{e~ coswt,e~™ sinwt} and the general solution to equation (9.128) is given by 


¥ = Ge“ coswt + Ge ™ sinwt 


The solution to the homogeneous vector equation is then given by 


=> => 


Jo = Cryi(t) + C2y2(t) 
where {y;(t), yo(t)} are the functions from one of the cases previously examined. 

To find a particular solution which gives the right-hand side sin3té; examine 
this function and its first couple of derivatives 3 cos 3té3, —9sin3té3. The basic terms 
in the set containing the function and its derivatives are the terms sin 3t and cos 3t 
multiplied by some constant. One can then assume a particular solution has the 
form 

Vp = Y(t) = Asin3t e3 + Bcos 3t é3 (9.132) 
where A, B are undetermined coefficients. Substitute the equation (9.132) into the 


nonhomogeneous equation (9.133) and show there results after simplification 
[6a.A + (3? — 9) B] cos3t + [(B? — 9)A — 6aB] sin 3t = sin 3t (9.133) 


Compare like terms in equation (9.133) and show A and B must be selected to satisfy 


the simultaneous equations 
6aA + (3? — 9)B =0 


(6? —9)A—6aB=1 


One finds : 
on pr 3 Sa —6a 
a (G2 — 9)? + 36a? . (82 — 9)? + 36a? 
and so the particular solution is given by 
a seat a (B39) 6a ; . 
C= 9.) = (32 —9)2 + 3602 sin 3t (32 —9)2 + 3602 cos 3t| e3 


The general solution can then be represented 
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Maxwell’s Equations 

James Clerk Maxwell (1831-1874), a Scottish mathematician, studied properties 
of electric and magnetic fields and came up with a set of 20 partial differential 
equations in 20 unknowns which described mathematically how electric and magnetic 
fields interact. Much later, an English electrical engineer by the name of Oliver 
Heaviside (1850-1925), greatly simplified Maxwell’s equations to four equations in 


two unknowns. A modern day version of the Maxwell equations in SI units® are 


Ven Se 
€0 
VxE=- oe 
. at (9.134) 
V-B=0 
n 5 OE 
V x B=pod + Hotom 


In the Maxwell equations (9.134) one finds the following quantities 


E =E(z,y,z,t) Electric field intensity (N/coul) 


J =J(«,y,z) Total current density (amp/m?) 
B(x,y,z,t) Magnetic field intensity (N/amp-m) 


ell 
| 


p=p(x,y,z) charge density (coul/m?) 


jo =4n x 1077 (a) the permeability of free space 


2 
coul 
N.- m2? 


€9 =8.85 x 107” ( the permittivity of free space 


It is left as an exercise to show that the Maxwell equations are dimensionally homo- 
geneous. 
Note 1: Warning! The symbols B and # occur in the study of electromagnetism. 
The symbol # is used to denote magnetic fields within a material medium. It 
has no name, but some textbooks call it a magnetic induction— which is wrong. 
To make matters worse many textbooks interchange the roles of B and H. My 
only suggestion is be aware of these conflicts and study any textbook carefully 


and see how things are defined. 


8 There are two popular sets of units used to represent the Maxwell equations. These two popular units are the 
International System of Units or Systéme international dunites, designated SI(mks) in all languages and the 
Gaussian (cgs) set of units. The main advantage of the Gaussian units is that they simplify many of the basic 


equations of electricity and magnetism more so than the SI units. 
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Note 2: The product pigeo = = where c=3 x (10)!°cm/sec_ is the speed of light. 
It will be demonstrated later in this chapter that the vector fields describing E 
and B of Maxwell equations are solutions of the wave equation. 


Electrostatics 
Coulomb’s law® states that the force on a single test charge Q due to a single 
point charge q is given by 


1 4Q. 


= 9.135 
Ateg r? ( ) 


2 
= is the permittivity of free space, r is the distance 


where ¢) = 8.85 x 10° Noa 
between the charges and 6, is a unit vector along the line connecting the charges. 
If g and Q have the same sign, the force is a repulsive force and if g and Q have 
opposite signs, then the force is attractive. 

If there are many charges q, q@,..., dn at distances r1,r2,..., rn from the test charge 
Q at the point (z,y,z), then one can use superposition to calculate the total force 


acting on the test charge. One finds 


az 7 1 (mQ, , eQ. InQ . 
Fef@i2=>) A= oe (42a, sr a al ta) QE (9.136) 
4=1 n 
where é,,, for i=1,...,n, are unit vectors pointing from 


charge q to the point (z,y,z) of the test charge Q. The 
quantity 


E = E(a,y,z) = 


is called the electric field produced by the n-charges. 


9 Charles Augustin de Coulomb (1736-1806) A French engineer who studied electricity and magnetism. 
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Example 9-10. 
Consider the special case of a single point charge q located at the origin. The 


electric field due to this point charge is 
lq 


1 = . 
ig ee ae (9.138) 


= 


E = E(z,y,2) 


where é, is a unit vector in spherical coordinates and r is the distance of a test charge 
Q from the origin to the position (x,y,z). This vector field produces field lines and 
the strength of the vector field is proportional to the flux across some surface placed 
within the electric field. In the case where a sphere of radius r and centered at the 
origin is placed within the electric field, then the flux is calculated from the surface 


Flux = [f8-a3 = [f 8. eas (9.139) 
S S 


where é, = é, in spherical coordinates. Also the element of area dS in spherical 


integral 


coordinates is given by dS =r? sin@ déd¢ é, so that equation (9.139) can be expressed 


20 T 
Flux = ee ds = i. [x of 1? sind ad do = 4 (9.140) 
9 4me9 r2 €0 


This result states that the flux is a constant no matter what size sphere is placed 


as 


about the point charge. If the sphere were made of rubber and could be deformed 
into some other simple closed surface, the number of field lines passing through the 
new surface would also be the same constant as above. This is because the dot 
product E- é, selects an element of area perpendicular to the field lines and the 
flux is proportional to the number of these lines. Note that if the point charge were 
outside the closed surface, then the flux would be zero, since field lines entering the 
surface at one point must exist at some other point and then the sum of the flux 
would be zero. 


One can say that if there were n-charges q, q2,...,d inside a simple closed surface 


and E,; was the electric field associated with the ith charge, then E = ba would 


represent the total electric field and the flux across any simple closed Sree due to 
this total electric field would be 


> ae n al ; = = Hs G 
ffes-Z(/ E; is) 58 (9.141) 
S i=1 S i=1 
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If the discrete number of n-charges q,...,¢, were replaced by a continuous dis- 
tribution of charges inside the surface, then the right-hand side of equation (9.141) 
would be replaced by / | | Fav where dV is an element of volume (meter*) and p 

0 


is a charge density j lent and the equation (9.141) would then be written 


me 
[fB-as= fff Fav (9.142) 
4 


Ss 


Using the divergence theorem of Gauss, the equation (9.142) can also be expressed 


[{(v-4-2) dV =0 (9.143) 
4 


If the equation (9.143) is to hold for all arbitrary simple closed surfaces, then one 


as 


must require that 
Vige= (9.144) 
€0 


This is the first of Maxwell’s equations (9.134) and is called the Gauss law of elec- 
trostatics. 


Magnetostatics 


A moving charge produces a current and a moving 
current produces a magnetic field. Consider a current 
moving along a wire considered as a line. The magnetic 
field created is described by circles around the wire. 
The strength of the magnetic field falls off as the per- 
pendicular distance from the line increases. One can 
use the right-hand rule of letting the thumb point in 
the direction of the current flow, then the fingers of the 
right-hand point in the direction of the magnetic field 
lines. 

The magnetic force on a charge Q moving with a velocity @ in a magnetic field 
B is given by 


Fn =Q(GxB) — (coul) (—) ( a ) (9.145) 


S amp-m 
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while the electric force acting on Q is 


N 
F.=QE (coul ) (=a) (9.146) 
The total force acting on the moving charge Q is 
F=F,+F.=Q(E+¢xB) (9.147) 


The magnetic forces can be summed over lines, surfaces or volumes. This gives 
rise to a one-dimensional, two-dimensional and three-dimensional representation for 
the magnetic force. In one-dimension the element of force acting on an element of 
wire is dF, = («x B) peds where p, is the charge density per unit length (coul/m) 
and ds is an element of arc length. In two-dimensions the element of force acting on 
a surface is dF, = (@x B) ps do where pg is the charge density per unit area (coul/m?) 
and do is an element of area. In three-dimensions the element of force acting within 
a volume is dF, = (@ x B)pydV where py is the charge density per unit volume 
(coul/m?) and dV is an element of volume. An integration gives the total magnetic 


force as 
F.. -[@ x B)peds one-dimension 


B = [fo x B)psdo two-dimension (9.148) 


rae = [ff x B)pydV_ three-dimension 


Example 9-11. The Maxwell-Faraday Equation 


Faraday’s law!° of induction investigates the magnetic 
flux | i B-dS across a surface!! § determined by a sim- 


ple dosed curve C. Think of a simple closed curve in space 
drawn on a sheet of rubber and then hold the simple closed 
curve fixed but deform the rubber surface into any kind of 
continuous surface $ having C for its boundary. The direc- 


tion of the unit normal é,, to the surface S is determined 
by the right-hand rule of moving the fingers of the right 


10 Michael Faraday (1791-1867) English physicist who studied electricity and magnetism. 
11 Think of a rubber sheet across C’ and then deform the sheet to form the surface S. 
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hand in the direction around C so that the thumb points in the direction of the 
normal. Faraday’s law, obtained experimentally, states that the line integral of the 
electric field around the closed curve C equals the negative of the time rate of change 
of the magnetic flux. This law can be written 


_ P — 
-dr= —— é 14 
pe z x ff ds (9.149) 
Ss 


Here E is the electric field, 7 is the position vector defining the closed curve C, B is 
the magnetic field and dS = é, do is a vector element of area on the surface S$. The 
Faraday law, given by equation (9.149), assumes the curve C and surface S are fixed 
and do not change with time. The left-hand side of equation (9.149) is the work 
done in moving around the curve C within the electric field Z. The right-hand side 
of equation (9.149) is the negative time rate of change of the magnetic flux across 
the surface $. One can employ Stokes theorem and express equation (9.149) in the 


form 

[[vxe-ad=- f ie és i Vxes |.ag=0 (9.150) 
at at 

S fol fo 


The equation (9.150) holds for all arbitrary surfaces $ and consequently the inte- 
grand must equal zero giving the Maxwell-Faraday equation 


Vx E=-— (9.152) 


which is the second Maxwell equation. 


Example 9-12. The Biot-Savart law 


Consider a volume V enclosed by a sur- 
face S as illustrated and let J = J(a’,y’, 2’) 
denote the current density within this vol- 
ume. Let (2’,y’,z’) denote a point inside V 
where an element of volume dV = dz'dy’dz' 
is constructed. In addition, construct the 
vectors fF = ré,; + yéo + zé3 to a general 
point (z,y,z) outside of the volume V and 
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FP =a’ @,+y'é) 4+ 2’é3 to the point (x’,y’,z’) inside the volume V. The vector 7 — 7 


then points from the point (2’,y’, z’) to the point (x,y,z). The vector é = 
unit vector in this direction as illustrated in the accompanying figure. 

The magnetic field B = B(zx,y,z) at the point (x,y,z) due to a current density 
J = J(a',y',2') inside V is given by the Biot!2-Savart!® law 


> >! 
PSs eiffv [eee aaldydl (0.152) 


The divergence of this magnetic field is determined by calculating 


dV (9.153) 


In order to evaluate the divergence as given by equation (9.153) one can employ the 


vector identities 7 7 . 
V x (fA) =(Vf) x A+ f(V x A) 


tae eo a a A m (9.154) 
V-(Ax B)=B.(V x A)-A-(V XB) 
Let B = 2 i and A = J along with the second of the equations (9.154) to 
r—F 
show 
V-(Jx B)=B-(Vx J)—-J-(V x B) =—-J-(V x B) (9.155) 


This holds because J is a function of the primed coordinates and V involves differ- 
entiation with respect to the unprimed coordinates so that V x J is zero. Using the 


first equation in (9.154) with f = 7 a one can write 
p= 


e1 5 e3 
Vx(@F-F)=| € x 2 |=0 
(@-—@)) (yoy) ee) 
and if f = |r—7r'|-%, then Vf = of a, + Of La+oh L @, where 
OF a4 SS died @ A 7 7\2 —3(a — 2’) 
Fe = SPV OPPO ee P = 


12 Jean Baptiste Biot (1774-1862) A French mathematician. 
13 Felix Savart (1791-1841) A French physician who studied physics. 
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In a similar fashion one can verify that 


Of _ -3y-y') Of _ —3(z- 2’) 
dy Fore OO PIF B 
Using the above results verify that 
vi ) eee ee, (9.157) 
|r — 7" |8 |r — 7" | 


and show the right-hand side of equation (9.156) is zero because (7—#) x (7-7) =0. 
It then follows that 
V-B=0 


which is the third equation in the Maxwell’s equations (9.134). 
a 


Example 9-13. If the charge density p (coul/m*) moves with velocity @ (m/s), 
then the current density is given by J = pv (amp/m2). Surround the current density 
field with a simple closed surface S which encloses a volume V. The flux across the 
surface $ is then given by 


if jas = [| 7-eas= [f Wed av. 
S S Vv 


where the divergence theorem of Gauss has been employed to express the flux surface 
integral with a volume integral. The charge must be conserved so that the flux out 
of the volume must be accounted for by the time rate of change of the charge density 


within the volume so that one can write 


[[7-8= [ff v-tav=—5 [ff vav = - [ff fav 
Mh 


The equation (9.158) must hold for all volumes V and consequently one must require 


or 


Vist | dV =0 (9.158) 


@ 


V-F+ se =0 (9.159) 


The equation (9.159) is know as the continuity equation for the charge density. 


Example 9-14. The last Maxwell equation is hard to derive. Historically, 
Ampere! showed that for straight line currents the curl of the magnetic field was 


proportional to the volume current density J so that one could write 
VxB= Lo J 


Maxwell realized that this equation did not hold in general because it did not satisfy 
the property that the divergence of the curl must be zero. Based upon theoretical 


reasoning Maxwell came up with the modified equation 


3 > OE 
VxB= Lod + Hoeo (9.160) 


where the term poco is known as Maxwell’s term for Ampere’s law. Taking the 
divergence of equation (9.160) one can show 


V-(V x B) =p0V- J+ pee Use the first Maxwell equation and show 


dt 
ss s a) 
V-(V x B) =HoV > J + Hoe tel) 
V-(V x B) =p0 v.74 =0 


where the continuity equation from the previous example has been employed to show 
the divergence of the curl is zero. The equation (9.160) is the last of the Maxwell 
equations from (9.134). 

Z 


Example 9-15. If there are no charges or currents in space, then the Maxwell 
equations (9.134) simplify to the form 


V-E=0 
: B 
ee ae 
2 a (9.161) 
Vis =0 
i OE 
B= befeass 
Vx LoCo, 


Use the property of the del operator that 


Vx (Vx A)=V(V-A)-V?A 


14 André Marie Ampere (1775-1836) A French physicist, chemist and mathematician. 
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and take the curl of the second and fourth of the Maxwell’s equations to obtain 


oan 
Vx (Vx B)=V(V-£)-V?B=V x (-F) =-2 (9x B) =-poe0% 2 


= = OE a) “ ) 
Vx(Vx B)=V(V-B)-V?B=Vx (v0 = Hoe0= (Vv . é) = — M060 Sr 
The first and third of the Maxwell equations require that V- E = 0 and V- B =0 so 


that the vector fields E and B must satisfy the wave equations 


, 1ee ~ 106B 

2 2, 
E SS SS B SS =a Re 
V 2 OB and V 2 OB 


Here the product pioeg = = where c = 3 x (10)!°cm/sec_ is the speed of light. 


a 
Exercises 
> 9-1. Solve each of the one-dimensional Laplace equations 
a =) U=U(x) rectangular 
dz? a 8 
@U i1dU 1d(d 
dr2 or dr rdr (« =) =e SU). Doles (9.162) 
@U 2dU 1d (4d . 
= =0 U=U h ] 
dp? pdp_ p* dp (> i) ee 
> 9-2. Verify that the velocity field V = Vo cosa é,—VY sina é, Vo, a are constants 


is both irrotational and solenoidal. Find and sketch the velocity field, streamlines. 
Find the velocity potential. Note that for a = 0 the flow is a parallel flow and for 


a = % the flow is a vertical flow. 


> 9-3. Verify that the velocity field V = 2a @, — 2y é) is both irrotational and 
solenoidal. Find and sketch the vector field and the streamlines for 0 < x < 2, 
0<y<2. Also find the velocity potential. The velocity field for this type of fluid 
motion can be used to describe the flow in the vicinity of a corner. 


> 9-4. For the velocity field V = 2y é, + 2x € find and sketch the vector field and 
streamlines. Find the velocity potential. 
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>» 9-5. Consider the vector field E = + é, in polar coordinates. (a) Show this vector 
field is irrotational. (b) Find a potential function ¢ = ¢(r) satisfying ¢(ro) = 0, where 


To > 0. 


> 9-6. True or false, if both A and B are irrotational, then the vector F' = A x B is 


solenoidal. 


> 9-7. Show that if ¢= ¢(2,y,z) is a solution of the Laplace equation V7 = 0, then 
(a) Show the vector V = V¢ is irrotational. (b) Show the vector V = V¢ is solenoidal. 


> 9-8. 
x R 


(a) Show the velocity field V = ws é, + wa é. is both irrotational and 


solenoidal and has the potential function 6 = F in(2?+y2) and the stream function 
UV =ktan! us 
x 


Om OW O® ow 
(b) Show that ae Bi and aS oe 


(c) Express the potential function and stream function in polar coordinates and 
sketch the equipotential curves and streamlines. This type of velocity field is 
said to correspond to a source at the origin if k > 0 or a sink at the origin if k < 0. 


; : ~ —ky . kx 
> 9-9. Verify that the velocity field V = age Ss re 


and solenoidal. Find the potential and streamlines for this velocity field. This type 


é, is both irrotational 


of flow is termed a circulation about the origin of strength k. 


> 9-10. Sketch the field lines and analyze the vector fields defined by: 


(a) F=yé+2é) (d) F = 2Qey 6 + (a? — y”) > 


=> 


((:) F=ye-re& (ec) F = (a? +y*) & + 2ay & 
(c) F=aé+bé& (f) F=ae4+2 
> 9-11. Show in polar coordinates that the Cauchy-Riemann equations can be ex- 


pressed as 
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> 9-12. At all points (x,y) between the circles x? + y? =1 and x? +y? = 9, the vector 
—yYy e} + 2X 5 


gp is continuous and equals the gradient of the scalar function 


function F = 


®(x,y) = tan’ 


R|e 


(2,0) | 
Show that / F . dr is not independent of the path of integration by computing 
(—2,0) 


this line integral along the upper half and then the lower half of the circle 2? + y? = 4. 
Is the region of integration a simply-connected region? 


> 9-13. Find a vector potential for 


= = 


(a) F =2y 6,4 2x (|) F=(a#-y) €,—2z 63 


> 9-14. For the gravity field F = —mg é3 
((a) Show that this vector field is irrotational. 
(b) Find the potential function from which this field is derivable. 
(c) Show that the work done in moving from a height h; to a height hy is the change 


in potential energy. 


> 9-15. (Conservation of Energy) 
z FR _ dr il oe 
(a) If Fam show that #. % = 2m4 (=) 


dt 2 dt \ dt 
(@,y,2) 1 (x,y,z) 1 1 
(b) Show FEF. dF = =mv? = mv" —=mv" 
(x0,Yo,20) 2 (x0,Yo,20) (x,y,z) 2 (x0,Yo,20) 


(c) If F is a conservative vector field such that F = —V¢, show that 


(eu) (2.9.2) ; (29.2) 
fo Bear=-f vodr=- [do =-$2,y,2) + (00,00, 2) 
(%0,Y0,20) (®0,Yo,20) (x0 ,Yo,20) 
1 1 ; 
(d) Show that (xo, yo, zo) + 5mu = o(z,y,z) + 5m which states that 
(20,Yo;20) (x,y,z) 
for a conservative vector field the sum of the potential energy and kinetic energy 


at point (zo, yo, 20) is the same as the sum of the potential energy and kinetic 
energy at the point (x, y, z). 


» 9-16. A conservative vector field has the family of equipotential curves 


Find the field lines and vector field associated with this potential. 
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> 9-17. (Research project on orbital motion) 
Assume a mass m located at a position 7 = ré, experiences a central force 
F= mf (r) é, 


> 


2 
(a) Show the equation of motion is given by mo = F which can be written in the 
form “ = f(r)é, 
(b) Show that # x ¢=h is a constant. 


(c) Show the motion of m is in a plane and that the mass m sweeps out an area at 


a constant rate. (Kepler’s law of areas). 


(d) Show that in the special case mf(r) = eee the mass m is attracted toward 
f5 v k : 
mass M, assumed to be at the origin, and = —-5é, where k = GM is a 
r 
constant. 
> 9. dé, dt = dé, ils ar a 

(ce) Show that h =r?é, x ae ae h=k a and vx h = k(é,+é) where @ is a constant 

vector. 


(f) Use the results from part (e) and show 
Fxd-h=h? and #-0xh=kr(1+ecosé) 


where 6 is the angle between € and 7, and consequently 
r=——"* where a= iis 
1+ecos@’ k 
Note r describes a conic section having eccentricity e. 
(f) When ¢ < 1 show an ellipse results with m having an orbital period 


r f elli », T2 An? 
_ area of ellipse _ ue Be ae ee T 


hye Vk aa 


fi 
This is known as Kepler’s third law. 
> 9-18. (a) Find the potential associated with the conservative vector field 
F = (y? cosa + 2°) @ + (Qysing — 4) é) + 3x2? é3 
(b) Find the differential equation which describes the field lines. 
p> 9-19. Show that the vector field 
F = (Qaeyz+y) @ + (a?z +2) @)+27y é3 


is conservative and find its scalar potential. 
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> 9-20. 


A right circular cone intersects a sphere of radius 
r as illustrated. Find the solid angle subtended 


by this cone. 


Right circular cone 


intersecting sphere. 


> 9-21. Evaluate / fi 7-dS, where S is a closed surface having a volume V. 


> 9-22. In the divergence theorem Ve Fdv = a. é, dS let F = 6(z,y,z) C 


where C is a nonzero constant vector and show II i [s VodV = /  €, dS 


> 9-23. Assume F is both solenoidal and irrotational so that F is the gradient of a 
scalar function © (a) Show © is a solution of Laplace’s equation and (b) Show the 


integral of the normal derivative of ® over any closed surface must equal zero. 


| = 


> 9-24. Let r=ré, +yé.+z7zé3 and show Vir’ = v|r|’-?rF = v |r|" | é where é7 = 


a 


is a unit vector in the direction 7. 


> 9-25. For 7 = rey + y @ + 2&3 and To = £9 1 + yo €2 + 2 €3 show that 


Ox l7 — Fo| 
dlr —Fol — y— Yo 
Oy — |F— Fol 
OF —To| . 2— 20 
dz ~—s |r —Fo| 


> 9-26. Let r= 2ré,+yeo+z6é3 denote the position vector to the variable point (z, y, z) 
and let 79 = ro €2 + yo €2 + % 63 denote the position vector to the fixed point (29, yo, 20). 
(a) Show V|7— Fol” =v|7—Fol”* @z_-z, where é-_;, is a unit vector in the direction 

FF. 
(b) Show V?|F— rol” =v(v+ Dir - Fol”? 
(c) Write out the results from part (b) in the special cases vy = —1 and v = 2. 


> 9-27. In thermodynamics the internal energy U of a gas is a function of pressure 
P and volume V denoted by U = U(P,V). If a gas is involved in a process where 
the pressure and volume change with time, then this process can be described by 
a curve called a P-V diagram of the process. Let Q = Q(t) denote the amount of 
heat obtained by the gas during the process. se the 7 law of thermodynamics 


which states that dQ = dU+PdV, show that dQ = ae dP+ EB + P| dV and determine 


ti 
whether the line integral / dQ, which represents the heat received during a time 


to 
interval At, is independent of the path of integration or dependent upon the path of 


integration. 


> 9-28. 
(a) If « and y are independent variables and you are given an equation of the form 
F(a) = G(y) for all values of « and y what can you conclude if (i) « varies and y 


is constant and (ii) y varies but « is constant. 
Wz a 
(b) Assume a solution to Laplace’s equation V?¢ = a + = = 0 in Cartesian 
coordinates of the form ¢ = X(x)Y(y), where the variables are separated. If the 


variables x and y are independent show that there results two linear differential 
equations 

1 d?X hay 

pares = —X and Y dy? = a, 


where \ is termed a separation constant. 


> 9-29. Evaluate the line integral J = | F- dr, where F = yzé, + rz) + xyé3 and 
C 


: t 3t : 
C is the curve 7 = r(t) = cost €; + (— +sint) é2 + —é3 between the points (1,0,0) and 
TT TT 
(Carer). 


> 9-30. A particle moves along the z-axis subject to a restoring force —Kz. Find 


the potential energy and law of conservation of energy for this type of motion. 
> 9-31. Evaluate the line integral 


= (22 + y)dx+ xdy, where K consists of straight line segments 
K 


OA+AB+ BC connecting the points O(0,0), A(3,3), B(5,—-1) and C(7,5). 
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p> 9-32. The problems below are concerned with obtaining a solution of Laplace’s 


equation for temperature 7. Chose an appropriate coordinate system and make 


necessary assumptions about the solution in order to reduce the problem to a one- 


dimensional Laplace equation. 


(a) 


(b) 


(d) 


Find the steady-state temperature distribution along a bar of length L assuming 
that the sides of the bar are insulated and the ends are kept at temperatures Tp 
and T,. This corresponds to solving _ =0, T(0) =T) and T(L) =7}. 

Find the steady-state temperature distribution in a circular pipe where the inside 
of the pipe has radius r; and temperature T,, and the outside of the pipe has 
a radius rz and is maintained at a temperature 7. This corresponds to solving 
a e) = 0 such that T(r;) = T, and T(r2) = To 

Find the steady-state temperature distribution between two concentric spheres 
of radii p; and po, if the surface of the inner sphere is maintained at a temperature 
T,, whereas the outer sphere is maintained at a temperature 7>. This corresponds 
to solving = - (v? =) = 0 such that T(p,) =T, and T(p2) = To. 

Find the steady-state temperature distribution between two infinite and parallel 


plates z = z and z = z. maintained, respectively, at temperatures of T, and 7». 


> 9-33. Find the potential function associated with the conservative vector field 


F= 6xze; + 8y eo + 3a? €3. 


> 9-34. Newton’s law of attraction states that two particles of masses m, and mz 


attract each other with a force which acts in the direction of the line joining the 


two masses and whose magnitude is given by F = Gm ,m2/r?, where r is the distance 


between the masses and G is a universal constant. 


(a) 


If mass m, is at the origin and mass mz is at a point (z, y, z), find the vector force 


of attraction of mass m; on mass mz. 


(b) If mass m, is at a fixed point P,(x1,y1, 21) and mass mz is at the point (z,y, z), 


find the vector force of attraction of mass m, on mass mo. 


> 9-35. Show that u=u(z,t) = f(w—ct)+g(x+ct), f,g arbitrary functions, is a solution 


O7u 1 O?u 


of the wave equation — = Here f and g are wave shapes moving to the left 


Ox2 C2. OF. 


and right. 


> 9-36. Express the Maxwell equations (9.161) as a system of partial differential 


equations. 


> 9-37. Assume solutions to the Maxwell equations (9.161) are waves moving in 
the x-direction only. This is accomplished by assuming exponential type solutions 
having the form e“**-“» where i is an imaginary unit satisfying i? = —1. 
(a) Show that FE = E(a,t) = Eoe**-“) and B = B(s,t) = Boe'**-“» are solutions 
of Maxwell’s equations in this special case. 
(b) Show that Bo = as x Eo) 
(c) Show that the waves for E and B are mutually perpendicular. 


> 9-38. Consider the following vector fields: 


B a magnetic field intensity with units of amp/m 
E an electrostatic intensity vector with units of volts/m 
Qa heat flow vector with units of joules/cm? - sec 


V a velocity vector with units of cm/sec 


(a) Assign units of measurement to the following integrals and interpret the mean- 


ings of these integrals: 
(a) [f Bas (b) | [6-08 (c) [ [vas (d) [ Bea 
S S S r 
(b) Assign units of measurements to the quantities: 
(a2) cuwlH (b) divE (c) divQ (d) divV 


> 9-39. Solve each the following vector differential equations 


da ; , ' day : : mn dy A 
(a) an é;t+ é3sint (b) = = é€;sint+ €,cost (c) = = 37 + 66 
> 9-40. Solve the simultaneous vector differential equations on = 92, oh =-Y1 


> 9-41. <A particle moves along the spiral r = r(0) = roe?°°*, where ro and a are 
constants. If 6 = a(t) is such that “ =w =constant, find the components of velocity 


in the direction 7 and in the direction perpendicular to 7. 
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> 9-42. Couloumb’s law states that the force between two charges q, and q acts 


along the line joining the two charges and the magnitude of the force varies directly 


to the product of charges and inversely as the square of the distance r between the 


charges. Symbolically the magnitude of this force is F = qq/r? in the appropriate 


system of units!®. A charge Q is called a test charge if it is located at a variable point 


(x,y,z) and experiences a force from another charge q, located at a fixed point. The 


ratio of the force experienced by the test charge to the magnitude of the test charge 


is called the electrostatic intensity E at the point (x,y, z) and is given by E = E An 


equivalent statement is that a unit charge has been placed at the point P and the 


electrostatic intensity is the total force which acts on this test charge. 


(a) 


Show that a charge q located at the origin produces an electrostatic intensity E 
at a point (x,y,z) given by 


ae Oe 3 Beee he P 
B=", where r=|7| and r=26,4+ yéo+ zé3. 
r 


Show that (i) E = -v (ii) & has the scalar potential ¢ = 
(iii) curl F = 0 and (iv) divE = qv? =0 

r 
Let gq, denote a fixed charge located at the point P,(21,y1, 2) and let q. denote 
another fixed charge located at the point P)(x2, yz, 22). Show the electrostatic 
intensity on a test charge at (x,y,z) is given by 


E=+ 


where im =| im | for eal Sees and T; = (a; — x) @, + (ys — y) @2 + (2; — Z) es. 
Show for n charges q, i= 1,2,...,n, located respectively at the points P,(a;, y:, z:), 


for i=1,2,...,n, the electrostatic intensity at a general point (2, y,z) is given by 


where 7; = (x; — x) @, + (y; — y) @2 + (% — z) @3 and r; =| 7r;| for i=1,2,...,n. 


me Fi charges are measured in units of statcoulombs and distance is measured in centimeters, then the force has 


units of dynes. 


Chapter 10 
Matrix and Difference Calculus 


The matrix calculus is used in the study of linear systems and systems of differ- 
ential equations and occurs in engineering mathematics, physics, statistics, biology, 
chemistry and many other scientific applications. The difference calculus is used to 
study discrete events. 


The Matrix Calculus 


A matrix is a rectangular array of numbers or functions and can be expressed in 


the form 
Qi1 aji2 aj13 eos aij pacie Ain 
a21 a22 a23 abyss a2; ee a2n 
A= , ‘ . ; i ; . (10.1) 
Ay ay2 a43 eg aig ae Qin 
Aml1 Am2 Am3 on} am; Fee Amn 
where the quantities a;; for i = 1,2,...,m and j = 1,2,...,n are called the elements 


of the matrix. Here the double subscript notation a;; is used to denote the element 
in the ith row and jth column. A matrix with m rows and n columns is called a m 
by n matrix and expressed in the form “A is am xn matrix”. Matrices are usually 
denoted using capital letters and whenever it is necessary to emphasize the elements 
and size of the matrix it is sometimes expressed in the form A = (aj;)mxn. The rows 
of the matrix A are called row vectors and the columns of the matrix A are called 
column vectors. 

For a and b positive integers, then matrices of the form R = (rai ra2---Taj---Tan) 


are called n-dimensional row vectors and matrices of the form 


Cib 
C2b 
C= es = col (C10; COB sos sy Cib pee 34 Ci) (10.2) 
a 
Cmb 
are called m-dimensional column vectors. The column notation col(cip,..., mp) 18 used 


to conserve space in typesetting the m-dimensional column vector. 
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Properties of Matrices 
1. Two matrices A = (ai;)mxn and B = (bi;)mxn having the same dimension are equal 


if a;; = b;; for all values of i and j. Equality is expressed A = B. 


. Two matrices A = (aij)mxn and B = (bij)mxn Of the same size can be added or 


subtracted and the resulting matrices are denoted 
C=A+B where C= (ee) mse with Cig = Aig + be 
D=A-—B where D= (dig) wasen with dy = aij — bij 


Here like elements are added or subtracted. 


. If the matrix A = (a;j)mxn 18S multiplied by a scalar 8, the resulting matrix is 


BA = (8 Gis )aaxn 


That is, each component a;; of A is multiplied by the scalar /. 


. Matrices of the same size obey the following laws. 


A+B=B+A commutative law 
A+(B+C)=(A+B)+C associative law 
For a and @ scalar quantities one can write the 


a(A+B)= aA+aB 
scalar distributive laws (a+ B)A= aA+PA 
a(GA)= — (af)A 


. The zero matrix has all zeros for elements and can be expressed in one of the 


forms [0]mxn or [0] or 0 or 0. 


. If the elements of the matrix A are functions of a single variable, say t, one can 


write aj; = a;;(t) or A = A(t) = (a;,;(t)) to emphasize this fact, then the derivative 


dA da;; 
a=) 403 


and the integral of the matrix A is 


/ A(t) dt = ( / ane it) +¢ (10.4) 


where C is a constant matrix of appropriate size. Here the derivative of a matrix 


of the matrix A is given by 


is obtained by differentiating each element of the matrix and the integral of 
the matrix is obtained by integrating each element within the matrix and the 


constants of integration are collected into a constant matrix. 


Example 10-1. Find the derivative and integral of the matrix A = ; 5] 


sing e 
Solution Taking the derivative of each element one finds 


dA_[ 0 1 
dx |cosr —2e-?* 
Taking the integral of each element one finds 
= x Ay? 
[Aa Ee FP a| Bie 


where C = (c;)2x2 18 an arbitrary constant matrix. 


The Dot or Inner Product 


The dot or inner product of a n-dimensional row vector R and n-dimensional 


column vector C, where 
FE (Pi 793 Pays te) and C =col(e, c2, c3,..-;€n) 


is a single number written as the matrix product 


C1 
C2 n 
RC = (11, 72,73,---;Tn) | © | =rier trace + 1r3¢3 +--+ + 1nCn = S- TmCm (10.5) 
: m=l1 
Cn 


representing the summation of the products of the mth row vector element with the 
mth column vector element, as m varies from 1 to n. In order to calculate an inner 


product the row vector and column vector must have the same number of elements. 


Matrix Multiplication 


Let A = (aij)mxn denote an m x n matrix and let B = (bj;)px_ denote a px q 
matrix. If the dimensions n,p have the proper size, then the matrix A can be right- 
multiplied by the matrix B to produce a new matrix C. This matrix product is 
written C = AB and this matrix product can only occur when the matrices A and B 
have the proper dimensions. For the matrix product AB = AmnBpxq to exist it is 
required that the dimension p of B must equal the dimension n of A and whenever 
this condition is satisfied, then the matrices are said to satisfy the compatibility 


condition for matrix multiplication to occur. If the column dimension of A does not 
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equal the row dimension of B, then the matrices A and B cannot be multiplied. The 
matrix product of two matrices A and B, having the proper dimensions, is written 


C = AB and then one can say either 
(a) A premultiplies B 
(b) or B postmultiplies A 
If the row dimension of B equals the column dimension of A one can write p = n, then 


the two matrices A and B can be multiplied and the resulting matrix product C has 


dimension m x q. This is sometimes expressed in the form 
Cmxq=AmxnBn xq 
where attention is drawn to the fact that the matrices satisfy the compatibility 


condition for matrix multiplication. Expressing the matrices A, B and C in expanded 


form one can write 


Ci1C1Q vee CAG we Cg 444 Gig +e Ain 

Cor C22. vee Cag wee Cg G@q1 A292 +++ Gan biz dyn we cas “Vig 
a ed a ee a ee ba baa bog 
aca Bi oo |~ | || 

: ee ee ; tote bai Ong Ong 
Cm1 Cm2 +++ Cmj +++ Cmg Qm1 Gm2 +++ Amn 


The element c;; belong to the matrix product C is calculated using the elements 
from the ith row vector of A and the elements from the jth column vector of B to 
represent c,; as a dot or inner product. The ith row vector of A is dotted with the 7 
column vector from B and the resulting single number is called c;;. This inner or dot 
product is defined as above, but now a double subscript notation is in use so that 


one obtains 


bo; is 
J 
Cig = (Qa Ge sec Bay) . = 44161; + aigbaj +--+ + @inbnj = y AiKDK; 
: k=1 
Brg 


Performing all possible inner products of the ith row vector with the jth column 
vector as i varies from 1 to m and j varies from 1 to q produces the product matrix 
C= (Ca) miseg: 


ime 8 7 8 9 10 
Example 10-2. If A= G é 3) and B=:[.ib 12 13°44 the ma- 
2x3 15 16 17 18 nea 


trices A and B satisfy the compatibility condition for matrix multiplication and the 
matrix product C = AB will be a matrix having the dimension of 2 rows and 4 


columns. One can write 


123 7 8 9 10 
(He G C12. C13 a —=AB= ie 5 ) 11 12 13 14 
21 C22 C23 C24 15 16 17 18 


where cj, is the inner product of row 1 with column 1 giving 
ee HT) S901) S85) S74 


In a similar fashion one finds 


C2 is the inner product of row 1 with column 2 giving 
cya = 1(8) + 2(12) + 3(16) = 80 
c3 is the inner product of row 1 with column 3 giving 
c13 = 1(9) + 2(13) + 3(17) = 86 
ci4 is the inner product of row 1 with column 4 giving 
cia = 1(10) + 2(14) + 3(18) = 92 
cz, is the inner product of row 2 with column 1 giving 
co, = A(7) + 5(11) + 6(15) = 173 
c2 ‘is the inner product of row 2 with column 2 giving 
C99 = 4(8) + 5(12) + 6(16) = 188 
c3 is the inner product of row 2 with column 3 giving 
co3 = 4(9) + 5(13) + 6(17) = 203 
co, is the inner product of row 2 with column 4 giving 
co4 = 4(10) + 5(14) + 6(18) = 218 


This gives the matrix product 


7 8 9 10 
Ly 2.3 74 80 86 92 
AB= ( ) 11 12 138 14 )]=Ce= ( ) 
4 5 6 [ 16 17 ) 173 188 =6303 0-218 


Matrices with the proper dimensions satisfy the properties 


A(B+C)=AB+ AC left distributive law 
(B+C)A=BA+CA right distributive law 
A(BC) =(AB)C associative law 
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Example 10-3. Note that only in special cases is matrix multiplication com- 
mutative. One can say in general AB 4 BA. Consider the matrix product of the 2 x 2 


matrices given by A= € a and B= (; i) . One finds 


and 
7 By fi By 70> 3 
pa=(t a) (0 i)=( 3) 
which shows that in general matrix multiplication is not commutative. 


In addition, if the matrix product of A and B produces AB = [0], this does not 
mean A = [0] or B = [0]. For example, if A = & ] and B= & 7) then 


ea, Se 2a 


Special Square Matrices 


one can show 


There are many special matrices which have interesting properties. The following 
are some definitions of special square matrices which arise in applied mathematics, 
engineering, physics and the sciences. 

The identity matrix 
The nx n identity matrix can be expressed I = (6;;),,,.,, Where 6;; is the Kronecker 
delta and defined 
iis { 1 if i=j 
= 0 ifiF#j 
This matrix is characterized by having all 1’s along the main diagonal and zero’s 


everywhere else. An example of a 3 x 3 identity matrix is given by 


Secondary diagonal 


Main di 1 
The identity matrix has the property an eiae cS 


AP=fAaA (10.6) 


for all square matrices A where A and J have the same dimensions. 
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The transpose matrix 
The transpose of a matrix A = (Qij)mxn 18 obtained by interchanging the rows and 


columns of the matrix A. The transpose matrix is denote A? = (aji)nxm. That is, if 


Qi aji2 ee Qin Qi a21 Beiins Aml1 
a21 a22 Bante Q2n aj42 a22 Forer) Am2 
A= ; then AT=] | 
aml am2 tee amn mxn Qin a2n mages aQmn nxm 


Note that (AT)? = A. If A? = A, then the matrix A is called a symmetric matrix. 
If A? = —A, then A is called a skew-symmetric matrix. The matrix transpose of a 
product satisfies 

(AB)? = BTA’, (ABO) SC BF AY 


so that the transpose of a product is the product of the transposed matrices in reverse 
order. 
Lower triangular matrices 


Matrices which satisfy 
A=(ajj), Where aj;=0 for i<j, 


are called lower triangular matrices. Such matrices have zero for elements everywhere 
above the main diagonal. Any example of a lower triangular matrix is given in the 
figure 10-1. 


A= 


NO © 
oo 6 


Figure 10-1. A 4 x 4 lower triangular matrix. 


Upper triangular matrices 


If a square matrix A satisfies 
A=(aj), Where aj;=0 for i>j, 


it is called an upper triangular matrix. Such matrices have zero for elements every- 
where below the main diagonal. An example upper triangular matrix is illustrated 
in the figure 10-2. 
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3 2 1 #1 
0 2 4 -6 
oa 0 0 3 #1 
0 0 0 2 


Figure 10-2. A 4 x 4 upper triangular matrix. 


Diagonal matrices 
A matrix which has zeros for all elements above and below the main diagonal is 


called a diagonal matrix. Such a matrix can be described by 
D=(di;), Where dj=0 for ij. 


Diagonal matrices are sometimes written D = diag (Aj, A2,..., An). The identity matrix 
is an example of a diagonal matrix. Another example of a diagonal matrix is given 
in the figure 10-3. 


3 0 0 0 
0 2 0 0 
ee 0 0 5 O 
0 0 0 1 
Figure 10-3. Example of a 4 x 4 diagonal matrix. 


Tridiagonal matrices 
A matrix A satisfying 
A=(aj;), where m=) one 
is called a tridiagonal matrix. Such a matrix is recognized as having elements along 
the main diagonal and the immediate diagonals above and below the main diagonal. 
All other elements within the matrix are zero. An example tridiagonal matrix is 


given in the figure 10-4. 


A= 


OWN Fr 
Wor oOo 
Oe ee en) 
cae a a ED) 


3 
1 
0 
0 


Figure 10-4. A 5 x5 tridiagonal matrix. 


The trace of a matrix 
The trace of an Xn square matrix A is denoted Tr(A) and represents a summation 


of the diagonal elements of the matrix A. One can write 


Tr(A) = So ai = an + G29 + A33 +++++ Ann 
i=1 
If matrices A and B are conformable matrices, then the trace satisfies the properties 
Tr(A+ B) = Tr(A) + Tr(B), Tr(AB) = Tr(BA) 


The Inverse Matrix 
If A and £ are square matrices such that their matrix product produces the 
identity matrix, that is, if AE = EA =I, then E is called the inverse of A and the 
matrix E is written 
E=A"t, 


which is read “E equals A inverse”. ‘Thus, the inverse matrix has the property that 
AA1=A1A=I. 


The inverse matrix, if it exists, is unique. This statement can be proven by first 
assuming that the inverse is not unique and then showing that this assumption is 
wrong. This type of proof is known as the method of reductio ad absurdum! to 
verify something is true. 

For example, if A; and A, are both inverses of the matrix A, then by hypothesis 
both of the statements 


AA, = A,A =I and AAs = AjA =I 
must be true. Consequently, one can write 
Ag = Aol = As(AAi) = AsAVAV= TALS A 


Hence, Ay = A; = A! and the initial assumption is wrong and so the inverse matrix 


must be unique. 


| The method of reductio ad absurdum is used to prove a statement in mathematics by assuming initially that 
the statement is true (or false) and then performing an analysis of this assumption (the reduction of the proposition) 
to arrive at a conclusion which is obviously absurd and contradicts the initial assumption. The method of reductio 
ad absurdum was used by the early Greek mathematicians as a method for proving many theorems. 
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Example 10-4. For A annxn square matrix, show that (A~!)~' = A. That is, 
show the inverse of an inverse matrix is again the original matrix A. 
Solution Let B = A~! so that B-! =(A~')', then by definition of an inverse matrix 
one can write 
AB=AA'=I. 
Right-multiply this equation on both sides by B-! to obtain 
ABB HIB = BB. 
Using the result that BB-!=TJ and that AJ = A, this last equation simplifies to 
AASB tS) 
which establishes the result. 
a 
Example 10-5. Show that (AB)-! = B-!A-!. That is, show the inverse of a 
product of two matrices is the product of the inverses in the reverse order. 
Solution By definition 
(AB)~'(AB) =I. 


so that if one postmultiples both sides of this equation by B-! and simplifies the 
results, one finds 


(AB\ (Abe = 18+ 
(AB)~'A(BB~') = B, associative law 
(AB)-1AI = Bt 
(AB) 'A=B" 
Now postmultiply both sides of this last equation by A~! to obtain 
AB aA =] B A 
(AB) 1S BOCA 
(AB) =]p-tA-* 


which establishes the result. 
| 


Methods for calculating the inverse of a square matrix, if the inverse exists, 
are developed in a later section. In this section, the emphasis is on definitions, 


terminology and certain operational properties associated with square matrices. 


Matrices with Special Properties 


The following is some terminology associated with square matrices A and B. 
(1) If AB=—BA, then A and B are called anticommutative. 
(2) If AB=BA, then A and B are called commutative. 
(3) If ABABA, then A and B are called noncommutative. 


p times 

(4) If AP= GA... A =) for some positive integer p, 
then A is called nilpotent of order p. 

(5) If A? =A, then A is called idempotent. 

(6) If A? =/, then A is called involutory. 

(7) If A?*++ = A, then A is called periodic with period p. The smallest 
integer p for which A?*+! = A is called the least period p. 


(8) If A? =A, then A is called a symmetric matrix. 
(9) If A? =—A, then A is called a skew-symmetric matrix. 
(10) If A~! exists, then A is called a nonsingular matrix. 
(11) If A~! does not exist, then A is called a singular matrix. 
(12) If ATA= AA? =T, then A is called an orthogonal matrix and AT = A7!. 


Example 10-6. 
The matrix A= ee 4 


G O) 10. OF fo: 0 
jes ee ee Us | 


Example 10-7. The matrix A= | 


is periodic with least period 2 because 


1 i})};-1 -!1 


and A? = A2A = k | 


i | is nilpotent of index 2 because 


comets AE a-[ as 


Example 10-8. The matrix 


is idempotent because 


eome-[! SEP a2 a]- 
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An orthogonal matrix 
If A is an n x n square matrix satisfying A7A = AAT = J, then A is called an 
orthogonal matrix, and A~! = A’. An example of an orthogonal matrix is given by 
A=( cos 8 ) AP = (38) —) ee 


—sind cosé sin 0 cos 0 


Example 10-9. Some examples of special matrices are: 


is lower triangular 


es bin by all 
— | O bea be3 baa . . 
B= G* 80s asad | is upper triangular 
0 0 0 ba4 
1 0 
f=).0>1-0 is an identity matrix which is also diagonal 
0 0 1 
By 00 0 
a B y 0 0 
PSO? “os 4a uO is a tridiagonal matrix 
0 0 a By 
00 0a B 
1 0 0 O 
G.2:0e ON Rete P 
A= Ga” oe fo is an orthogonal matrix satisfying AA’ =I 
0 0 0 1 
If f = f(z) = f(a1,@2,...,%n) is a function of n-variables, then the Hessian matrix 
associated with f is 
a? f a? f ue, a’ ff 
Ox 2 Ox, Ox2 Ox, OL pn 
os oe 2 es 
AH — Ox2 Ox, 0x2? Ox2 OL pn 
of Ls 
Oxy OX, Oxy Ox2 OX n2 


Example 10-10. Consider the fixed set of axes x,y and a set of barred axes 
z,y where the barred set of axes is rotated about the origin through an angle @ as 
illustrated below. Consider a general point P having coordinates (x,y) with respect 
the unbarred axes. This same point P has coordinates (z,y) with respect to the 
barred set of axes. Let é@;, é: and é,, é) denote unit vectors in the directions of the 
x,y and Z, y-axes respectively. The position vector 7 of the point P can be expressed 
in either of the forms 


F=xey +yeo or F=f, +9 
The transformation equations between the coordinates can be obtained by taking 


the dot product of 7? with the unit vectors é, and é2 to obtain 


FP. @, =HL=xre,- ey + yen: €; = xcosd+ysind 


- @p = yen: €9 = x(—sin#) + ycosO 


The above transformation equations between 
the (z,y) axes which have been rotated through 
an angle @ with respect to a fixed set of (x, y) axes 
can be represented by the matrix equation 


[sat Sie] a #08 en 


y —sin@ cos 


where X = col(z,y) and X = col(z,y) are column 


vectors. Here the coefficient matrix of the above 
cos 0 sin 0 cos? —sind 

—sin@ cosé sin? cos | , 
If one calculates the matrix product of A times it transpose A’, one finds AA? = J, 


transformation is A = 


and its transpose matrix is A? = 


the identity matrix. Matrices with this property are called orthogonal matrices. 
Left-multiplication of equation (10.7) by A~! = A? gives the inverse transformation 
A?X = ATAX =IX =X which can be expressed in expanded form 


2) . |\cos? —sin?| | 
y|  |sin@  cosé | |g] 


The row and column vectors which make up the rows and columns of the matrix A 


are called orthogonal vectors. 
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Example 10-11. Represent the given system of differential equations in matrix 


d d 2 t —_— = — t 
Y1 y y y sin t, y = 2Y2 + Y3 + COs t, y = 3Y3 sin 2 


Solution The above system of differential equations can be represented in the form 


dy = 
oY _ Ag+ F(t) (10.8) 
dt 
1 1 -il1 
where 7 = y(t) = col(y, ye, y3) denotes a column vector, A= {0 2 1 j is a co- 
0 0 3 


efficient matrix and f = f(t) = col(sint, cost, sin2t) represents a variable right-hand 
side to the differential system. Matrix differential equations of the form given by 
equation (10.8) subject to the initial condition 7(0) =z, where @ is a constant, are 


called initial-value problems. 


Example 10-12. The nth order linear differential equation 


d”y dt ty ay d*y dy 
SS ai (t) aot + a2(t) aoe fetes SEE Gn—2(t) ay + Gn—1(t) a, + An(t)y =0 


is converted to matrix form by defining 


dy dy ay Maia 


y = col bis 
G=COMY, es Gar + + Ganaz? Ggnat) 
and 
0 1 0 0 0 
0 0 1 0 0 0 
0 0 1 0 0 
A= A(t) = : 
0 0 0 0 oi i: 0 
0 0 0 0 wee AG 1 
—An(t) —-An—1(t) —@n-2 —Gn_3(t) +--+ —ag(t) —a,(t) 


The given scalar equation can then be represented by the matrix equation 


The matrix A= A(t) is called the companion matrix. 


2 
Example 10-13. Represent the differential equation ot +w’y = sin 2t in matrix 
form. 
Solution Let y, =y and y2 = on = s then 


dy2 dy d?y 
dt dt? dt? 


wy + sin 2t = —w7y, + sin 2t 


The given scalar differential equation can then be represented in the matrix form 
“\ (0 1\(m rar et 
tye ~ \—w? 0 Yy2 sin 2t 


ag + Fee where A=(_, ae 70 = ( : pa Gore 


or 


sin 2t 
: 
Example 10-14. Associated with the initial value problem 
dy _.F _ e 
He AMG + FO), y(0) =e (10.9) 
is the matrix differential equation 
“ SAX KOVST (10.10) 


where X = (2ij)nxn and I is the n x n identity matrix. Associated with the matrix 


differential equation (10.10) is the adjoint differential equation 


< LSM. “O28. Gojoe (10.11) 


The relationship between the three differential equations given by equations (10.9), 
(10.10), and (10.11), is as follows. Left-multiply equation (10.10) by Z and right- 
multiply equation (10.11) by X to obtain 


dX 


“x =~ ZA(t)X (10.13) 


and then add the equation (10.12) and (10.13) to obtain 


dX dZ d 
ak of ae a ae 


ZX) =(0| (10.14) 
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This implies that the matrix product 7X = C is a constant. If the matrix X is 
nonsingular, then X~! exists, so that one can solve for Z as Z = X~'C. At time 
t = 0, it is required that Z(0) =I and X(0) =I so that C =I and therefore Z = x7}. 
Consequently, the adjoint equation can be expressed in the form 


Oe 


oe —X~' A(t), x (OST (10.15) 


Now multiply equation (10.9) on the left by x—! to obtain 


xd = X1Ag+ X'fit) (10.16) 


and then multiply equation (10.15) on the right by g to obtain 


y= —X7 Ay (10.17) 


eee Tiere, Si 7) a? ties Le (10.18) 
Integrate equation (10.18) from 0 to t and show 
t d t = 
| — (X~"(t)y(t)) a= f X71(t)f(t) dt 
g dt 0 
which produces the result 


X~*(t) gt) =X-'(u) -X@)a10) = f X~*(t) f(t) dt 


0 


which indicates that the solution to the matrix equation (10.9) can be represented 
in the form 


g(t) = X(e+ X(t) : X1(€) F(6) dé (10.19) 


Z 
The Determinant of a Square Matrix 


A fundamental principle from probability and statistics is that if something can 
be done in n different ways and after it has been done in one of these ways, a second 
something can be done in m different ways, then the two somethings can be done 
in the order stated in n-m different ways. If a third something can be done in p 


different ways, then the three somethings can be done in n-m-p different ways. This 


principle of multiplication by the number of distinct ways a thing can be done can be 
extended to more than just two or three somethings. 

A permutation of a set of objects represents some arrangement of the objects. 
The number of different permutations of n-objects is n! (read n-factorial). This is 
because there are n choices for the first position of the arrangement, (n — 1) choices 
for the second position of the arrangement, (n — 3) choices for the third position of 
the arrangement, etc, and these quantities are being multiplied. 

A transposition is an interchanging of the positions of two objects within an 
arrangement of the set of objects. In examining all possible permutations of the 
integers (1,2,3,...,n) one finds these permutations can be divided into a group rep- 
resenting an even number of transpositions and another group representing the odd 
number of transpositions. For example, in going from (1234...) to (2134...) represents 
1 transposition and going from (1234,...) to (2314...) would be two transpositions, 
etc. 

The determinant of a n x n square matrix A = (a;;) is denoted by either of the 
symbols det A or | A |. The determinant is a single number given by either of the 


summations 
det A =| A |= So (-1) airajrans she, column expansion 


det A =| A |=S—(-1)™aria2; 03% edie row expansion 


The single number det A =| A | is the sum of all possible products in which there 
appears one and only one element from each row (or column) multiplied by the 
appropriate plus or minus sign. The sigma sign © denotes a sum over all n! permu- 
tations of the numbers (1,2,3,...,n) and the integers (i,7,k,...,2) represent distinct 
permutations of the numbers from the set (1,2,3,...,n). The appropriate plus or mi- 
nus sign is assigned to each product within the sum and is based upon whether the 
permutation (i,j, k,...,@) is either even (+1) or odd (-1). That is, m = +1if (,9,k,...,@) 
represents an even number of transpositions associated with the set (1,2,3,...,n) and 
m = —1 if (i,7,k,...,£) represents an odd number of transpositions associated with 
the set (1,2,3,...,n). 

Example 10-15. The matrix A= te ae has the determinant 


a21 422 


11 8612 
21 


a 
| A |= ; = +441 022 — 412421 
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Here (1,2) is an even permutation of (1,2) and (2,1) represents an odd permuta- 
tion of (1,2) A mnemonic device ta remember this 2 x 2? determinant is illustrated by 


the following figure 


Q11 @12 413 


Example 10-16. The3x3 matrix A= [| a, a2. a3 | has the determinant 
431 432 433 
G11 G12 413 
| A|=]a@21  @22 a23} = +411422433 + 412423431 + 413421432 
@31 432 433 — 413422431 — A11 423432 — 212021433 
A mnemonic device to remember this 3 x 3 determinant is to append the first two 
columns to the end of the matrix and draw diagonal lines through the elements to 


create the following figure, where the elements on each diagonal are multiplied. 


Note that the determinant of a nxn matrix has n-factorial terms and consequently 
if n is large, then mnemonic devices like those above are not employed because the 
calculations become cumbersome and sometimes extremely lengthy. Instead it has 
been found that by using row reduction methods? the given matrix can be converted 
to an equivalent upper triangular or lower triangular matrix having all zeros either 
below or above the main diagonal. The determinant of these special triangular 


matrices is then just a product of the diagonal elements. 


Example 10-17. Find the derivative of the determinant 


y=det A=| A|= 


a41(t) a42(t) | 
a21 (t) a22 (t) 


2 Row reduction methods are considered later in this chapter. 


Solution 
The definition of a determinant gives the relation y = y(t) = )>(—1)™ai(t)ajo(t) 
where the summation is over all permutations of the integers (1,2). Differentiating 


this relation gives 
d d daj;1(t daj2(t 
HF (Sandee) = Dev" |e + aly 22] 
which has the expanded form 


dt dt 


Minors and Cofactors 


Associated with each element a,, of a n x n square matrix A are the quantities 
Mosq and Chg called the minor and cofactor of the element Giggs The minor Moq of an 
element a,, is the determinant of the (n—1)x (n—1) matrix formed by deleting the row 
and column of A which contains the element a,,. The cofactor of a,, is then defined 
AS Cpqg = (—1)?*4myq. That is, the cofactor is the minor with the appropriate plus or 
minus sign (—1)?*? which is determined by the row number p and column number q 
of the element a,,. The matrix containing the cofactor elements c,, of ap, is written 
C = (€pq)nxn and is called the cofactor matrix associated with A. The cofactor matrix 
has the property that AC’ = diag || A], |Al,...,|A|] =|A|Z, where |A| is the determinant 
of A. 


Example 10-18. ((Minors and Cofactors) For the matrix A= | a2, a22_— 423 


calculate the cofactor matrix C = (c;)3x3 and then calculate AC’. 
Solution The minor of element a;; is obtained by crossing out the row and column 
containing a;; and then taking the determinant of the remaining elements. One finds 


a22 a23 a21 a23 a21 a22 
mit = , M12 = , M13 = 
a32 a33 a31 a33 a31 a32 
C11 = M11, C12 = —™M12, C13 = M13 
ai2 a13 aii a13 aii ai2 
m1 = ’ m22 = ’ M23 = c21 = —m21, C22 = M22, C23 = —™M23 
a32 a33 a31 a33 a31 a32 
c31 = ™31, C32 = —™M32, C33 = M33 
ai2 a13 aii a13 aii ai2 
M31 = > M32 = ’ M33 = 
a22 a23 a21 a23 a21 a22 
aii 412443 Ci1 21 31 |A| 0 0 
T = 
AC™ =| Goi 22 93 a2 G22 azo |= | 0 |Al| O 
431 432 433 413 423 433 0 0 {Al 


where 
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| A| => det A = a11 


a22 = =423 
A432 433 


— a2 = 411C11 + 412C12 + 413€13 


In general for A,., One can write 


JA] =det A=SCaijej or Al =det A= So ajc; 


j=l j=l 


for the column and row expansion of a determinant. If n > 3 these methods for 


calculating a determinant are ill advised as the method is very time consuming. 


Properties of Determinants 


Many of the properties of determinants are associated with performing elemen- 


tary row (or column) operations upon the elements of the determinant. The three 


basic elementary row operations being performed on determinants are 


(i) 
(i) 
(iii) 


The interchange of any two rows. 

The multiplication of a row by a nonzero scalar a 

The replacement of the ith row by the sum of the ith row and a times the jth 
row, where 14 j and a is any nonzero scalar quantity. 


The following are some properties of determinants stated without proof. 


. If two rows (or columns) of a determinant are equal or one row is a constant 


multiple of another row, then the determinant is equal to zero. 


. The interchange of any two rows (or two columns) of a determinant changes the 


numerical sign of the determinant. 


. If the elements of any row (or column) are all zero, then the value of the deter- 


minant is zero. 


. If the elements of any row (or column) of a determinant are multiplied by a scalar 


m and the resulting row vector (or column vector) is added to any other row (or 
column), then the value of the determinant is unchanged. As an example, take 
a 3x 3 determinant and multiply row 3 by a nonzero constant m and add the 


result to row 2 to obtain 


a be a b Cc 
d e f\l=|(d+mg) (e+mh) (f+mi)}. 
g h i g h a 


. If all the elements in a row (or column) are multiplied by the same scalar gq, then 


the determinant is multiplied by g. This produces 


Qq1 a12 Qin Qi1 Q12 Qin 
gail qai2 Gain | =| Ql Ai2 Ain |- 
An1 An2 Ann An1 An2 aAnn 


6. The determinant of the product of two matrices is the product of the determi- 
nants and |AB| =|A||B|. 

7. If each element of a row (or column) is expressible as the sum of two (or more) 
terms, then the determinant may also be expressed as the sum of two (or more) 


determinants. For example, 


a4, + by a12 sts Qin ai1 ai2 “ts Qin bi a12 sts Qin 


Qiitbiy aig +++) Gin | =| Gi Gig +++ Gin | +] bi aig +++ Gin 


Qn =f Dat Qn2 ann ani an2 ann bri an2 ann 


8. Let c;; denote the cofactor of a;; in the determinant of A. The value of the 
determinant |A| is the sum of the products obtained by multiplying each element 


of a row (or column) of A by its corresponding cofactor and 
n 
|A| =aj1¢;1 +--+ + GinCin = So ain cig row expansion 
k=], 


n 
or |A| =aijc1j +++* + anjenj = Sania; column expansion 
k=1 


If the elements of a row (or column) are multiplied by the cofactor elements 
from a different row (or column), then zero is obtained. These results can be 
used to write AC? = |A|I 


Example 10-19. 


1 0 1 —5 5 —5 
Show the matrix A= |—-1 1 2 | has the cofactor matrix C =| 2 —4 j : 
3 2 -il1 —1 —-8 1 


If the elements from any row (or column) of A are multiplied by their respective 
cofactors, then the sum of these products gives us the determinant |A|. For example, 


using row expansions one can verify 


o27 


328 


| A] = (1)(—5) + (0)(5) + (1)(-5) = —10 
|A] = (—1)(2) + (1)(-4) + (2)(—2) = -10 
[Al = 3)(-1) + 2)(-3) + (-1)@) = —-10 


and using a column expansion there results 


|A] = (1)(—5) + (—1)(2) + (3)(-1) = —10 
| A] = (0)(5) + (1)(—4) + (2)(—3) = —10 
|A] = (1)(—5) + (2)(—2) + (-I)Q) = -10. 


Observe also that if the elements from any row (or column) are multiplied by 
the cofactors from a different row (or column), then the sum of these elements is 
zero. For example, row 1 multiplied by the cofactors from row 2 gives 


(1)(2) + (0)(—4) + (1)(—2) = 0. 
Another example is row 2 multiplied by the cofactors from row 3 
(—1)(-1) + (1)(-3) + (2)(1) = 0. 


These results may be further illustrated by calculating the matrix product 


ACT = 
0 oO |A 


|AJ O 0 
0 |A| O | =|Aldiag(1,1,1) =|AlZ (10.20) 


Example 10-20. 


Find the determinant of the matrix 


1 0 O 2 6 
1 1 O 38 al 
A=|-2 0 1 -3 -9]. 
0 -1 0 2 1 
1 0 1 4 12 


Solution: Utilizing property 4, one can multiply any row by a constant and add the 
result to any other row without changing the value of the determinant. Perform the 


following operations on the above determinant: (a) subtract row 1 from row 5 (b) 


multiply row 1 by two and add the result to row 3, and (c) subtract row 1 from row 
2. Performing these calculations produces 


i 0) 0) i.6 
(Candee oe 

|AJ=/0 O 1 1 3). 
Oi. SO: 
O07 6 


Now perform the operations: (a) add row 2 to row 4 and (b) subtract row 3 from 
row 5. The determinant now has the form 


1. 0: 110: -22E4G 
Ody 0 Gi. 42 
|AJ=|0 0 1 1. 3}. 
0-00 3 4 
000 1 8 


Observe that the row operations performed have produced zeros both above and 
below the main diagonal. Next perform the operations of (a) subtracting twice row 
5 from row 1, (b) subtracting row 5 from row 2, (c) subtracting row 5 from row 3, 


and (d) subtracting row 5 from row 4. These operations produce 


Gi, GF 1 Oe 1G 
02° 2) 10:0" 0 
|AJ=|0 0 1 0 Of. 
Of 0D Oe 
000 1 8 


By expanding |A| using cofactors of the first rows and associated subdeterminants, 


there results 
2 I 


4l=@aa|? 3/=5. 
A much more general procedure for calculating the determinant of a matrix A 
is to use row operations and reduce |A| = det(A) to a triangular form having all zeros 


below the main diagonal. For example, reduce A to the form: 


441 G12 413 ses Qin 
0 a22 a23 aes Q2n 


| A| = det(A) = 0) O a33 «we. An | | 


0 0 O  ... Gnn 
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The determinant of A is then obtained by multiplying all the elements on the main 


diagonal and 


|A| = det (A) = 411922.--Ann = [[eu- 
i=1 


Rank of a Matrix 

The rank of a m x n matrix A is denoted using the notation rank(A). The rank of 
the matrix A is a real number defined as the size of the largest nonzero determinant 
that can be formed using the elements of A. If A = (@;;)mxn, one can show that the 
maximum possible rank(A) is the smaller of the numbers m and n. 
Calculation of the Inverse Matrix 


The following illustrates some methods for calculating the inverse of a square 
matrix if such an inverse exists. Previously it has been shown that if C is the cofactor 
matrix of A, then 

AC” = AK, (10.21) 


By multiplying this equation on the left by A7! and dividing by |A], one can verify 


the result 
1 


At = 
|A| 


OF. (10.22) 


as a formula for calculating the inverse matrix. Define the transpose of the cofactor 

matrix C’ to be the adjoint of A. The notation Adj A is used to denote the adjoint 
matrix. Using this definition, the above results can be expressed in the form 

(AdjA)A=A(AdjA)=|AI or AT = ayAd A (10.23) 

If A is an n x n square matrix and the determinant satisfies det A = |.A| = 0, then 

A is called a singular matrix. If A is singular, then the inverse matrix does not exist. 

If det A =|A| 40, then A is called a nonsingular matrix, and the inverse matrix A~! 


exists under these conditions as can be discerned by examining the equation (10.23). 


Example 10-21. 


Find the inverse of the matrix A = e Al : 


Solution: The cofactor matrix associated with A is given by C = | and 


2 1 


AdjA=C? = 


This gives |A| = 10 so that A is nonsingular and the inverse is given by 


i 
~ 10 


4 —-2 


-1 
se 3. ol 


| As a check, verify that AA7t =I 


Elementary Row Operations 


A very useful matrix operation is an elementary row operation performed on a 
matrix. These elementary row operations can be used to obtain a wide variety of 
results. 

An elementary row matrix EF is any matrix formed from the identity matrix 
I = (6) by performing any of the following elementary row operations upon the 
identity matrix. 

(a) Interchange any two rows of I 

(b) Multiplication of a row of I by any nonzero scalar m 

(c) Replacement of the ith row of J by the sum of the ith row and m times the jth 
row, where i 4 j and m is any scalar. 

An elementary column matrix EF is obtained if column operations are used instead 
of row operations. An elementary transformation of a matrix A is the multiplication 


of A by an elementary row matrix. 


Example 10-22. Consider the matrix A = 


a be 
d e f{| and the elementary 
g h 3 


matrices 
E, where row 1 and 2 of the identity matrix are interchanged. 
E>, where row 1 is interchanged with row 3 and then rows 1 and 2 are interchanged. 


E3 where row 1 of the identity matrix is multiplied by 3. 
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E, where row 2 of the identity matrix is multiplied by 3 and the result added to row 1. 


These elementary matrices can be represented 


Ey = 


0 1 0 i 3 
10 0|, B= 0 1 
O08 4 0 0 


0 1 0 
0011, B= 
1 0 0 


3 0 0 
01 0|, m= 
00 1 


0 
0}, 
1 
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Observe that multiplication of the matrix A by an elementary matrix E produces 


the following elementary transformations of the matrix A. 


de f 
a be 
g h i 


where the first two rows of A are interchanged, 


de f 
g h i 
a bc 


where simultaneously row 2 is moved to row 1, row 3 is moved to row 2 and row 1 


E\A= 


E2,A = 


is moved to row 3, 


3a 3b 3c 
E3A _ d e f 
g h ¢ 


where row | is multiplied by the scalar 3, and 


E,A=| d e f 


g h a 


a+3d b+3e F] 


where row 2 of A is multiplied by 3 and the result is added to row 1. Observe that 
the elementary matrices FE, F2,E3 and E, are obtained by performing elementary row 
operations on the identity matrix. When one of these elementary matrices multiplies 
the matrix A it has the same effect as performing the corresponding elementary row 


operation on the matrix A. 


Let the product of successive elementary row transformations be denoted by 
PP AMS Een hsp 


Similarly, one can define the product of successive elementary column transforma- 
tions by 
BiB Pent ee OF 


The equivalence of two matrices A and B is defined as follows. Let P and Q denote, 
respectively, the product of successive elementary row and column transformations 
as defined above. If B = PA, then B is said to be row equivalent to A. If B = AQ, then 


B is said to be column equivalent to A. If B = PAQ, then B is said to be equivalent 


to to the matrix A. 


All elementary matrices have inverses and are therefore nonsingular matrices. If 
A is nonsingular, then A~! exists. For A nonsingular, one can perform a sequence of 
elementary row transformations on the matrix A and reduce A to an identity matrix. 


These operations are denoted by 
EyEy_1-::+E3hkohkA=I or PA=I1 (10.24) 
Right-multiplication of equation (10.24) by A~! gives 
P = Ey Ex_1:++E3E,E, = Aq*. (10.25) 


This equation suggests how one might build a “machine” for finding the inverse 
matrix of a nonsingular matrix A. Write down the matrix A,,., and append to the 
right of it the identity matrix [,.,. By doing this the identity matrix can then be 
used like a “recording device,” to record all elementary row operations that are 
performed on A. That is, whatever a row operation is performed upon A you must 
also perform the same row operation on the appended identity matrix. The matrix 
A with the identity matrix appended to its right-hand side is called an augmented 
matrix. After writing down 

A|I, (10.26) 


observe that if an elementary row transformation is applied to the matrix A, then 
it is possible to “record” this transformation on the right-hand side of the equation 
(10.26). For example, if £; is an elementary row transformation applied to the 
augmented matrix, one obtains 

By Bl 


By performing a sequence of elementary row transformations upon the aug- 
mented matrix, given by equation (10.26), one can change the augmented matrix to 
the form 

Bee A he oe (10.27) 


where the sequence of elementary transformations has been “recorded” on the right- 
hand side of the augmented matrix. If one can choose the elementary matrices 
E;, i = 1,...,k, in such a way that the left-hand side of the augmented matrix 
(10.27) becomes the identity matrix, there would result the equation (10.24) on the 


333 


334 


left-hand side of the transformed augmented matrix. Consequently, the right-hand 
side of equation (10.27) becomes an equation, which gives the inverse matrix. The 


following example illustrates this “machine.” 


1 0 3 
Example 10-23. Find the inverse of the matrix A= |-1 1 2 
2 -l1 2 
Solution Append to the matrix A the identity matrix J to obtain the augmented 
matrix 
1 0 3;1 0 O 
to a. eGo, (10.28) 
2 -1 2;0 0 1 


Now try to select a sequence of elementary row operations with the goal of reducing 
the left-hand side of the augmented matrix (10.28) to the identity matrix. Each time 
an elementary row operation is applied to to the left-hand side of the augmented 
matrix (10.28) be sure to “record” the operation on the right-hand side. To illustrate, 
consider the following row operations applied to the augmented matrix (10.28). 

e Replace row 2 by adding row 1 to row 2 

e Multiply row 1 by (—2) and add the result to row 3. This produces the augmented 


1 0 3 
0 1 i) 
O -1 -4 


Next perform the elementary row operation of replacing row 3 by adding row 2 


1 O 0 
1 1 O}. 
-1 1 1 


Finally, perform the following row operations: 
e Multiply row 3 by (—5) and add the result to row 2. 
e Multiply row 3 by (—3) and add the result to row 1. The above row operations 


matrix 
1 


0 0 
1 1 0 
—2 0 1 


to row 3 to get 


produce the desired result of producing the identity matrix on the left-hand side 
of the augmented matrix. The final form for the augmented matrix is 


a 0 0| 4 -3 =3] 
O 1 O| 6 -4 —-5 
lo Or a: St a | 
and an examination of the right-hand side of the augmented matrix gives the 
4 -3 -83 
inverse matrix A~! = | 6 —4 -—5]|.QOne can readily verify that AA-! =I. 
—1 1 1 


Eigenvalues and Eigenvectors 

Consider the operator box illustrated in the figure 10-5 where the input to the 
operator box is the n x 1 nonzero column vector x = COl(z1,22,...,%) and the output 
from the operator box is the n x 1 column vector y = Ar were A is a n x n nonzero 
constant matrix. The operator box is said to transform the nonzero column vector 
x to the column vector y by matrix multiplication. For example, if n = 3 one would 


have the situation illustrated. 


Y1 411 G12 413 naa 
xX y= Ax Y2 | = | G21 G22 423 r2 
Y2 a31 432 433 U3 


Figure 10-5. 
Transformation of vector x to vector y. 


If there are special nonzero column vectors x such that the output y is pro- 
portional to the input z, then these special vectors are called eigenvectors and the 
proportionality constants are called eigenvalues. If the output y is proportional to 
the nonzero input 2, then the equation y = Av = Ax must be satisfied, where ) is the 
scalar proportionality constant. If the equation Ar = Ax has nonzero solutions, then 


one can write 


Ag =A\xz = AIx 
(A-—AL) a =[0]nx1 
ayi—A a2 Ain Ly 0 (10.29) 
a21 a22 — aan r2 0 
Ant An2 Ann — X Ln 0 


Cramer’s? rule states that in order for this last equation to have a nonzero solution it 


is required that the determinant of the unknowns 2, 72,...,2, be zero. This requires 


that 
ay1— A a42 13 
a a2 — Qn, 
det(A-rAN=| 7 16 (10.30) 
Ani An2 Ann — r 


3 Gabriel Cramer (1704-1752) A Swiss mathematician who studied determinants. 
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Solving this equation for the values of \ gives the eigenvalues (\1, A2,..., An) associated 
with the matrix A. Substituting an eigenvalue \ into the equation (10.29) enables 


one to solve for the corresponding eigenvector. 


Example 10-24. 


Find the eigenvalues and eigenvectors associated with the matrix A = ic ) 


Solution The eigenvalues and eigenvectors of the matrix A are determined by solving 
the matrix equation Az = Ax or 


(4-ane= (15? i) (2) =(4) (10.31) 


In order for this system to have a nonzero solution for the column vector x, Cramer’s 
rule requires that 

det(A — AI) =0 
or 


1— xX 4 


— _ = —_— oe — = 
3 3, =A -A(B-A)-8 = — 4-5 =0 


Solving this equation for \ gives 
(A+1)(A—5)=0 withroots X}=-1 and A=5 


which are called the eigenvalues of the matrix A. The eigenvector corresponding to 


the eigenvalue \ = —1 is found be substituting \ = —1 into the equation (10.31) to 


Pa So Ra eyes) 


which gives the equation 27; +422 = 0 or 2, = —2x2. This result specifies how the first 


obtain 


component of the eigenvector is related to the second component of the eigenvector 
and gives x = col(x,, 2) = col(—2%2, x2) for the eigenvector. Note that x2 must be some 
nonzero constant in order that the eigenvector be nonzero. For convenience select the 
value x2 = 1 to obtain the eigenvector x = col(—2,1). Note that any nonzero constant 
times an eigenvector is also an eigenvector. To summarize what has just been done, 
one can say the solution of the matrix equation (10.31), using the value \ = -1, 
tells us that col(—2,1) is an eigenvector of the matrix A and any constant times the 
eigenvector is also an eigenvector. In a similar fashion, substitute the value \ = 5 
into the equation (10.31) to obtain 


(2° sis) ()=Ga 2) (2) =) 


which implies x, = x2. This gives the eigenvector x = col(x1, 72) = col(x2, 22) where the 
component 22 must be some nonzero constant. Selecting the value x2 = 1 gives the 
eigenvector « = col(1,1). This shows that corresponding to the eigenvalue A = 5 there 
is the eigenvector « = col(1,1). Note also that any nonzero constant times col(1,1) is 
also and eigenvector. 


Example 10-25. 


Find the eigenvalues and eigenvectors associated with the matrix 


2 P22 
A=|0 0 4 
0 -3 7 


Solution The eigenvalues and eigenvectors of the matrix A are determined by solving 
the matrix equation 


2-2 2 2 Ly 0 
0 -3 7-dX 3 0 


In order for this system to have a nonzero solution for the column vector x, Cramer’s 
rule requires that 
det(A — AI) =0 
or 
2-A 2 2 
0 — 4 
0 -3 7-d% 


= RP ON? = 96 VA O00 


Solving this equation for one finds the factored form 


(A—2)(A—3)(A—4)=0 withroots A=2, \=3, andr’ =4 


which are called the eigenvalues of the matrix A. The eigenvector corresponding to 
the eigenvalue \ = 2 is found be substituting the value \ = 2 into the equation (10.32) 


2—= 2° 2 2 Ly 0 2 2 ry 0 
0 —2 4 Hp) = 0 —2 4 Hop) = 0 
0 -3 7-2 x3 0 -3 5 3 0 


which gives the equations 272 + 273 = 0, —2%2 + 4r3 = 0 and —3r2 +523 = 0. These 


to obtain 


equations imply x2 = 23 = 0 giving the eigenvector col(x,,0,0). Selecting the value 


of x, = 1 for convenience, the eigenvector corresponding to the eigenvalue » = 2 is 


oT 


338 


given by col(1,0,0). Note that any nonzero constant times this vector is also an 
eigenvector. Substituting the eigenvalue \ = 3 into the equation (10.32) gives the 
equations —2,+29r2+22r3 = 0, —3%2+4r73 =0 and —322.+423 = 0. These equations imply 
that x2 = 2x, and «3 = #21. This gives the eigenvector col(z1, 221,21). Selecting 
the value x, = 14 for convenience, one finds the eigenvector col(14, 4,3) corresponding 
to the eigenvalue 4 = 3. Note that any nonzero constant times this eigenvector is 
also an eigenvector. Substituting the eigenvalue \ = 4 into the equation (10.32) 
gives the equations —2z7, + 272 + 273 = 0, —4%2 + 423 = 0 and —3z2 4+ 323 = 0. These 
equations imply that 73 = $2, and x2 = $2; and so the eigenvector can be expressed 
col(a1, $21,521). Selecting the value z; = 2 for convenience gives the eigenvector 


col(2, 1,1) corresponding to the eigenvalue \ = 4. 


Properties of Eigenvalues and Eigenvectors 


The following are some important properties concerning the eigenvalues 
and eigenvectors associated with an n x n square matrix A. 

Property 1: If X is an eigenvector of A, then kX is also an eigenvector of 

A for any nonzero scalar k. 

Assume that the vector X is an eigenvector of A, so that it must satisfy 
the equation AX = \X. If this equation is multiplied by a nonzero constant k 
there results kAX =k\X which can be written A(kX) = A(kX) and given the 
interpretation kX is an eigenvector of A. 

Property 2: An eigenvector of a square matrix cannot correspond to two 

different eigenvalues. 

Let \1, A2 with A; 4 A2 be two different eigenvalues of A. Assume X, is an 
eigenvector of A corresponding to both A; and Az. Our assumption implies 


that the equations 
AX, = AX and AX, = A2X] 


must be satisfied simultaneously. Subtracting these equations shows us that 
(Ay — A2)X1 = [0]. But, if A; — A» 4 0, then this equation would imply that 
X, = [0], which contradicts the fact that X, must be a nonzero eigenvector. 
Hence, the original assumption must be false. 

Property 3: If a matrix A has one of its eigenvalues as zero and \ = 0, 


then A is a singular matrix. 
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The eigenvalues of A are determined by the characteristic equation 
C(A) = det (A— AD) = |A— Al] = (-1)"A" + AP H+ tn 1A + On = 0 


If \ = 0 is a root of the characteristic equation, then C(A) = det A = 0 and 
consequently the matrix A is singular. 
Property 4: Two matrices A and B are said to be similar if there exists 
a nonsingular matrix Q such that B = Q-!Aq. If the matrices A and B 
are similar, then they have the same characteristic equation. 
The above property is established if it can be shown that the character- 
istic equation of B equals the characteristic equation of A. For Q nonsingular 


and B= Q~'AQ, one can write 
B=d\T=C 'AQ=X1 
= Q*AQ - AQ~*IQ 
= Q7‘(A-ANQ. 


The determinant of this equation gives 
C(A) =|B-Al| = |Q7"(A- AN Q| = |Q™*| |A— AI] |Q|. 


But QQ71 = I and |Q||Q-"| = 1 hence C(A) = |B — Al| = |A— Al| and the above property 
is established. 


Additional Properties Involving Eigenvalues and Eigenvectors 


The following are some additional properties and definitions relating to 
eigenvalues and eigenvectors of an nx n square matrix A. The properties are 
given without proof. 

1. If the n eigenvalues 1, A2,...,An Of A are all distinct, then there exists 
n-linearly independent eigenvectors. 

2. If an eigenvalue repeats itself, then the characteristic equation is said to 
have a multiple root. In such cases there may or may not exit n linearly 


independent eigenvectors. If the characteristic equation can be written 
C(A) = (A= Az)" (A = Ag)?? + (A = An)” = 0 


where ae ny =n, then n; is called the multiplicity of the eigenvalue 4,. 
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3. If Aisa symmetric matrix and ); is an eigenvalue of multiplicity r;, then 
there are r; linearly independent eigenvectors. 

4. An nx n square matrix is similar to a diagonal matrix if it has n- 
independent eigenvectors. 

5. The set of all eigenvalues of A is called the spectrum of the matrix A. 

6. The largest (in absolute value) eigenvalue of the matrix A is called the 
spectral radius of A. 

7. If Ais a real symmetric matrix, then all eigenvalues are real. 

8. If Aisa real skew symmetric matrix, then all eigenvalues are imaginary. 

9. If a=max|a,;| and A is an eigenvalue of A, then |A| < na. 

10. An eigenvalue of A must lie within one of n circular disks whose centers 


are a;,i=1,2,...,n, and whose radii are 


ri= >) leas; 
JAA 
that is, the centers of these disks are determined by the elements along 
the main diagonal of A, and the radius of the disk with center at a;; is 
obtained by deleting a,; from the ith row and then summing the absolute 
value of the remaining elements in the ith row. 


11. The eigenvalues of a real matrix A satisfy: 


Example 10-26. For the matrix A= 


ae 4 


v3 
x | find matrices Q and Qu! 


such that Q-1A4Q is a diagonal matrix. 
Solution: Calculate the eigenvalues \;, 2 and eigenvectors X,, X2 of the given matrix 


A and show 
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M=1, X,=coll[V¥3,1] and do =2, Xp =colll,—v3}. 


Let =H %d=|4% _Vq]= [Eo 


vectors of A for its column vectors. By definition the eigenvalues and eigenvectors 


| denote the matrix containing the eigen- 


satisfy the equations 
AX, = Ay X1 and AX» = A2Xo, 
and these equations can be expressed using the above notation as 
; 3 Tit} Ai@14 and $ 3 U12) _ A2X12 
_ V3 ile 21 — Ay £21 _ v3 iG X22 A222 , 
4 4 4 
These two sets of linear equations can be represented by the single matrix equation 


3 v3 11 212) _ | 211 iz} }Ai 0 (10.33) 
v3 i L212 X21 «Log O rA2|- , 


The matrix whose column vectors are n-linearly independent eigenvectors of A is 
called the modal matrix associated with A. Here Q is the modal matrix of A. Denote 
the diagonal matrix having the eigenvalues of A for the elements on the diagonal as 
D = diag(A1, Az), then the equation (10.33) can be written as 


AQ = QD (10.34) 


Left multiplication by Q-! gives Q~'AQ = D, where 


V3 1 val 


1 . 
Q=| 1 4/3 > O=5 1 =4/3 D = diag(1, 2) 


This example illustrates that the modal matrix can be used to reduce a given matrix 
to a diagonal form. 

Changes of variables of the form D = Q-!AQ, for the proper choice of the ma- 
trix Q, is a transformation often used to produce diagonal matrices in a variety of 


applications. 
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Example 10-27. Find the eigenvalues and eigenvectors associated with the 


matrix 
—1 4 6 —6 
1 4 0) 2 
ie —4 0 7 -—8 
—-1 -2 0 0 


Solution: The characteristic equation of A can be calculated by evaluating the de- 


terminant 
—-1-A 4 6 —6 
1 4— 0 2 
O(A) =|A-Al| = “4 0 Bee tac = (A-1)(A- 2)(A- 38)(A— 4) = 0. 
—1 —2 0 — 


The eigenvalues are \=1, 2, 3, 4 and each eigenvector associated with A must be a 


nonzero solution vector which satisfies the equation 


AX =X 
or 
—1- 4 6 —6 ry 0 
1 4— 0 2 Ta, 2 0| 
—4 0 7-X —-8 zz} |O0]- 
—l —2 0 | bel a 


Substitute successively the values \ = 1, 2, 3, 4 into this equation and each time 


solve for X to obtain the eigenvectors 


1 —2 -1 —2 
—1 0 —l =] 
XY a y) ’ Xo 74 0 ’ X3 ~~ 1 ) X4 ace 0 
1 1 1 1 


The modal matrix Q, is the matrix having these eigenvectors for its column vectors. 
The modal matrix Q can be used to produce a diagonal matrix containing the 


eigenvalues of A such that 
Q7'AQ = D = diag(1, 2,3, 4). 
The proof of this statement is left as an exercise. It can also be verified that 
det(A)=24 and (rank A) =4. 


As a final note, it should be pointed out that when one or more of the eigenvalues 


of a matrix A are repeated roots, then a set of n linearly independent eigenvectors 


may or may not exist. The number N of linearly independent eigenvectors associated 
with an eigenvalue \; is given by the formula 


N =n-— (rank[A — ,J]), 


where n is the rank of A. 


Infinite Series of Square Matrices 


In the following discussions it is to be understood that the matrix A is ann xn 
constant square matrix with eigenvalues \;,...,A, Which are distinct. Consider the 
infinite series 


S(z) = co ten tega? +--+ + cpak +--+ = S > cpark (10.35) 
k=0 
and the corresponding matrix infinite series 


S(A) = col + A+ CoA? +-+- +c, A¥ $-+-= So cy A®. (10.36) 
k=0 


where the n x n matrix A has replaced the value x in equation (10.35) and the 
identity matrix has replaced the coefficient of the cy constant term. Convergence of 
the matrix infinite series can be defined in a manner analogous to that of the scalar 


infinite series. Examine the sequence of partial sums 


N 
Sy = S- cy, A* 
k=0 


and if limy... Sy exists, then the matrix series is said to converge, otherwise it is 
said to diverge. It can be shown that if the series in equation (10.35) is convergent 
for « = \; (i = 1,2,...,n), where \; is an eigenvalue of A, then the matrix series in 
equation (10.36) is convergent. 

Some specific examples of series associated with a n x n constant square matrix 
A are the following. 
1. The Exponential Series Corresponding to the scalar exponential series 


i iP 
e'alt+at+a?—+---+a*_ 4... 
2! ki 


there is the exponential matrix e4* defined by the series 


i iP 
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Here A is constant so that one can differentiate equation (10.37) with respect to t 


to obtain 


De cca 2 ae ie ee 
2 k 
iy ae nee ae a ee (10.38) 
qe) HALA Spe Ar 
< (e44) —Acti= At, 


The exponential matrix e* is an important matrix used for solving systems of 


linear differential equations. The exponential matrix has the following properties 


which are stated without proofs. 
1. If the matrices X and Y commute, so that XY = YX, then one can write 


Se Se eae rt (10.39) 


However, if the matrices X and Y do not commute so that XY 4 YX, then the 


equation (10.39) is not true. 


2: (e*) tba 
3. eles y 
4. exe * =] 
5. ete Seere 
6. = (eX)* 
2. The Sine Series Corresponding to the scalar sine series 
73 a 7? £° gent fent+l 
sin(at) wt 31 + 5 sot ( Qn +1)! Das 
there is the matrix sine series 
Ae 8 A° £° Aarti penti 
sin(At) =A tee 1)” 10.40 
Pens ais os aay ee (n+ 1)! ee) 
3. The Cosine Series Corresponding to the scalar cosine series 
a2 #2 at t4 gen f2n 
t)h=1 ee EST? 
ley) a a ("al 
there is the matrix cosine series 
A2 t? At t4 Az” f2r 
At)=I tee —1)" 10.41 
cos(At) ot ae +(-1) (On)! + ( ) 


Differentiate equation (10.40) with respect to ¢ and show 


A ij NaB ea eae cane 
a 21 4! (2n)! 
d A2 #2 At t4 A2” #2” 
— <j = vats 2) VE 10.42 
y in(At) =A (1 a (—1) Gn! ) ( ) 
© sin(At) =A cos(At) = cos(At) A 
Differentiate equation (10.41) with respect to t and show 

d ‘5 Py ‘ fen—-1 

d Ae 8 A° £ Aarti penti 

— cos = cope n ye 10.43 

rc a aa (a0 a cer Pe aaa ) ee) 


“ cos(At) = — Asin(At) = —sin(At) A 


Example 10-28. Show that if A is a constant matrix, then X(t) = e4(¢~*) is a 
matrix solution to the initial-value problem to solve 


dX 
— = AX XxX =I 
dt ; (to) 


Solution Differentiate X and show “ = Ae4t-to) = AX is satisfied. At the initial 
time t = to, one finds X(t) = e4 =T. 


The Hamilton-Cayley Theorem 

The Hamilton*-Cayley® theorem states that every n x n constant square matrix 
A satisfies its own characteristic equation. That is, if C(A) = 0 is the characteristic 
equation association with a nxn square matrix A, then the equation C(A) = [0] must 


be satisfied. This result is known as the Hamilton-Cayley theorem. 


4 William Rowan Hamilton (1806-1865), Irish mathematician and physicist. 
> Arthur Cayley (1821—1895),English mathematician. 
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Example 10-29. The following is an example illustrating the Hamilton-Cayley 


2 1 
3.2]? 


then the characteristic equation associated with the matrix A is 


theorem. Let 
A — 


C(A) = det(A— AD) = 


2—AX 1 
3 2—A 


[=.?-ar41=0 
Replacing the scalar 4 by the matrix A one obtains C(A) = A?—4A+T, where I is the 


2x 2 identity matrix. The given matrix A when squared gives 
ae) oe 9 be sd 
#=[5 als al-[2 7): 
Substituting 7,A and A? into C(A) gives 


eA 4 1 0] fo o]_ 
c(a)=|45 7|-4|5 f+ {a i =[6 aI a) 
and, hence, A satisfies its own characteristic equation. 


In order to prove the Hamilton-Cayley theorem, assume the nxn constant square 
matrix A is given and it has associated with it the characteristic polynomial of the 
form 

GO) = |A = Aaa? aga Be ae ago ae 


where aj,Q2,...,@, are appropriate scalar constants. Replace the scalar \ by the 
matrix A and replace the constant term a, by a,J, to obtain the Hamilton-Cayley 


matrix equation 
C(A) = A? + a AP $+ + On-2A? +. On-1A + Ont 


To prove the Hamilton-Cayley theorem it must be demonstrated that C(A) = [0]. 
Toward this purpose replace the matrix A in equation (10.23) by the matrix A— XI 
to obtain 

(A—ADAdj(A— AIT) =|A—AlI, 


where the various elements of the matrix Adj(A — AZ) are formed from A— XI by 
deleting a certain row and column and then taking the determinant of the (n — 1) x 


(n—1) system that remains. This implies \”~! is the highest power of \ that can be 
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in any element of the matrix Adj(A— AJ). Observe that the equation Adj(A— AJ) can 


be written in the form 
Adj(A=ATY= Bin? ts Bon? oe Bye? + Bi A Bp, 


where B,, Bo,...,B, are nx n matrices not containing and in general depend upon 


the elements of A. Using the relation 
(A—ADAdj(A— AD = |A-AlI=C(A)I 
Write the right-hand side as 
C(A)T = AT tag a" + + Ong? I + Qn-1Al + Onl, 


and write the left-hand side as 
(A= )I\(BIAT Bod? feck By gd? 4B, N+ B,) 
= —B A" — Bod” —...— Bn_2d® — By_1d* — Byrd 
SWB NO tae AB ARN AD, 4 Pp ABS 


By comparing the left and right-hand sides of this equation one can equate the 


coefficients of like powers of \ and obtain the following equations. 


—B,=I1 ‘AM 
AB, — By =a! Ae 
AB2 — Bz = al ee 
ABpo3= By -5 = ay23! ae 
ABn Bea op o5F - Ae 
AB,_-1 — Bn = An—11 : A 
AB, = antl ae | 


Now multiply the first equation by A”, the second equation by A”~!, the third 
equation by A”~?,..., the second to last equation by A and the last equation by J. 
The multiplication factors are illustrated to the right-hand side of the equations 
listed above. After multiplication, the equations are summed. Note that on the 
right-hand side there results the matrix equation C(A) and on the left-hand side 


348 


the summation produces the zero matrix. This establishes the Hamilton-Cayley 
theorem. 


Evaluation of Functions 


Let f(x) denote a scalar function of x, where all derivatives with respect to x are 
defined at x = 0. Functions which satisfy this condition can then be represented as a 
power series expansion about the point x =0. This power series expansion has the 


form ee 
fe) = a cpr®, 
k=0 


where c; are the coefficients of the power series. Let A denote an n x n matrix with 
characteristic equation C(\) = 0 which has the roots (eigenvalues) 4, (¢ = 1,2,...,n). 
The infinite power series for f(z) can be represented in the alternative form 


f(x) =C(z) S\ cir" + Ria), (10.44) 
k=0 


where cz are new coefficients to be determined, C(z) is the characteristic polynomial 
associated with the matrix A, and R(x) is a remainder polynomial of degree less than 
or equal to (n—1) which can be expressed in the form 


R(x) = Bia"! + Bow” +--+ + Brie + By 


where (1, G2,..., 8, are constants. By the Hamiliton—Cayley theorem C(A) = [0], thus, 
the matrix function f(A) becomes 


f(A) = RCA), (10.45) 


which implies the matrix function f(A) can be expressed as some linear combination 


of the matrices {J, A, A?,..., A"~'} and consequently must have the form 
f(A) = R(A) = 1 A"? + BAP? +--+ Bn A+ Bnl 


where (;,...,3, are constants to be determined. This result is not unexpected since 
it has been previously shown how one can use the Hamilton—Cayley theorem to 
express all powers of A, greater than or equal to the dimension n of A, in terms of 
linear combinations of the integer powers of A less than or equal to n—1. Also, from 


equation (10.44), one can write the n special relations 


fA) =ROA), +=1,2,...,n, (10.46) 


which must exist between the functions f(x) and R(x). These equations are n indepen- 
dent relations one can use to solve for the unknown coefficients 3; in the polynomial 
representation for R(«). If A; is a repeated root of C(\) = 0, then the equations (10.46) 
do not form a set of n-linearly independent equations. However, if the eigenvalue \; 
is a repeated root of C(\) = 0, then the derivative relation 


dC 


heer 


A=; 


must also be true. By differentiating equation (10.44) and evaluating the result at 


A= \;, the equations 
df (x) 
dx 


_ aR 


r=; 
can be used to determine the constants in the representation of R(A). That is, if m; 
is the multiplicity of the characteristic root \;, then the equations 


af 
dx 


dees 


rr) ea 


_ ak 


d™—1R 


fi) = R(A3), 


' (10.47) 


form a set of m; linear equations. These equations can be used to determine the 
coefficients in the remainder polynomial R(x) and consequently the matrix R(A) 


representing f(A) can be determined. 


Example 10-30. Given the matrix 
eg 
ew 
find the matrix function f(A) = A*, where k is a positive integer. 


Solution: The characteristic equation of A is 


are: |= 27-645 =(4-5)(A-1) =0. 


2 
CQ.) =|4~ al =| ae oe 


Examination of the above equation one can see that 4; = 1 and \2z = 5 are the char- 
acteristic roots or eigenvalues of the given matrix A. The Hamilton—Cayley theorem 
requires that C(A) = [0], which implies 


A? =6A-—5I 


Successive multiplications by the matrix A gives 
A® = 6A? —5A=6(6A— 51) —5A=31A— 301 
A* = 31A? — 30A = 31(6A — 57) — 30A = 156A = 155I, 
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and continuing in this manner, one finds the general form 


R(A) = f(A) = A* = A+ Bol 


for some constants 3; and { (i.e., f(A) is some linear combination of {7, A}). For this 
example, 
R(x) =fix+h. and f(x) =2* 


and consequently 
R(A1) = R(1) = 61 + & = (1)* =1= f(1) 


R(Az) = R(5) = 51 + Bo = (5)* = f (5). 


From these equations the unknown constants 3, and 6 can be determined. As an 


(7.11) 


exercise show that 


The matrix relation 
ko _ ek 
R(A) = f(A) = AP (- ; *)a+(? jr 


is a general formula for expressing the powers of the matrix A as a linear combination 


of the matrices {A, I}. Checking this result with the previous calculations obtained 


by use of the Hamilton—Cayley theorem, one finds 


for k = 0, Ao =T 

for k = 1, A‘=A 

for k = 2, A? =6A-—5I 
for k =3, A? = 31A — 301 
for k = 4, A* = 156A — 1551 


which agrees with the previous results. 

In general, the Hamilton-Cayley theorem implies that if A is a n x n square 
matrix, then powers of A, say A™, for integer values of m, can be represented in the 
form 

AM S61 pei eA rs eA 


where co,...,Cn_1 are constants to be determined. 


Example 10-31. Given the matrix 
2 —1 
a 
find the matrix function f(A) = e**. 
Solution: Here f(x) = e*’, and from the previous example, the eigenvalues of A have 
been determined as \; = 1 and \2 =5. If the matrix equation is to be represented in 


the form 
f(A) = R(A) = 144 rel 


which is a linear combination of {7, A} then one can use the equation (10.46) and 


write . 
fCuySe Se aul) 
(10.48) 
f(A) = 2? =! = (5) +2 
From these equations it is possible to solve for y, and y2 and show 
st et Ral pat 
= 4? and 2 > 1 
The matrix function for f(A) can then be represented as 
5t t t 5t 
“tn FE Se Se" — € 
f(A) =e =( zl ) +( 7 a 
which has the equivalent matrix form 
whe: D | (ete 8e).: Cee) sjiecu |e oh 
4 | (3e8 — 3e%) (3e>* + et) -3 4 
a 


Example 10-32. Find the matrix function 
/° 1 ul 
f(A)=sinAt for A=]1 0 1 


Sis <a “| 


Solution: The characteristic equation of A is 


-r» 1 0 
C(A)=|A-AT/=| 1 -A 1 |=(Q?-1)0-A)=0 
1. 2) Ee 


The eigenvalues of A are 


301 


302 


Express f(A) as a linear combination of the matrices {7, A, A?} and write 


f(A) = R(A) = sin At = oof +4 A+ CA’, 


where co, c and cz are functions of t to be determined. Since there is a repeated root, 
use differentiation and write the equations 


R(x) = co + 1a + 92” 
R'(x) = cy + 2cox 
to obtain the system of equations 
R(Ai) = F(A) = sint = Co + C1 + C2 
R'(\1) = f'(1) = cost = c1 + 2c2 (10.49) 
R(As) = f(As) = — sint = co — c1 + €2 


These are three independent equations which can be used to solve for the coefficients 


¢o,¢, and cz. Solving these equations for cj, c, and cz one finds 
can il 
co = 5 (sint — cost), Cc, = sint, Co = 3 (cost — sint) 


and consequently the matrix function sin At has the representation 


sint — cost 
2 


1 
sin At = ( ) Fr Asint + 5 (cost sine) A? 


An alternate form for this result is the matrix form 


1 0 2sint cost — sint 0 1 0 
sin At = — | cost+sint cost—sint cost+sint A=/1 0 1 
2cost 2cost cost +sint 1 1 1 


Four-terminal Networks 

Consider the electrical networks illustrated in figure 10-6. No matter how com- 
plicated the circuit inside the boxes, there are only two input and two output termi- 
nals. Such devices are called four terminal networks and are represented by a box 
like those illustrated in figure 10-6, where the quantities Z, Z,, and Z. are called 
impedances. Impedances Z are used in alternating current (a.c.) circuits and are 


analogous to the resistance R use in direct current (d.c.) circuits. 


Figure 10-6. Four terminal networks 


In figure 10-6 the quantities ,, E,; and Iz, F2 are the input and output current 
and voltages. The column vectors $; = col[£,, 1] and Sj = col[F2, Iz] are called the 
input state vector and output state vector of the network. The networks are assumed 
to be linear so that the general relation between the input and output states can be 


| 


is called the transmission matrix . The element T,;, 712, T21, T22 are in general complex 


expressed as the matrix equation 


Ti 1 
T2 1 


Ty 2 


S,=TS2, where T= 
T22 


numbers which satisfy the property det T = T1722 —T21T,2 = 1. Solving for Sj in terms 
of S, gives 
SopeT Spe Poh 


where the matrix P is called the transfer matrix of the network and is given by 


-[% 2] 


If the input output current and voltages are linearly related, then it is easy to 


T22 
=a 


—Thp 
Ti 


solve for the currents in terms of the voltages or the voltages in terms of the currents 


to obtain 
e-(E Bel eI Be 
~~ 1 ~~ 1 
Bb) lay mil Pe) age a 


Applying Kirchoff’s laws to the short-circuit condition E, = 0 and the open- 
circuit condition J, = 0 allows for the determination of the transmission matrices 


given in the figure 10-6. 
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Example 10-33. 


For the four terminal network illustrated one must 


have 
[es & _ é& ) (72) aes &y =T1 £2 + Tielke 
I AT, T: I 
- oe 4 I, =T>, Eo + ToT 
At the junction labeled A one must have J, = Ip + J3 


(i) Examine the open-circuit condition Iz = 0 and show E; = Ty E2, I, = Tx E2 and 
I, =13. This gives the relations 
A, . Ho eue Zi, 1 


= ={4'—_— and = Ty (GZ. or T= — 
EB, hz TS, 1 21 (1122) 21 Zs 


Ti = 


(ii) Examine the short-circuit condition FE, = 0 and show J; =0 so that J, = Iz, then 


under these conditions 


Ay A 
D di 


EF, =Tyolo or Tip Z\ and Ty = Tool, = Th =1 


Also note the determinant of the transmission matrix is unity. 


Calculus of Finite Differences 


There are many concepts in science and engineering that can be approached 
from either a discrete or a continuous viewpoint. For example, consider how you 
might record the temperature outside at some specific place as a function of time. 
One technique would be to purchase a chart recorder capable of measuring and plot- 
ting the temperature as a function of time. This would give a continuous record of 
the temperature over some interval of time. Another way to record the tempera- 
ture would be to measure the temperature, at the specified place, at discrete time 
intervals. The contrast between these two methods is that one method measures 
temperature continuously while the other method measures the temperature in a 
discrete fashion. 

In any laboratory experiment, one must make a decision as to how data from 
the experiment is to be collected. Whether discrete measurements or continuous 
measurements are recorded depends upon many factors as well as the type of exper- 
iment being considered. The techniques used to analyze the data collected depends 


upon whether the data is continuous or discrete. 
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The investment of money at compound interest is an example of a physical 
problem which requires analysis of discrete values. Say, $1,000.00 is to be invested 
at R percent interest compounded quarterly. How does one determine the discrete 
values representing the amount of money available at the end of each compound 
period? To solve this problem, let Po denote the amount of money initially invested, 
R the percent interest yearly with +; =i the quarterly interest and let P, denote 
the principal due at the end of the nth compound period. The equations for the 
determination of P, can be found by examining the discrete values produced. For 


Py the initial amount invested, one finds 
Pi, =Po+ Pi = Po(1 +i) 
P, =P, + Pi=Pi(14+7) = (141) 
P3 = Po + Poi = Po(1 +i) = Po(1 +i)? 


P, = Py-1 + Py-1i = Py_-i(1 +4) = Po(1 +i)” 


For i = $7 and Po = 1,000.00, figure 10-7 illustrates a graph of P, vs time, for 
a 30 year period, where one year represents four payment periods. In this figure 
values of R for 4%, 5.5%, 7%, 8.5% and 10% were used in the above calculations. 

Let us investigate some techniques that can be used in the analysis of discrete 
phenomena like the compound interest problem just considered. 


Figure 10-7. 


Return from $1,000 investment compounded quarterly over 30 year period. 


The study of calculus has demonstrated that derivatives are the mathematical 


quantities that represent continuous change. If derivatives (continuous change) are 
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replaced by differences (discrete change), then linear ordinary differential equations 
become linear difference equations. Let us begin our study of discrete phenomena 
by investigating difference equations and determining ways to construct solutions to 
such equations. 

In the following discussions, note that the various techniques developed for an- 
alyzing discrete systems are very similar to many of the methods used for studying 
continuous systems. 


Differences and Difference Equations 


Consider the function y = f(x) illustrated in the figure 10-8 which is evaluated 
at the equally spaced x—values of 29,21, 22,...,i,---,;2n,@n41,-.. Where x41 =a; +h 
for i=0,1,2,...,n where h is the distance between two consecutive points. 

Let y, = f(zn) and consider the approximation of the derivative “ at the discrete 
value z,. Use the definition of a derivative and write the approximation as 

dx |x=2, h 
This is called a forward difference approximation. By letting h = 1 in the above 
equation one can define the first forward difference of y,, as 


AYn = Un+1 — Un- (10.50) 


There is no loss in generality in letting h = 1, as one can always rescale the z-axis by 
defining the new variable X defined by the transformation equation 2 = 2) + Xh, then 
when x = 20,%9 +h,xo + 2h,...,%9 + nh,... the scaled variable X takes on the values 
X =0, 1, 2,...,,.... 


Figure 10-8. Discrete values of y = f(z). 
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Define the second forward difference as a difference of the first forward difference. 


A second difference is denoted by the notation A?y,, and 


A? yn, = A(Ayn) = Aynt1 — AYn = (Yn42 — Ynti1) — (Yn41 — Yn) ainsi 
or Ayn = Un+2 — 2Yn+1 + Un: 


Higher ordered difference are defined in a similar manner. A nth order forward 


difference is defined as the difference of the (n—1)st forward difference, for n = 2,3,.... 


a 
dx? 


Analogous to the differential operator D = there is a stepping operator E 


defined as follows: 


EYyn = Yn+1 
EB Yn = Yn+2 
(10.52) 
a ee = Un+m: 


From the definition given by equation (10.50) one can write the first ordered differ- 


ence 
AYn = Ynt1 — Yn = EYn — Yn = (E- 1) yn 
which illustrates that the difference operator A can be expressed in terms of the 
stepping operator E and 
A=E-1. (10.53) 
This operator identity, enables us to express the second-order difference of y, as 
A?yn = (E- 1)? on 

= (FOF 21 )iye 

= By, — 2B yn t+ Yn 

= Yn+2 — 2Ynti t+ Yn- 


Higher order differences such as A®y, = (E—1)34yn, A*yn = (E —1)4yn,... and higher 
ordered differences are quickly calculated by applying the binomial expansion to the 
operators operating on yn. 
Difference equations are equations which involve differences. For example, the 
equation 
L2(Yn) = A*yn = 0 


is an example of a second-order difference equation, and 


Ii (Yn) = Ayn = 3Yn =0 
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is an example of a first-order difference equation. The symbols L;(), L2() are operator 
symbols representing linear operators. Using the operator E, the above equations 
can be written as 

La(um) = A?yn = (2 —1)?Un = ne — 2Yna1 +n =O and 

L1 (Yn) = AYn — 3Yn = (EB — 1) yn — 3Yn = Ynti — 4Yn = 0, 
respectively. 

There are many instances where variable quantities are assigned values at uni- 
formly spaced time intervals. Let us study these discrete variable quantities by 
using differences and difference equations. An equation which relates values of a 
function y and one or more of its differences is called a difference equation. In deal- 
ing with difference equations one assumes that the function y and its differences 
Ayn, A?Yn,..., evaluated at xv,, are all defined for every number zx in some set of 
values {xo, xo +h, vo + 2h,...,29 + nh,...$. A difference equation is called linear and 


of order m if it can be written in the form 


L(Yn) = Go(1)Yn+m + A1(2)Yn4m—1 ++ ** + Om—1(M)Yn41 + am(N)yn = g(r), (10.54) 


where the coefficients a;(n), i= 0, 1, 2,...,m, and the right-hand side g(n) are known 
functions of n. If g(n) 40, the difference equation is said to be nonhomogeneous and 
if g(n) =0, the difference equation is called homogeneous. 


The difference equation (10.54) can be written in the operator form 
L(yn) = [ao(n)E™ + aa (n)E™* ++ + m1 (n)E + am(n)]yn = g(r), 
where E is the stepping operator. 

A mth-order linear initial value problem associated with a mth-order linear 
difference equation consists of a linear difference equation of the form given in the 
equation (10.54) together with a set of m initial values of the type 

Yo=A, YH, Y2=A2, +--+, Ym-1 =Am-1; 
where ap, Q1,..-, @m—1 are specified constants. 
Example 10-34. 


Show Aa’ = (a—1)a*, for a constant and k an integer. 


Solution: Let y, =a", then by definition 


A= ti -te=e* a (GS Da": 


Example 10-35. 


The function 


k® = k(k—1)\(k-—2)---[k—(N — 2)][k- (N —1)], k2 =1 


is called a factorial falling function which is a polynomial function. Here kX is a 
product of N terms. Show AkX = NkX=— for N a positive integer and fixed. 
Solution: Observe that the factorial polynomials are 


k2=1, ki=k, k2=k(k-1), bk? =k(k—-1)(k-2), 


Use y, = k% and calculate the forward difference 


Aye = Yeti — Ye =(k+1)% —k* 


= (k+1)(b)\(b-1)---[e+1—(N—1)]—k(k— 1)(b— 2) [b— (N — 2)]fe — (N- 1) 
a 
Nat pees 


which simplifies to 


Ay, = Ak® = {(k4+.1)— [k-—(N-1)]} kX] = NRX. 


The function k% = k(k+1)(k+2)---[k + (N — 2)|[k + (NV — 1)] is the factorial rising 
= 
EN+I 


function. As an exercise show a = 


Example 10-36. 


Verify the forward difference relation 
A(Ug Vx) =U, AV, + Ve41 AU, 


Solution: Let y, = U,V,, then write 
Ayn = Yk+1 — Uk 
= Ugsi Vers — UnVe + [UnVer1 — UeVe +1] 
= U,[Ve+1 — Vel] + Vieri[Ues1 — Ue] 
= U, AV, + Venti AUg. 
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Special Differences 


The table 10.1 contains a list of some well known forward differences which 
are useful in many applications. The verification of these differences is left as an 


exercise. 


teen 
Asin(a + Bk) = 2sin(3/2) cos(a + 3/2 + Bk) 
A cos( “ay —2sin( ry sin(a + 6/2 + Bk) 


Sek) 


U, AV», + Ve4i1 AU, 


1 np. ee ; Sys 
ra a8 we = N fixed k% is factorial rising 

N ae 
2 
Sogk= eee 


Finite Integrals 
Associated with finite differences are finite integrals. If Ay, = f,, then the func- 


tion y,, whose difference is f;,, is called the finite integral of f,. The inverse of the dif- 
ference operation A is denoted A~! and one can write y, = A-!f,, if Ay, = fy. For ex- 
ample, consider the difference of the factorial falling function kX. If AkX = NkN— 

then A-'NkN= = kX. Associated with the difference table 10.1 is the finite integral 


table 10.2. The derivation of the entries is left as an exercise. 
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Table a 2 Some selected finite — 


a#l 


=7q 


i 
k® is factorial ee 
-1e: 2 ot ’ 


n fixed (*) are binomial coefficients 
(. + :) 
jae 
a+ bk)” -— at. 
n 


Summation of Series 


4 


Let Ay, = ye+1 — yx = fe, then one can substitute k =0,1,2,... to obtain 


¥1 — Yo =fo 
ye-M ah 
¥3 — Y2 =fe 


(10.55) 


Yn — Yn-1 =i 
Yn+1— Un =n 


Adding these equations one obtains 
» fi = Ynti — Yo = ANT Fo — Yilrty where Ay, = fr. 
1=0 


One can verify that by adding the equations (10.55) from some point i = m to n, one 


obtains the more general result 


i“ n+1 n 
> f= Yat — Ym = ATP], = yet. (10.56) 
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Example 10-37. 


Evaluate the sum 
S=1-24+2-34+3-4+---+n(n4+1) 


Solution: Let f, = k(k +1) =k? +k and show one can write f;, as the factorial falling 
function f;, = (k+1)2. Therefore, 


oe ee Br -apqnti__ (+18 meh (nt2)8 28 
Sm Dosen Ded) Sao = at | ee 5 
which simplifies to $ = means ee = = an(n+ 1)(n + 2). 


Difference Equations with Constant Coefficients 


Difference equations arise in a variety of situations. The following are some ex- 
amples of where difference equations arise in applications. In assuming a power series 
solution to differential equations, the coefficients must satisfy certain recurrence for- 
mula which are nothing more than difference equations. In the study of stability 
of numerical methods there occurs difference equations which must be analyzed. In 
the computer simulation of various types of real-world processes, difference equations 
frequently occur. Difference equations also are studied in the areas of probability, 
statistics, economics, physics, and biology. We begin our investigation of difference 
equations by studying those with constant coefficients as these are the easiest to 


solve. 


Example 10-38. 


Given the difference equation 


Yn+t1— Un — 2Yn-1 =0 


with the initial conditions yp =1, y, = 0. Find values for y2 through yo. 


Solution: In the given difference equation, replace n by n+1 in all terms, to obtain 


Yn+2 = Ynt1 + 2Yn, 


then one can verify 


n=0, yo = yi + 2y0 = 2 
n=l, ¥3 = y2+2y = 2 
n=2, Y4 = ¥3 + 2y2 =6 
n= 3, Ys = ys + 2y3 = 10 
n=4, Yo = Ys + 2y4 = 22 
n=5, Y7 = Yo + 2y5 = 42 
n=6, ys = y7 + 2y6 = 86 
n=7, yo = 7g + 2y7 = 170 
n=8, Yio = Yo + 2yg = 342. 


Z 
The study of difference equations with constant coefficients closely parallels the 


development of ordinary differential equations. Our goal is to determine functions 
Yn = y(n), defined over a set of values of n, which reduce the given difference equation 
to an identity. Such functions are called solutions of the difference equation. For 
example, the function y, = 3” is a solution of the difference equation yn.1 — 3yn = 0 
because 3"+1—3-3”" = 0 for alln = 0, 1, 2,.... Recall that for linear differential equations 
with constant coefficients one can assume a solution of the form y(x) = exp(wa). This 
assumption leads to producing the characteristic equation and consequently the 
characteristic roots associated with the differential equation. In the special case 
x =n, there results y(n) = yn = exp(wn) = A", where \ = exp(w) is a constant. This 
suggests in our study of difference equations with constant coefficients that one 
should assume a solution of the form y, =", where is a constant. Analogous to 
ordinary linear differential equations with constant coefficients, a linear, nth-order, 
homogeneous difference equation with constant coefficients has associated with it 
a characteristic equation with characteristic roots \4,A2,...,An. The characteristic 
equation is found by assuming a solution y, = \", where \ is a constant. The various 


cases that can arise are illustrated by the following examples. 
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Example 10-39. (Characteristic equation with real roots) 
Solve the second-order difference equation 


Yr+2 — 8Yr+1 + 2y~ = 0. 


Solution: Assume solutions of the form y, = A*, where \ is a constant. This assumed 
solution produces yz4, = A*+! and yzyo = A*+?. Substituting these values into the 


difference equation produces the equation 
(\? — 34+ 2)A* = 0, 


which tells us the required values for \ in order that y, = \* satisfy the difference 
equation. For a nontrivial solution it is required that \ 40. This produces the 
characteristic equation 
rN —3A4+2=0. 

A short cut for writing down the characteristic equation is to observe the form 
of the given difference equation, when written in an operator form involving the 
stepping operator £. One can quickly obtain the characteristic equation from this 
operator form. For example, the given difference equation can be expressed in the 
form (£? —3E + 2)y, = 0, where the operator E? — 3E +2 shows us the general form 
of the characteristic equation when EF is replaced by 4. The characteristic equation 


has the roots \; = 2 and A. = 1, and hence two linearly independent solutions are 
yi(k) =2* and yo(k)=1*=1 


which is called a fundamental set of solutions. The general solution can be written 


as a linear combination of this fundamental set and so one can write 
y(k) = yx = c1(2)* + ea, 

where c, and cz are arbitrary constants. Given a set of initial conditions of the form 
yo = A and y, = B, where A and B are given constants, one can form the equations 

yo = A= +2 

y= B=2c1 + c2, 
from which the constants c, and c. can be determined. Solving for these constants 
produces the solution of the initial value problem which satisfies the given initial 


conditions. The desired solution is unique and found to be 


yp = (B — A)(2)* + (2A — B). 


Example 10-40. (Characteristic equation with repeated roots) 
Find the general solution to the difference equation 


Yn+2 — AYn +1 + Ayn, =0. 


Solution: Write the difference equation in operator form (E? — 4E + 4)y, = 0 and 
assume a solution of the form y, = A”. By substituting the assumed solution into 
the difference equation one obtains the characteristic equation \? — 44+ 4=0 which 
has the repeated roots \ = 2, 2. As with ordinary differential equations, one solution 
is y(n) = 2” and the second independent solution can be obtained by a multiplication 
of the first solution by the independent variable n. This is analogous to the case 
of repeated roots for ordinary differential equations with constant coefficients. A 
second independent solution is therefore y(n) = n2”, and the general solution can be 
expressed as 


y(n) = yn = co2” + €1n2”, 


where co and ¢ are arbitrary constants. To verify that n2” is a second indepen- 
dent solution, the method of variation of parameters is used. Assume that a second 
solution has the form y, = U,2", where U,, is an unknown function of n to be deter- 
mined. Substituting this assumed solution into the difference equation produces the 
equation 

2"? (Un 42 — 2Un41 + Un) =0 


which can be written as 
(EB? —-2E+1)U, = (E—1)7U, = AU, =0. (10.57) 


It is left as an exercise to verify that the general solution of A*U,, =0 is given by 


Un =coteant+ con? + c3n3 feeet Can 
and therefore, equation (10.57) has the solution U,, = co+ein, which when substituted 
into the assumed solution gives the result y(n) = co(2)"+ce1n(2)" as the general solution. 
z 
In general, if the characteristic equation associated with a linear difference equa- 
tion with constant coefficients has a characteristic root \ =a of multiplicity k, then 


Hin) = a s-Heln y= na’, s(n) = ee YR(n) = ne 
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are k linearly independent solutions of the difference equation. To show this, solve 


the difference equation 


(B= a) an 


0, 


(10.58) 


as was done previously. Here the characteristic equation is (A— a)* =0 with A\=a as 


a root of multiplicity k. The method of variation of parameters starts by assuming 


a solution to equation (10.58) of the form y, =a"U,. Observe that 


Eyn = 7 aa 0 oa 


BE ay, =a" AU A 1 


EB ope Sa Ae U4 


and 
and 


and 


(E — a)y, = a" AU,, 


(E — a)*y, = a™ 


(E = @)*y_ =a" 


Continuing in this manner, show that U,, must satisfy 


(E - a)*y, = 0™ 


For a nonzero solution it is required that a” 


KRAKUL, =0. 


ol Aes Oi 
ASU, 


‘k be different from zero, and so U, must 


be chosen such that A*U,, = 0. The general solution of this equation is 


2 k— 
Un =Ccotant cn +---+ep,_ yn" ,~" 


1 


and hence the general solution of equation (10.58) is y, = a"Un. 


One can compare the case of repeated roots for difference and differential equa- 


tions and readily discern the analogies that exist. 


Example 10-41. (Characteristic equation with complex or imaginary roots) 


Solve the difference equation 


Yn+2 — 10% +1 + T4yn, 


(E? — 10E + 74)y, = 0. 


Solution: Assume a solution of the form y,, = \” and obtain the characteristic equa- 
tion A? — 104+ 74 = 0 which has the complex roots \; =5+7i and \y = 6—7i. Two 


independent solutions are therefore 


yi(n) = (5+ 76)” 


and = yo(n) = (6 — Ti)”. 


To obtain solutions in the form of real quantities, represent the roots A,, Az in 


the polar form re’, as illustrated in figure 10-9. 
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Figure 10-9. Polar form of complex numbers. 


In this figure r is called the modulus or length of the complex number \ and @ is 
called an argument of the complex number \. Values of 27 can be added to obtain 
other arguments of \. A value of 6 satisfying —z < 6 <7 is called the principal value 
of the argument of \. The complex root \; has a modulus and argument of 


r=VV5?+7? and @= arctan(7/5). (10.59) 


The polar form of the characteristic roots produce solutions to the difference equa- 
tions that can then be expressed in the form 


n ind n,—ind 


y(n) = re and — y(n) = r"e 


The Euler’s identity e”® = cos@+isin@, is used to write these solutions in the form 


yi(n) = r”(cosné + isinné) 
yo(n) = r”(cosné + isinné). 
The solutions y,(n) and y(n) are independent solutions of the given difference equa- 


tion and hence any linear combination of these solutions is also a solution. Form 
the linear combinations 


y3(n) = 5 lu(n) +y2(n)} and 


= Sln(n) — ln) 


Copyright 2012 J.H. Heinbockel. All rights reserved 
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to obtain the real solutions 
y3(n) = r” cos nd 


ya(n) =r" sin nd. 
The general solution is any linear combination of these functions and can be ex- 


pressed 


y(n) = r™[c1 cosné + co sin nd], 


where r and 6 are defined by equation (10.59) and c and cy are arbitrary constants. 
Therefore, when complex roots arise, these roots are expressed in polar form in order 
to obtain a real solution and imaginary solution to the given difference equation. If 
real solutions are desired, then one can take linear combinations of the real solution 


and imaginary solution in order to construct a general solution. 
Nonhomogeneous Difference Equations 


Nonhomogeneous difference equations can be solved in a manner analogous to 
the solution of nonhomogeneous differential equations and one may use the method 
of undetermined coefficients or the method of variation of parameters to obtain 


particular solutions. 


Example 10-42. (Undetermined coefficients) 


Solve the first order difference equation 
L(Yn) = Yn41 + 2Yn = 3n. 


Solution: First solve the homogeneous equation 


L(yn) = Yn4+1 + 2Yn = 0 


Assume a solution y, = \” and obtain the characteristic equation \ +2 = 0 with 
characteristic root \ = —2. The complementary solution is then y,(n) = c;(—2)", where 
c; is an arbitrary constant. Next find any particular solution y,(n) which produces 
the right-hand side. Analogous to what has been done with differential equations, 
examine the differences of the right-hand side of the given equation. Let r(n) = 3n, 
then the first difference is a constant since Ar(n) = r(n+1)—r(n) =3. The basic terms 
occurring in the right-hand side and the difference of the right-hand side are listed 
as members of the set S = {1,n}. If any member of § occurs in the complementary 


solution, then the set $ is modified by multiplying each term of the set S$ by n. If any 


member of the new set S also occurs in the complementary solution, then members 
of the set S are modified again. This is analogous to what one does in the study 
of ordinary differential equations. Here one can assume a particular solution of the 
given difference equation which is some linear combination of the functions in S. 


This requires that an assumed particular solution have the form 
Yp(n) = An+B 


where A and B are undetermined coefficients. Substitute this assumed particular 


solution into the difference equation and obtain 
A(n+1)+B+2An+ 2B = 3n 


which simplifies to 
(A+ 3B) + 3An = 3n. 


Comparing like terms produces the equations 3A = 3 and A+3B=0. Solving for A 
and B produces A= 1 and B =-—1/3. Hence, the particular solution becomes 
1 


Yp(n) =n—- =. 


3 


The general solution can be written as the sum of the complementary and particular 


solutions. 
1 
a 
Example 10-43. (Variation of parameters) 
Determine a particular solution to the difference equation 
Yn+2 + ay (2) Yn+4 + a2(N)Yn = teas (10.60) 


where a,(n), a(n), f, are given functions of n. 
Solution: Assume that two independent solutions to the linear homogeneous equa- 
tion 
L(Yn) = Yn+2 + a1(N)yn41 + a2(n)yn = 0 

are known. Denote these solutions by u, and v, so that by hypothesis L(u,) =0 and 
L(vn) = 0. Assume a particular solution to the nonhomogeneous equation (10.60) of 
the form 

Yn = AnUn + Brn, (10.61) 
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where ay, 8, are to be determined. There are two unknowns and consequently two 
conditions are needed to determine these quantities. As with ordinary differential 


equations, assume for our first condition the relation 
Adntin41 + ABnUn41 = 0. (10.62) 


The second condition is obtained by substituting the assumed solution, given by 
equation (10.61), into the given difference equation. Starting with the assumed 


solution given by equation (10.61) show 


Yn+1 = Yn + AYn, = AnUn + Grit + A(QnUn + Gritty) 


Yn+1 = AnUn + Brn + An Aun “ Bryon + (Aan )Un+1 + (ABn)Un+1]- 


This equation simplifies since by assumption equation (10.62) must hold. One can 
then show that y,41; reduces to 


Yn+1 = AnUn+41 + BrUn41- (10.63) 


In equation (10.63) replace n by n+ 1 everywhere and establish the result 


Yn+2 = An41Unt+2 + Br41Un42- (10.64) 


By substituting equations (10.61), (10.63) and (10.64) into the equation (10.60), 
a second condition for determining the unknown constants is found. This second 


condition is that a, and 6, must satisfy the equation 


An+1Un+2 ae Bn -1Un+2 + a1(N)(QnUn+1 + BnUn41) + a2(N)(AnUn + Grtia) = Tre: 
Rearrange terms in this equation, and show it can be written in the form 
(Qn41 ca Oy) Wako +h (Bn41 rae Bi yUn 9 rte AnL(Un) oP Balin) = oe (10.65) 


By hypothesis L(u,) = 0 and L(v,) = 0, thus simplifying the equation (10.65). The 
equations (10.62) and (10.65) are produce the two conditions 


AQnUn+1 Se ABnvn+1 = 


AQyUn+2 + ABnUn+2 a Ti 
for determining the constants a, and 6,. This system of equations can be solve by 
Cramer’s rule and written 


Tay Fee cM ea re ae (10.66) 


Cars Ch41 


vl 


where Chi1 = UntiUnt2 — Un42Un41 is called the Casoratian (the analog of the Wron- 
skian for continuous systems). It can be shown that C,,4; is never zero if un, un are 
linearly independent solutions of equation (10.60). The first order difference equa- 
tions are a special case of problem 21 of the exercises at the end of this chapter, 
where it is demonstrated that the solutions can be written in the form 


Q : 


= (10.67) 
dla Ae 
i + Pee 
Bn = Bo » G.. 
and the general solution to equation (10.60) can be expressed as 
n—-1 f i n-1 f i 
= _ iVi+l iUi41 
Yn = AUn + BoUn — Un Ds Gt > Ca (10.68) 
i=0 i=0 
" 


Analogous to the nth-order linear differential equation with constant coefficients 
L(D) = (D" +.a,D""! +--+ + a@n1D + an)y = (2) (10.69) 

with D = 4 a differential operator, there is the nth-order difference equation 
L(E) =(E" +a, EB") +++: +@n-1E + an)yr =1(k), (10.70) 


where E is the stepping operator satisfying Ey, = yxi1. Most theorems and tech- 
niques which can be applied to the ordinary differential equation (10.69) have anal- 
ogous results applicable to the difference equation (10.70). 
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Exercises 


In the following exercises if the size of the matrix is not specified, then assume 
that the given matrices are square matrices. 


> 10-1. Given the matrices: ki i] = le 7 | 
A= A — 

1 2 1 —3 

_[5 8 eile. <8 

e=[5 5] B= [4 Gl 


(a) Verify that AA-1= A“1A=I 
(b) Verify that BB-!'=B-!B=I1 
(c) Calculate AB 
(d) Calculate B-14-! 

) 


(e) Find (AB)~! and check your answer. 


> 10-2. Start with the definition AA~' = J and take the transpose of both sides of 
this equation. Note that 17 =J7 and show that (A~1)? = (A‘)71 


> 10-3. Show that (ABC)-1=C-1B-1A71 
Hint: ABC = (AB)C 


> 10-4. If A and B are nonsingular matrices which commute, then show that 
(a) A~t and B commute 
(b) B-t and A commute 
(c) A-! and B-! commute Hint: If AB = BA, then A~!(AB)A~1 = A71(BA)A7 


> 10-5. If Ais nonsingular and symmetric, show that A~! is also symmetric. 
Hint: If AA~!=T, then (AA71)? = (A“!)T AT =I 


> 10-6. If Ais nonsingular and AB = AC, show B= C 


> 10-7. Show that if AB = A and BA=B, then A and B are idempotent. 
Hint: Examine the products ABA and BAB 


> 10-8. 
(a) Show (A4?)-! = (471)? 


(b) Show for m a nonzero scalar that (mA)~! = 4471 


p> 10-9. Assume that A is a square matrix show that 
(a) AA’ is symmetric (b) A+ A’ is symmetric (c) A— A’ is skew-symmetric 
(d) Show A can be written as the sum of a symmetric and skew symmetric matrix. 


> 10-10. If A and B are symmetric square matrices 
(a) Show that AB is symmetric if AB = BA 
(b) Show that AB = BA if AB is symmetric. 


> 10-11. Show AA~! = A7-!4 =I when 


> 10-12. For 


1 -1l a 0b 
A=(j ‘a and p=(¢ 


how should the constants a,b,c and d be chosen in order that A and B commute? 


> 10-13. For 


a a and Bales tp Ae 


find A?, A®, B? and B® and identify the special matrices A and B. 


> 10-14. For 


find A?, A®, At, A®, A® and A’ and identify the matrix A. 


>» 10-15. Assume that A?B =I/ and that A° = A ( A is periodic with period 4). Solve 


for the square matrix B in terms of A. 


p> 10-16. Let AX = B, where A is annxn square matrix, and X and B are nx 1 column 
vectors. Solve for the column vector X and state what conditions are required for 
the solution to exist. 


563) 


TA 


> 10-17. Background material 
Definition: (Congruence) Two integers I and J are said to 


be congruent modulo L, (written I = J( mod L)) if [—-J=nL for 
some integer n 
This definition implies that two integers are congruent modulo L if and only if 


they have the same remainder when divided by L. Some examples are: 


13 = 1(mod 12) 7=1(mod 3) 31 = 2(mod 29) 
26 = 2(mod 12) 34 = 1(mod 3) 77 = 19(mod 29 ) 
54 = 6(mod 12) 305 = 2(mod 3) 46 = 17(mod 29) 


CRYPTOGRAMS (A writing in cipher.) The message, “HOW ARE YOU?” could 


be written as a matrix of dimension 3 x 3 in the form 


H O W 
A=|A R E|. 
Ye 10>. 4 


Associate with each letter of the alphabet an integer as in the following scheme: 


A=1 F=6 K=11 P=16 U=21 7= 26 
B=? “C=7 bat? “OR 1T - Wao 207 
Can) Hs M=13 R=18 W=23 _ Blank = 28 
D4 “F=9 Naa. S165 2¢=04 !— 29 
B=h) $210 “OS45 S900 So 


Here 29 symbols are used as it is desirable to do modulo arithmetic in the modulo 
29 system (29 being a prime number) and the blank stands for a blank character. 


By replacing the letters in the above matrix A, by their number equivalents, there 


results 
8 15 23 
A= ]1 18 5 
25 15 21 


To disguise this message, the matrix A is multiplied by another matrix C, to 
form the matrix B = AC. In this multiplication, modulo 29 arithmetic is used as it is 
desired that only numbers between 1 and 29 are needed for our result. For example, 


using the matrix 


there results 


B=AC= 


8 15 23 Ld 0 
1 18 5 O 1 -l]= 


25 15 21 1 -2 4 


2 6 19 
6 9 2)/= 


17 27 11 


BF § 
F I B 
Q? K 
Here modulo 29 arithmetic has been used. For example, 


8(1) + 15(0) + 23(1) = 31 = 2(mod 29) 
8(1) + 15(1) + 23(—2) = -2 ( 


3 
8(0) + 15(—1) + 23(4) = 77 = 19( mod 29). 


with similar results using inner products involving the second and third row vectors 
of A. Upon receiving the coded message, where you know that the matrix C was 
used to make up the code, then you can decipher the message by multiplying by 
C~1(mod 29), since B = AC implies that A = BC~'. For example, 


2 6 19 any: oe | 8 15 23 H O W 
A=BC!=|6 9 2 -1 4 1/=/1 18 5/=!/A R E}. 
Le O7* ets | ||. 23 1 25 15 21 Y O U 


Here are some coded messages which were coded modulo 29 using the matrix C 


above. 
T C TI Xe 
| ! pI C 
P F EN c| 
ee R “a 

S Y ? 

T V M 

GO -F 

| T R 

P XxX M 

U N P 

Y J xXx 

W V U 

W Y OL 

Be 2g +0 

O 

S G M 

N E #4 


aT9 
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> 10-18. Evaluate the following determinants: 
3. 2 0 3 1 
@ |i 7, © |% gj) © 43 
> 10-19. Evaluate the following determinants: 
1 3 -l 0 1 2 
(az) |o 1 2 @. lar ei 4 (c) 
1 0 1 2 0 3 
> 10-20. Given 
A= 


(a) Find all minors M;; — (b) Find all cofactors C;, 


> 10-21. Evaluate the determinant 
2x 3a Aa 
ye ape 20 
Zz az. 22 
p> 10-22. Evaluate the following determinants: 
1 2 3 2 0 
(a) |2 4 6 (b) |-1 0 
—1 0 8 e 0 
L- 30s. is 3 ay &y 
0 1 1 2 0 ag 
SO? Nig. ai. 38> oh (4) |9 9 
—-1 0 -2 5 0 0 
ay 0 0 0 25 O 
4, ag O 0 0 5 
(e) by bs a3 0 (f) 0 0 
ta Ue, “he da —5 0 


(c) Calculate ACT 


3 

TT 

.32 

ly bs 
fy bs 
az lg 
0 a4 

—25 75 
iY 10 
6 8 

—10 25 


(g) How is the determinant in (f) related to the determinant in (c)? 


> 10-23. 


(a) Find the inverse of 


z 
Ga 11 
221 


(b) What condition must be satisfied for the inverse to exist? 


OUT 


> 10-24. Let 


(a) Calculatec=AB (b) Find|Aj, |BI, |C| (c) Verify that |C| =|A\|B 


> 10-25. Show that the equation of a straight line passing through the two points 
(v1, y1) and (x2, y2) can be represented by the determinant 

x y 1 

rm y it 

#3. ye A 


= 0. 


> 10-26. Find A7? and verify that AA“! =I. 


(a) a=[i | (0) a=[2, a | (ae 


> 10-27. Verify that the given matrices are orthogonal 


1 a, cos? OQ. sind 
(a) ————————— | | (oe = 0 1 0 
IPA Le oe —sind 0  cosé 


| cos@é sin@cos¢@ sindsing ] 
(c) V=|-sin@ cos@cos¢@ cos@sing 
| 0 —sing cos @ | 


p> 10-28. Find the inverse of the following matrices: 


(a) A lower triangular matrix (c) A symmetric matrix 


0.2 O01 0.0 0.0 
1 0 0 | | 
0.1 0.2 O1 0.0 
a : : j Ss iy: (Onl 8 0 
0.0 0.0 01 0.2 
(b) An upper triangular matrix (a) A diagonal matrix 
; a ; : Ay 02 90> 20 
PPO? Oh. dh coal pe (Rt 2a: OF d, 0 for all i 
0 0 0 1 0 0 A»3 0 


0 O O XX 


> 10-29. Find values of aj,a2 and a3 such that the given matrix is orthogonal 


A 


og Nie 
our 

O° 
[es | 


3 
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> 10-30. Let 


a21 422 


where a;; = a;;(t), i,j =1,2,3 are differentiable functions of t. 


(a) Show 
d dai, = dayg a a 
—(det A)= dt dt me me 
at! eel) ai a22 +| oa fee 
(b) Evaluate ¢(det A) when 
2 t 
a E | 
> 10-31. Let 
aii 412 «413 
A=|a21 a2 423 | ; 


where a;; = a;;(t), i,j =1,2,3 are differentiable functions of t. 


(a) Show 
d a a1 «4243 a1 41243 
—(det A)=] a@21  a22 dag | + te ie ios +] 21 22 93 
dt dazi daz2 daz3 
a31 432 433 431 432 433 dt dt dt 
(b) Evaluate 4(det A) when 
1 t t+1 
Aa) (. ge oR 
t—-1 ¢ 0 


p> 10-32. Is the statement 
det (A + B) = det (A) + det (B) 
true for arbitrary n x n square matrices A and B? Test your answer by using the 


matrices 
1 2 1 8 
AS F “| = E | , 


>» 10-33. Verify the transmission matrices for the four-terminal networks illustrated. 
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_ [+t  cos3t 
p> 10-34. Let A= | ge Sea and find 
dA 
(a) = (b) i. Adt 
p> 10-35. Let C(\) = |A—Al| = det(A— AZ) = 0 denote the characteristic equation 
associated with the matrix A having distinct eigenvalues )\1,...,An- 


(a) Show that C(A) = (-1)"\" + cA" 1 ++ ena + en = (-1)2(A = An) (A = 2) (A= An) 
(b) Show that e, = A1\2°* An = |A| = det A 

(c) Show 4 is singular if any eigenvalue is zero. 

(c) Use the fact that the matrix A satisfies its own characteristic equation and show 
—1 

— [(-1)"A"1 4 cy APF $e Hepa] 


Cn 


ra 


> 10-36. : 
(a) Show that af et dt+ T= e* 
0 


t 
(b) Show that | A dt = A“! [eat — 1] = [e4* — 1] Ao} 
0 


> 10-37. Verify the following matrix relations for the n x n matrix A. 


sin? A+cos? A =I 
cosh?A — sinh?A = 1 


(a) sinA= = where i? = —1 
(b)  cosa-S te" 
i ges 
Or i 
) 
) 


(e 
(f 
> 10-38. Consider the initial-value matrix differential equation 
dX(t) 
dt 
where A is a constant matrix. 
(a) Left-multiply the given matrix differential equation by the matrix function 


= AX(t)+ F(t), X (to) =C 


e Att) and show 


Ci fae ap eN = Say 
=(e X) =e F(t) 


(b) Integrate both sides of the result from part (a) from t= ty to t and show 


t 
X = X(t) = eA) 4 At i e~ AE P(e) dé 


to 


(c) Show in the special case F = [0], the solution reduces to X = X(t) = e4¢-™C 
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> 10-39. Show the relation between the vector differential equation 


dy Z 
= = Aa + FO), y(0) =e 
and the matrix differential equation 
oa Awy. Y(0)=1 


is given by 
g=Y(e+Y(t) / Y(€)F(6) ae 


> 10-40. Verify the forward differences in table 10.1. 
> 10-41. Verify the finite integrals in table 10.2. 


> 10-42. Solve the given difference equations. 


(2) Yn+2 — 5Ynti + Gyn = 0 (2) Ynt2 + 4Yn41 + 3yn = 0 
(b) Yn+2 — 6Yn+1 oe 9Yn =0 (e) Yn+2 + 2Yn+1 + Yn = 0 
(Cc) Ynt2 — 6Yn41 + 13yn = 0 (Ff) Ynt2+ 2Ym41 + 10yn = 0 
> 10-43. Find the finite integrals 
1 1 
—1,,2 —1 = Nad 
(a) Avs (0) A 42x)" (c) a 
> 10-44. 
2t 
(a) For A= F al verify the matrix function e4* = ae ot | 
Qt 2t ot 
(b) For B= Fi ak verify the matrix function e?! = E at | 
> 10-45. 
(a) Verify the matrix differential equation 
dX (t 
wo —~AX(t)+ F(t), X(0)=C 


has the matrix solution 


t 
ahha e ro ae | e AS F(Eé) dé 
0 


1 


and C= F 


| solve the matrix differential equation 


(b) For A= E AE F(t) = fy 


dX (t) 
dt 


=AX+F(t),  X(0)=C 


Chapter 11 
Introduction to Probability and Statistics 


The collecting of some type of data, organizing the data, determining how some 
characteristic of the data is to be presented as well conducting some type of analysis 
of the data, all comes under the category of probability and statistics. 

Random Sampling 

To determine some characteristic associated with a very large group of objects, 
called the population, it is impractical to examine every member of the group in 
order to perform an analysis of the population. Instead a random selection of data 
associated with objects from the group is examined. This is called a random sample 
from the population. Populations can be finite or infinite and by selecting a sample 
from the population one expects that some characteristics of the population can be 
inferred from an analysis of the sample data. 

Analysis of the sample data, without trying to infer conclusions about the popu- 
lation from which the sample data comes, is called descriptive or deductive statistics. 
An analysis of sample data which tries to predict some characteristic of the popula- 


tion is called inductive statistics or statistical inference. 


Simulations 

Consider the figure 11-1 where some complicated system is described by n-input 
variables, j-parameter values, k-output variables and m-neglected or unknown vari- 
ables. One replaces the complicated system with a model that in some way mimics 
or approximates the behavior of the real system. Those quantities that effect the 
model but whose behavior the model is not designed to study are called exogenous 
variables. These are usually the independent variables such as the input variables 
T1,---,%, and parameters p;,...,p; effecting system behavior. The behavior of those 
quantities from the complicated system that the model is designed to study are 
called endogenous variables. These are usually the dependent variables such as the 
outputs y1,...,y, produced by the system. 

Simulation is the process of designing a mechanical or mathematical model of a 
real system and then conducting experiments with this model for various purposes 
such as (i) obtaining a better understanding of the system (ii) to help construct 
theories for observed behavior (iii) aid in predicting future behavior (iv) to study 
how changes in inputs and parameters values effect the behavior of the system 
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(v) Finding ways to improve the system by experimenting with how inputs and 
parameter values produce changes in the system. (vi) to aid in making inferences 
and speculations on future system behavior. 


inferences 


Figure 11-1. 


Replacing complicated system with approximating mathematical model. 


The model constructed can be continuous or discrete. By constructing a math- 
ematical model one can use a computer to generate thousands of data values rep- 
resenting various outputs under a variety of input scenarios and then one can use 
statistics on the data values generated to make inferences concerning the behavior 
of the real system. For example, Monte Carlo simulations are discrete models where 
random numbers are used in specific ways to help simulate the behavior of a sys- 
tem. Monte Carlo methods can be used to study a wide variety of things. A small 
sampling of disciplines where Monte Carlo techniques are employed are the study 
areas of aerodynamics, fluid dynamics, atomic physics, radiation analysis, material 
research, oil exploration, and to verify theoretical predictions. 

An example of a Monte Carlo method is the calculation of the value of 7 using 
random numbers. It can be shown that generating enough random numbers and 
using them in the proper way, one can calculate 7 as accurately as you desire. 


The Representation of Data 

The data from a population can be either discrete or continuous. If Y is a variable 
representing the characteristic being sampled and Y can take on any value between 
two given values, then Y is called a continuous variable. If Y is not a continuous 
variable, then it is called a discrete variable. 
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Some examples of discrete data is presented in the table 11.1. These numbers 
can be plotted as vertical or horizontal bar graphs, either stacked or grouped or as 
a line graph. The figure 11-2 illustrates these type of graphs. 


United States Corn, Soybean and Wheat Production United States Corn, Soybean and Wheat Production United States Corn, Soybean and Wheat Production 


heat 


of Bushels 


of Bushels 


Millions 
Millions 


it 


Figure 11-2. United States Corn, Soybean and Wheat Production 


Millions of Bushels. Yea 


Table 11.1 
Unite States Production of Corn, Soybeans and Wheat 


(in millions of bushels) 


[Year [Com | Soboan [Wheat 
mor [99 [276 [223 
a 


[3008 [8.97 [a6 
[300 [10092585 
[3005 rst. 
3006 at [3.06 a 
[3007 [3st 
[3008 [a0 [502.07 


Tabular Representation of Data 

A statistical experiment usually consists of collecting data from a random se- 
lection of the population. For example, suppose the systolic blood pressure of two 
hundred individuals are taken from a random sample of the population. The systolic 
blood pressure is measured in units of mmHg and is the blood pressure as the heart 
begins to pump. The diastolic blood pressure being a measure of the blood pressure 
between heart beats. The data set collected consists of 200 numbers, representing 
the sample size. A representative set of such numbers is presented in the table 11.2. 
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127 115 132 117 138 138 152 121 142 120 104 116 139 165 150 132 142 94 124 145 


157 137 118 163 138 159 140 87 162 132 156 148 159 136 164 103 125 136 136 146 


102 111 142 116 145 156 167 95 148 143 120 130 95 71 115 87 139 119 148 132 


169 121 138 128 129 143 143 128 108 77 120 128 157 109 173 125 159 100 97 144 


119 129 131 124 161 144 154 119 125 97 123 129 113 119 109 112 156 168 135 136 


135 145 156 125 140 130 86 101 139 184 144 118 150 149 142 118 134 124 154 142 


186 130 127 168 122 139 156 146 107 168 117 100 134 113 104 115 149 148 133 128 


121 148 133 144 127 127 168 102 117 123 156 129 89 38 136 100 153 110 112 150 


104 148 124 114 121 126 153 128 114 137 131 104 135 124 146 115 152 127 113 143 


139 147 134 142 133 124 149 156 142 109 147 96 42 163 120 118 180 125 157 118 


Table 11.2 Systolic Blood Pressure (mmHg) 


measurements taken from 200 Random Individuals 


Examine the data in table 11.2 and order the data in a tally sheet to form a 
frequency table. Show that the smallest value is 74 and the largest value is 186. 
Divide the data into categories or class intervals of equal length by defining an upper 
limit and lower limit and midpoint for each class interval. This is called grouping 
the data. Examples of class intervals are given in the table 11.3 where 74 is the 
first midpoint with 16 midpoints to 186. If 74+ 162 = 186, then « = 7 steps between 
midpoints or the class interval is of size 7. Go through the data and find the number 
of systolic blood pressures in each class interval. This is called determining the class 
frequency associated with the grouped data. Then calculate the relative frequency 
column, the cumulative frequency column and cumulative relative frequency column 
as illustrated in the table 11.3. The cumulative frequency associated with a value x 
is just the sum of the frequencies less than or equal to «. The cumulative relative 
frequency is obtained by dividing the cumulative frequency by the sample size. Note 
that the cumulative frequency ends in the sample size and the cumulative relative 


frequency ends with 1. 
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Table 11.3 Frequency Table 


Cumulative 
Class Class Relative Cumulative Relative 
Interval Midpoint Tallies Frequency Frequency Frequency Frequency 


os 
Pose [watt f+ ann [of 


rea 


Pireie [aw [ft Pas 0005 [oe [a | 
Psi [we [fe Pao [mt | 


A graphical representation of the data in table 11.3 can be presented by defining 


a relative frequency function f(x) and a cumulative relative frequency function F(z) 


associated with the sample. These functions are defined 


f(a) = { ce when x = X; 


0 otherwise 
(11.1) 


= S- f(x;) =sum of all f(z;) for which x; < x 


aj<x 


and are illustrated in the figure 11-3. 
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Relative Frequency Plot of Data Cumulative Relative Frequency Plot 
F(z) 


Relative Frequency 
Cumulative Relative Frequency 
° 
ro 


& 
a a ee es ee 
67 74 81 88 95 102 109 116 123 130 137 144 151 158 165 172 179 186 193 67 74 81 88 95 102109116123130137 144 151 158 165 172 179 186 193 200 


Systolic Blood Pressure (mmHg) Systolic Blood Pressure (mmHg) 


Figure 11-3. 


The relative frequency function and cumulative relative frequency function 


The results illustrated in the table 11.3 can be generalized. If X,, X2,...,X, are 
k different numerical values in a sample of size N where X; occurs f; times and X, 
occurs f2 times, ..., and X; occurs f, times, then fi, fo,..., f, are called the frequencies 
associated with the data set and satisfy 


fitfot+---+fe=N =sample size 


The relative frequencies associated with the data are defined by 


h=8, sa ag a 


fi = = 
which satisfy the summation property 


k 


SofHAthtothal 
i=1 
Define a frequency function associated with the sample using 


sea) ={ 4" ena for j=1,...,k 


0, otherwise 


The frequency function determines how the numbers in the sample are distributed. 


Also define a cumulative frequency function F(z) for the sample, sometimes re- 
ferred to as a sample distribution function. The cumulative frequency function is 


defined 


F(x) = S- f(t) =sum of all relative frequencies less than or equal to x 
t<a 


Whenever the data has too many numerical values then one usually defines 
class intervals and class midpoints with class frequencies as in table 11.3. This is 
called grouping of the data and the corresponding frequency function and cumulative 
frequency function are associated with the grouped data. 

The relative frequency distribution f(x) is also called a discrete probability dis- 
tribution for the sample and the cumulative relative frequency function F(x) or 
distribution function represents a probability. In particular, 


F(x) =P(X < x) = Probability that population variable X is less than or equal to 
1— F(x) =P(X > x) = Probability that population variable X is greater than x 


(11.2) 
Arithmetic Mean or Sample Mean 
Given a set of data points X,, X2,...,Xy, define the arithmetic mean or sample 
mean of the data set by 
N 
= die, Lanes 
sample mean = X = Kit XotetXw _ dejar %s (11.3) 
N N 
If the frequency of the data points are known, say X,, Xo,...,X, occur with frequen- 
cies fi, fo,..., fe, then the arithmetic mean is calculated 
X— FiX1 t+ foXat---+ frXn -  S FX; _ sae 1G (11.4) 


fithateoth Din fi yy 


Note that the finite data collected is used to calculate an estimate of the true pop- 
ulation mean yp associated with the total population. 


Median, Mode and Percentiles 

After arranging the data from low to high, the median of the data set is the 
middle value or the arithmetic mean of the two middle values. This value divides 
the data set into two equal numbered parts. In a similar fashion find those points 
which divide the data set, arranged in order of magnitude, into four equal parts. 


These values are usually denoted Q1, Q2,Q3 and are called the first, second and third 
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quartiles. Note that Q2 will be the same as the median. If the data set is divided 
into ten equal parts by numbers Dj, D2, D3, Da, Ds, De, Dz, Ds, Dg, then these numbers 
are called deciles. If the data set is divided into one hundred equal parts by numbers 
P,, Po,...,Py9, then these numbers are called percentiles. In general, if the data is 
divided up into quartiles, deciles, percentiles or some other equal subdivision, then 
the subdivisions created are called quantiles. The mode of the data set is that value 
which occurs with greatest frequency. Note that the mode may not exist or even if 
it does exist, it might not be a unique value. A unimodal data set is one which has 


a unique single mode. 


The Geometric and Harmonic Mean 
The geometric mean G associated with the data set {X1, Xo,..., Xn} is the Nth 
root of the product of the numbers in the set. The geometric mean is denoted 


G= %/X\X2---Xy (11.5) 


The harmonic mean H associated with the above data set is obtain by first taking 
the arithmetic mean of the reciprocals and then taking the reciprocal of the result. 


The harmonic mean can be expressed using either of the relations 


N 
1 1 1 
= 11. 
or a We (11.6) 


fas 1 
© eg i 

i=l 
N2U%; 


The arithmetic mean X, geometric mean G and harmonic mean H, satisfy the 
inequalities 
H<G<x (11.8) 


The equality sign being used when all the numbers in the data set are equal to one 


another. 


The Root Mean Square (RMS) 


The root mean square (RMS), sometimes referred to as the quadratic mean, of 
the data set {X,, X2,...,X,} is defined for a discrete set of values as 


N 
IX x2 
RMS = ee (11.8) 


and for a continuous set of values f(x) over an interval (a,b) it is defined 


1 e : 
nus = 54, [tere (11.9) 


The root mean square is used to measure the average magnitude of a quantity that 
varies. 
Mean Deviation and Sample Variance 


The mean deviation (MD), sometimes called the average deviation, of a set of 


numbers X,, Xo,..., Xn represents a measure of the data spread from the mean and 
is defined 
or = 
| X; — X 1 —_ po. me, 
Mp = 2a Lx X|+|X2.-X|+---+|X,-X || (11.10) 


where X is the arithmetic mean of the data. The mean deviation associated with 
numbers X), X2,...,X; occurring with frequencies fi), f2,...,f, can be calculated 


oe es 
dai fg |Xj-X]_ 1 


MD= = 
N N 


fil X1-— Xl +fo| X2—X| tet fel Me- (11.11) 


The sample variance of the data set {X1, X2,..., X,} is denoted s? and is calculated 
using the relation 


1 


n—-1 


So(X; - XP? = 


j=l 


a [(z1 — X)? + (xg — X)? +--+ + (an — X)?] (11.12) 


n—-1l 


where X is the sample mean or arithmetic mean. The sample variance is a measure 
of how much dispersion or spread there is in the data. The positive square root 
of the sample variance is denoted s, which is called the standard deviation of the 
sample. 


Note that some textbooks define the sample variance as 
2 2 _ xX) 
SS S°(X) — X) (11.13) 


where n is used as a divisor instead of n—1. This is confusing to beginning students 
who often ask, “Why the different definitions for sample variance in different text- 
books?” The reason is that for small values for n, say n < 30, then equation (11.12) 
will produce a better estimate of the true standard deviation o associated with the 


total population from which the sample is taken. For sample sizes larger than n = 30 
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there will be very little difference in calculation of the standard deviation from either 
definition. To convert the standard deviation 8, calculated using equation (11.13) 
one need only multiply 8 by Vo to obtain the value s as specified by equation 
(11.12). 

The sample variance given by equation (11.12) requires that one first calculate 
X, then one must calculate all the terms x; — X. All this preliminary calculation 
introduces roundoff errors into the final result. The sample variance can be cal- 
culated using a short cut method of computing without having to do preliminary 


calculations. The short cut method is derived using the expansion 
CG= KY Sa HX ee, 


and substituting it into equation (11.12). A summation of terms gives 


eee xe “LP ARLY x 0 


j=l 


The substitution X = aX and using xo =n, gives the result 


2 
S-(X;-X) “Sag-alhia yx (be x) n 


j=l 


This produces the shortcut formula for the sample variance 
ett oo ag 11.14 
“nat [2g (24) | ome 
j=l j=l 
If X,,..., Xm are m sample values occurring with frequencies f\,..., fn, the equa- 
tion (11.14) can be expressed in the form 


pot Sea pee [Sx i) (11.15) 


In general, if the true population mean yp is known exactly, so that p= > Ags 
j=l 
where N is the population size, then the population standard deviation is given by 
N 
ne oom 
fe ate H) (11.16) 


Use N if the exact population mean is known and use n—1 if samples of size n << N 
are selected from a population where the true mean p is unknown. 
Probability 

An experiment or observation produces samples from a population where the 
outcome recorded either belongs or does not belong to a prescribed collection of 
events being studied. A sample space S is the set of all possible outcomes from an 
experiment. A sample space can be either finite or infinite. An example of a sample 
space with a finite collection of events is the roll of a single die. Here the sample 
space is S = {1,2,3,4,5,6} corresponding to the numbers on the six faces of the die. 
An example of an infinite sample space is that of an experiment where the outcome 


from an single event can be a real number within a specified range. 


AS AUB ANB 


Figure 11-4. Venn diagrams 


A Venn diagram consists of representing the sample space by a rectangle, then 
any event within $ can be represented by the interior of a circle A within the rect- 
angle. The set of all events not in A is called the complement of A and is denoted 
using the notation A°. The null set, empty set or impossible event is denoted by 
the symbol #. The union of two events A and B is denoted AU B and represents 
all events or experiments of S contained in A or B or both. The intersection of two 
events A and B is denoted An B and represents all events in S$ contained in both A 
and B. The concepts of a complement, union and intersection of sets is illustrated 


in the figure 11-4. If two sets A and B have no events in common, then this is 
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denoted by ANB =9. In this case, the sets A and B are said to be mutually exclusive 
events or disjoint events. The notation A C B is used to denote ”all elements of A 
are contained in the set B” This can also be expressed B > A, which is read ” B 
contains A”. If the sample space contains n-sets {Aj, Ao,...,An}, then the union of 
these sets is denoted 


A; UAgU-:-UA, or s A; 


The intersection of these sets is denoted 


Ay N AgN:::N An or A A; 


If A; A, = 0, for all values of j and k, with k 4 j, then the sets {Aj, Ao,..., An} are 
said to represent mutually exclusive events. 
Probability Fundamentals 

Assuming that there are h ways an event can happen and f ways for the event 
to fail and these ways are all equally likely to happen, then the probability p that an 


event will happen in a given trial is 


h 


———— 11.17 
a a. (11.17) 

and the probability ¢ that the event will fail is given by 

is 
= == 11.18 
15s (11.18) 
These probabilities satisfy p+q=1. 

In general, given a finite sample space S$ = {e1,e2,...,e,} containing n simple 
events e1,...,€n, assign to each element of S a number P(e;), i = 1,...,n called the 


probability assigned to event e; of S. The probability numbers P(e;) assigned must 
satisfy the following conditions. 

1. Each probability is a nonnegative number satisfying 0 < P(e;) <1 

2. The sum of the probabilities assigned to all simple events of the sample space 


must sum to unity or 
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3. If each event is equally likely to happen, then one usually assigns a probability 
value P(e;) = + to each event as then 57, P(e;) = 1. 
4. The probability assigned to the entire sample space is unity and one writes 
P(S) =1. 
Probability of an Event 
After assigning probabilities to each simple event of $, it is then possible to 
determine the probability of any event E associated with events from $. Consider 
the following cases. 
1. The event E = 0 is the empty set. 
2. The event £ is one of the simple events e; from $ (i fixed, with 1 <i <n) 
3. The event E is the union of two or more events from S. 
For the case 1, define the probability of the empty set 0 as zero and write P(0) = 0. 
In case 2, the probability of event E is the same as the probability P(e;) so that, 
P(E) = P(e;). Consider now the case 3. If E is an event associated with the sample 
space S$ and E is its complement, then 


P(E) =1-— P(E) (11.19) 


This is known as the complementation rule for probabilities. 
If £, and Ey are mutually exclusive events associated with S, then FE, ME, = 0 
and 
P(E, U Ea) = P(Ey) + P(Ea), E,NE,=9 (11.20) 


In general, if E = EjUE,U---UE, is an event and £), Eo,..., £m are mutually exclusive 
events associated with S, then the intersection gives E,N £29---NE, = and the 


probability of EF is 
P(E) = P(E, U Ey U-+-U Em) = P(£)) + P(E£2) +--+ + P(Em) (11.21) 


This is known as the addition rule for mutually exclusive events. 
If £, and £, are arbitrary events associated with a sample space S$, and these 


events are not mutually exclusive, then 
P(E, U Ey) = P(£)) + P(E2) — P(E. 9 Ep) (12.22) 


Here P(F;) is the sum of all the simple events defining E, and P(£2) is the sum of all 


the simple events defining £5. If the events are not mutually exclusive, then the sum 
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of the probabilities associated with the simple events common to both the events EF, 
and E, are counted twice. The sum of these common probabilities of simple events 
which are counted twice is P(£,M E2) and so this value is subtracted from the sum 
P(E) + P(E). 


Example 11-1. 

Two coins are tossed. What is the probability that at least one tail occurs? 
Assume the coins are not trick coins so that there are four equally likely events that 
can occur. Let H denote heads and T denote tails, then the sample space for the 
experiment is S = {HH,HT,TH,TT}. Because each event is equally likely, assign a 
probability of 1/4 to each event. For this example, the event EF to be investigated is 


E = {HT} U{TH}U{TT} 
That is, at least one tail occurs. Consequently, 


P(E) = P(HT) + P(TH) + P(TT) =1/44+1/44+1/4= 3/4 


Example 11-2. 
A pair of fair dice are rolled. The sample space associated with this experiment 


is a representation of all possible outcomes. 


Sati (OD) pl Gay 26). 46,1) 
(132) 2) G2) By (5,2). 0652) 
(43) 2,3) Bay (Gay 5,3). 46,3) 
(1,4) (2,4) (3,4) (4,4) (5,4) (6,4) 
(1,5) (255) (8,5) (5). (5)5). (6,5) 
(1,6) (2,6) (3,6) (4,6) (5,6) (6,6) 


There are 36 equally likely possible outcomes. Assign a probability of 1/36 to each 
simple event. 
If £, is the event that a 7 is rolled, then 


P(F\) = P((1,6)) + P((2,5)) + P((3, 4)) + P((4, 3)) + P((5, 2)) + P((6, 1)) = 6/36 = 1/6 


If £, is the event that an 11 is rolled, then 
P(E) = P((5,6)) + P((6,5)) = 2/36 = 1/18 
If £3 is the event doubles are rolled, then 
P(E3) = P((1,1)) + P((2, 2)) + P((8, 3)) + P((4, 4)) + P((5, 5)) + P((6, 6)) = 6/36 = 1/6 
If Ey is the event that a 10 is rolled, then 
P(E1) = P((4,6)) + P((5, 5)) + P((6, 4)) = 3/36 = 1/12 


If E; is the event a 10 is rolled or a double is rolled, the E; = E,U E3. Note 
that the event (5,5) is common to both events Ey, and £3 with FE, £3 = (5,5) and 
P(E, E3) = P((5,5)) = 1/36. Hence, 


P(Es) = P(E, U E3) = P(E4) + P(E3) — P( E49 E3) = 3/36 + 6/36 — 1/36 = 8/36 = 2/9 


If Eg is the event that a 10 is rolled or a 7 is rolled, then Ey = E,U E,. Here 


E, E; =0 and so these events are mutually exclusive. Consequently, 
P(E¢) = P(E4U Ey) = P(E) + P(E,) = 3/36 + 6/36 = 9/36 = 1/4 


Note that there are many situations where the sample space is not finite. In 
such cases the probabilities assigned to the events in S are based upon employment 
of relative frequencies observed from taking a large number of trials from the pop- 
ulation being studied. For a large number of trials the relative frequency of an 
event happening is approximately the same as the probability of the event happening. 
Observation of this fact should be made by examining the earlier development of 
relative frequency tables associated with our analysis of data collected. Also note 
that one can think of equation (11.20) is a special case of the more general equation 
(11.22), the special case occurring when £, and £, are mutually exclusive events. 

If p is a probability of success assign to a single trial of an event, then the 


expected number of successes in n-trials is the product np. 
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Conditional Probability 

If two events FE, and E, are related in some manner such that the probability of 
occurrence of event £, depends upon whether £2 has or has not occurred, then this is 
called the conditional probability of E, given FE, and it is denoted using the notation 
P(E, | E2). Here the vertical line is read as “given” and events to the right of the 
vertical line are treated as events which have occurred. The conditional probability 


of EF, given E, is 


_ P(E, Eo) 
P(E; | Fy) = — Py)” P(E2) £0 (11.23) 
The conditional probability of Ey given EF, is 
_ P(E, E2) 
P(E, | i) = Rea e P(Ei) £0 (11.24) 


The equations (11.23) and (11.24) imply that the probability of both events E; and 


E, occurring is given by 
P(E, 0 Ey) = P(E1)P(E | E1) = P(E2)P(E, | Ex), P(E) #0, P(E2)40 (11.25) 
If the events E, and E, are independent events, then 
P(E, N Ez) = P(E,)P(E2) (11.26) 
and consequently 
P(E; | E2)=P(E;), and P(E | E,) = P(E) 


This condition occurs whenever the probability of E, does not depend upon the event 
E> and similarly, the probability of event Ey does not depend upon £. 

Two events E, and E> are said to be independent events if and only if the 
probability of occurrence of FE; and EF, is given by P(E, Ez) = P(E,)P(E2). That is, 
the probability of both £, and £, occurring is the product of the probabilities of 
occurrence of each event. Two events that are not independent are called dependent 
events. 


In general, if £,, E2,...,Em are all independent events, then 
P(E, N Ey N-+-A Em) = P(E1)P(E2)---P(Em) (11.27) 


This is sometime written in the form 
PC Ex)= Tt PEs) (11.28) 
k=1 k=1 


and is known as the multiplication principle for independent events. 


Example 11-3. Given an ordinary deck of 52 cards, suppose it is required 
to find the probability of selecting two cards and they are both aces. Here the 
probability of selecting an ace on the first draw is P, = 4/52. If the first card selected 
is an ace and it is not put back into the deck, then on the second draw there are only 
3 aces left in the deck which now has only 51 cards. Consequently the probability of 
getting an ace on the second draw is P; = 3/51. The required probability of obtaining 


an ace on both the first and second drawing of cards is given by the multiplication 
3 1 


principle for independent events so that one can write P = P,P: = ye or 


Z 
The above discussions can be generalized. In studying the occurrence or non- 


occurrence of three events E,, £2, £3 the probability is denoted 
P(E, N E20 E3) = P(E1)P(E2 | E1)P(E3 | Ey E2) (11.29) 
and for independent events 
P(E, N Ex 0 E3) = P(E1)P(E2) P(Es) (11.30) 


with similar extensions to a higher number of events taking place. 


Example 11-4. 

The dice table is completely surrounded with players so that you can see only a 
part of the table. A player rolls the dice and you see one die comes up a 6, but you 
can’t see the other die. What is the probability the player has rolled a 7 or 11? 
Solution: Here there are two events E), £2 with 

FE, = event one die is a 6 
E> = event sum of dice is 7 or 11 
and we are to find P(E, | E,). To solve this problem write down the simple events 
as 
E; ={(6, 1), (6, 2), (6,3), (6,4), (6,5), (6, 6)} 
Ey ={(1,6), (2,5), (3,4), (4,3), (5, 2), (6, 1), (5, 6), (6, 5) 
with £9 Ep ={(6,1), (6,5)} 
Recall the simple events all have equal probabilities of 1/36 and consequently 


_ P(E, Eo) = 2/36 ~ 
Observe that P(E£2) = 8/36 = 2/9 4 P(E, | E,) = 1/3. These events are not indepen- 


dent. That is, knowing one die is a 6 does effect the probability of the sum being 7 


or 11. 
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Example 11-5. 

Two cards are selected at random from an ordinary deck of 52 cards. Find the 
probability that both cards are spades. Find the probability that the first card is a 
spade and the second card is a heart. In performing this experiment assume that 
the first card selected is not replaced in the deck. 


Solution: Examine the events 
E, = The event that the first card selected is a spade. 
E, = The event that the second card selected is a spade. 


E3 = The event that the second card selected is a heart. 
Using elementary probability theory 


13 Number of spades in deck 


Bho) 52 Total number of cards in deck 


Now if event E, has occurred, the deck now has only 51 cards with 12 spades. 


Consequently, the conditional probability is 


P(E | Ey) 12. Number of spades in deck 
21°) ""51 Total number of cards in deck 
13 Number of hearts in deck 


and P(E3 | E\)= 


51 Total number of cards in deck 


Calculate the probabilities 


13 12 3 
Pte AEA SP NPGS BAe 

CE VEa) PEERS | Pay eo ar 
1313 13 

and P(E, Es) =P(E:)P(Bs | Bi) = 5° = 3G 


Permutations 

Assume something can be done in ¢ different ways and one of these ¢-ways has 
been done. Now if a second something can be done in m different ways, then the 
number of ways that the two somethings can be done is given by the product ¢-m. 
If a third something can be done in n ways, then the three somethings can be done 
in €-m-n-ways. This multiplication principle can be extended if more than three 
somethings are involved in the study. 


Example 11-6. How many three digit even numbers can be formed using the 
digits {1,2,3,5,7} if repetition of any digits is not allowed? 
Solution A three digit number has the representation (hundreds place)(tens place) (units place). 
If the three digit number is to be an even number, then the units place must be filled 
with the number 2. Hence there are ¢= 1 ways to perform this task. The tens place 
can be filled with any of the numbers 1,3,5,7 and so m = 4 ways to perform this task. 
Finally, if one of the numbers 1,3, 5,7 is selected for the tens place and there is to be 
no repetition of numbers, then only 3 numbers are left for the hundreds place. This 
gives n = 3 ways for the hundreds place. This shows that there are n-m-¢=3-4-1=12 
ways to complete the task. 
iz 
Each arrangement in an ordered set of items is called a permutation of the set of 
items. For example, how many ways can you arrange three books on a shelf? There 
are 3 choices for the first book, 2 choices for the second book and 1 selection for the 
last book. This gives 3-2-1 =3!=6 ways to arrange three books on a shelf. If the 


books are labeled a,b and c, then the 6 arrangements are 
abc cab bea 
bac acb cba 
In general, the number of permutations of n things is n-factorial, written n!. That 


is, there are n choices for the first item, (n — 1) choices for the second item, (n— 2) 


choices for the third item, etc. This gives the number of permutations as 
nP, = n(n — 1)(n—2)+++(3)(2)(1) =n! (11.31) 


The grouping of a selection of m items from a collection of n items, m <n, is 
called the number of permutations of n items taken m at a time. For example, to 
determine the number of permutations of the letters a,b,c,d taken two at a time, 
note that there are 4 choices for the first letter leaving three choices for the second 
letter. This gives 12 such arrangements. These arrangements are 


ab ba ca da 
ac be cb db 
ad bd cd de 
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In general, the number of permutations of n things taken m at a time is given by 
the formula 
nPm = n(n — 1)(n— 2)---(n—m+1) (11.32) 


which is a product of m-factors. In the special case m = n, the number of permutations 
of n things taken all the time is ,,P,, as given by equation (11.31). 

If in the collection of items there are n, repeats on one item, nz repeats of 
another item, ..., nm repeats of still another item, then many of the total number 
of permutations will be repeats. To remove these repeats just divide by factorial 
associated with the number of repeats. This gives the permutation of n things taken 
all at a time as 


! 
P=——~__ where n=n1, + no +ngt---+nm (11.33) 
M1-NgQ°°*Mm: 


Combinations 

A collection of items without regard to the order of arrangement is called a 
combination. For example, abc,bca,cab,bac,cba,acb all represent the same collection 
of the letters a,b and c, where the different permutations are ignored. The number 
of combination of n things taken m at time is denoted by using either of the notations 
(") or ,C,, and is calculated as follows. If,,C,, or a is a collection of m items from 
a set of n items, then for each combination of m things there are m! permutations so 


that one can write 


im n nPm  n(n—1)(n—2)---(n-—m+1) (11.34) 
m m! m! 
n! 
- n>0, O<m<n 
m!(n —m)! 


The term (") represents the mth binomial coefficient. 


Note that binomial coefficients & = 1 and ) = 1 and that ey _ ( ) 


m—m 
The binomial coefficients also satisfy the recursive property 


n n n+] : 
a a a ag :) = « is ) m > 0 and integral 


AO1 


Binomial Coefficients 


The binomial expansion (p+ q)”", for n an integer, can be expressed in the form 


n n n n n—-1 n n—2_2 n n—-mMm~_~m n n 
(p+q)"=(. Jp"? +(, )w™ tat (. wp? 7G +--+ igh RG aces Ae Ge. > E85) 
0 1 2 m n 


Note in the special case p = q = 1 one obtains 


atataaait yo (*)=14(7) +B) +--+(") (11.36) 


m=1 


and rearranging terms one finds 


= (") . & ns (3) eo & eas (11.37) 


Let p denote the probability that an event will happen and gq = 1-— p denote the 
probability that the event will fail in a single trial and examine the probability that 


the event will happen in n-trials. In one trial (p+q) =1. In two trials, the expansion 


(p+q)? = (5)°" + (7) + @ g =p’ +2pqt+¢ 
represents all possible outcomes. For example, if the trial is flipping a coin and p is 
the probability of heads H and q is the probability of tail T, then p? is the probability 
of getting two successive heads HH, 2pq is the probability of getting a head and tail 
or tail and head HT or TH and @? is the probability of getting two tails TT. Similarly, 
in three trials of flipping a coin the expansion 


a 3 3 3 y. 3 2 3 3 
(p+q)° = (3) + (1) q+ (3) ag (34 
gives the probabilities 
(5) p® =p® is probability of getting three successive heads HHH 
@ p’q =3p"q is the probability of getting HHT or HTH or THH 
and represents the probability of getting two heads in 3 trials. 
@ pq” =3pq° is the probability of getting HTT or THT or TTH 
and represents the probability of getting one head in 3 trials. 
(3) q® =q° is the probability of getting TTT 
and represents the probability of not getting a head in 3 trials. 
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In general, in studying n-trials associate with a two event happening, one would 


examine the binomial expansion 


(p+g)"= >) (“)pn%e 


j=0 
and the term within this expansion having the form 
n m  nm—m __ m  nm—m __ n! mi nNn—-m Gil 38) 


represents the probability that the event will happen m times in n trials. 


Discrete and Continuous Probability Distributions 

The estimated probability of an event is taken as the relative frequency of occur- 
rence of the event. As the number of observations upon which the relative frequency 
is based increases, then the discrete probability is replace by a continuous function 
f(z) called the probability function or probability density function of the distribution 
with the condition that the total area under the probability density function must 
equal unity. The figure 11-5 is a graphical representation illustrating this conversion. 


—' f(«) 
As number of 
observations increase | 
the discrete probability 
distribution is replaced | 
by a continuous | 
probability distribution | 


Q area 
[ f(z) de ~ under 
—°o curve 


L 


f(e)= be eg 
ts otherwise — F(a)=P(X<z) [@ so) ae=1 
) _ f(@g)=2 1—F(x)=P(X>z) 
I= 
Figure 11-5. 


Discrete frequency function replaced by continuous probability distribution. 


The function F(z) = S- f(z;) is called the cumulative frequency function asso- 
aj<x 


ciated with the discrete sample. In the continuous case it is called the distribution 
function F(x) and calculated by the integral F(x) = / f(x)dx which represents 
the area from —oo to x under the probability density function. These summation 


processes are illustrated in the figure 11-6. 


F(x) Discrete F(x) Continuous 
1.0 1.0 
F(x) 
F(b) 
: (a) 7 
#4 %9%3 ,,, Tn-1 Un a bx 
Figure 11-6. Cumulative frequency function for discrete and continuous case. 


In both the discrete and continuous cases the cumulative frequency function 


represents the probability 
F(x) = P(X <2) = [ f(e)de with 1-F(e)=P(X>2)= [ f(e)dx (11.39) 
with the property that if a,b are points x with a < b, then 
Pla <a<b)=P(X <b)— P(X <a) = F(b)— F(a) (11.40) 


which represents the probability that a random variable X lies between a and b. In 
the discrete case 
Pa<X<b)= S° fla;) = F(b)- Fla) (11.41) 


a<xj<b 


and in the continuous case 


Pla<X<b)= [ f(x) dx = F(b) — F(a) (11.42) 
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Table 11.4 Mean and Variance for Discrete and Continuous Distributions 
a a 


population 


mean 


population 


variance 


o2 


The continuous cumulative frequency function satisfies the properties 


dF (x) 


7 ce! F(—o0) =0, F(too)=1, and F(a)<F(b)ifa<b (11.43) 


The table 11.4 illustrates the relationships of the mean and variance associated 
with the discrete and continuous probability densities. 
If X is a real random variable and g(X) is any continuous function of X, then 
the numbers - 
Elg(X)| = >_ o(a;)f(a;) discrete 
j=l (11.44) 
E[g(X)} -| g(x) f(x) dx continuous 


associated with the probability density f(x) are defined as the mathematical expec- 
tation of the function g(X). In the special case g(X) = X* for k= 1,2,...,n an integer, 
the equations (11.44) become 


B= a fa discrete 
j 
E[X*] -[- a* f(x) dx continuous 


These expectation equations are referred to as the kth moment of X. In the special 
case g(X) = (X — p)*, the equations (11.44) become 


E((X — »)"] =o (a; — #)"f(a;) discrete 
El(X — p)*] = - (2 — py)" f(x) dx continuous 


—co 
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and these quantities are called the kth central moments of X. Note the special cases 
Et=1, p=ElX], oo? =E[(X-p)’] (11.45) 


The expectation of a sum of random variables X,, X2,...,X;, equals the sum of the 


expectations and consequently 
BR 4 Xo 2, SO OG) (11.46) 


The expectation of a product of independent random variables equals the product of 


the expectations which is expressed 
E(X1Xq+++Xn) = E(X1)E(X2) ++ (Xn) (11.47) 


Scaling 
The probability density function f(z) is said to be symmetric with respect a 


number x = yp if for all values of « the density function satisfies the relation 


f(ut+ x) = f(u-2) (11.48) 


A random variable X having a mean yu and vari- 
ance a? can be scaled by introducing the new vari- 
able Z = (X — p)/o. The variable Z is referred to 
as the standardized variable corresponding to X. 


Let f(x) denote the probability density function associated with the random 
variable X and define the function f*(z) = of(x) = of(oz +p) as the probability 
function associated with the random variable Z. Using the scaling illustrated in the 


figure above, observe that « =oz+ yp with dr =o dz so that 
f(x) dx = f(oz+ p)o dz = f*(z) dz 


then the mean value on the Z-scale is given by 


w= fo a@da=f (2-4) soar 


—Cco 


=2f efeae—2 [saya 
1 Lt 
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and the variance on the Z-scale is given by 


a =) (z— p*)? f(z) dz= is 2° f*(z)dz since p* =0 


—0Co 


ors) at, 2 ore) 
otf (2=*) fla)de= =f (w—)*fla)de = Go? =1 


This demonstrates that the introduction of a scaled variable 7 centers the mean at 


zero and introduces a variance of unity. 
The Normal Distribution 

The normal probability distribution is a continuous function with two parameters 
called » and o > 0. The parameter o is called the standard deviation and o? is called 
the variance of the distribution. The normal probability distribution has the form 


Leo Ba-u)?/o? _ _ 1 


Flo) = N(@ p02) = = 


s(n u)?/0?| ; -0O<2£< 0 
(11.49) 


and is illustrated in the figure 11-7. The parameter y is known as the mean of 


exp 


the distribution and represents a location parameter for positioning the curve on 
the x-axis. Note the normal probability curve is symmetric about the line x = p. 
The parameter o is sometimes called a scale parameter which is associated with the 
spread and height of the probability curve. The quantity o? represents the variance 
of the distribution and o represents the standard deviation of the distribution. The 
total area under this curve is 1 with approximately 68.27% of the area between the 
lines +o, 95.45% of the total area is between the lines p+ 20 and 99.73% of the 


total area is between the lines 1+3c. The area bounded by the curve N(a; 4,07) and 


the x-axis is unity. The area under the curve N(a; 1,07) between X =b and X =a <b 
represents the probability P(a < X < b). For example, one can write the probabilities 
P(wu-—o < X <pt+o) =.6827 
P(w— 20 < X < p+ 20) =.9545 (11.50) 
P(u— 30 < X < +30) =.9973 


The function 


o(z) = N(z;0,1) = one (11.51) 


is called a normalized probability distribution with mean p =0 and standard devia- 


tion of o = 1. 


The cumulative distribution function F(«) associated with the normal probability 


. . 1 A 2 a ie 
density function = —3(*-4)"/" ig given b 
y f(z) ae a y 


P(e) = i f@id2=P( xX =e) (11.52) 


and represents the area under the probability curve form —oo to z. Note that this 
integral cannot be evaluated in a closed form and one must use numerical methods 
to calculate the value of the integral for a given value of x. The area calculated 
represents the probability P(X < x). The total area under the normal probability 
density function is unity and so the area 


ione= 7 (Ate PSe (11.53) 


represents the probability P(X > x). These areas are illustrated in the figure 11-7. 


AO7 


1 2752 
f(w)=—tee 2-H? /e bes 
f(@) ~ 
\ 
68.27% \ 
* az } | = — 
po pb ute p-20, pb +20 p—3o pt3o 


Figure 11-7. Percentage of total area under normal probability curve. 


f (x) 


F(x)= J" _ f(w) de=P(X <2) 
if f(x) dx=1 


| 1—F(«x)= {[ f(x) dx=P(X>-x) 


po ax 


Figure 11-8. Area under normal probability curve representing probabilities. 
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Standardization 
The normal probability density function, sometimes called the Gaussian distri- 
bution, has the form 


1 1(2—p)\2 

N (a; 1,07) = f(a) = me #(*) (11.54) 
ov 20 

and the area under this curve between the values x = a and x = b, where a < 3, 

represents the probability that a random variable X lies between the values a and b. 


This probability is represented 


x2 


Pla<x<b)= f f(e)dr=—ee fet a) dy (11.55) 


Note that this integral cannot be integrated in closed form and so numerical inte- 
gration techniques are used to create tables for a normalized form or standard form 
associated with the above integral. See for example the table 11.5. The distribution 
function associated with the normal probability density function is given by 


gm)? 


Pe e~ 25S) dé (11.56) 


ef 
7 oV 27 Joo 
Introducing the standardized variable z = ~—", with dz = ae the distribution func- 
oO (on 
tion, given by equation (11.56), with variable x is converted to a normalized form 
with variable z. The normalized form and associated scaling is illustrated below, 


1 e 2 
&(z) = al ede (11.57) 


and equation (11.54) is replaced by the standard form for the probability density 
function 
(2) = ze"? ? (11.58) 


which is the integrand of the integral given by equation (11.57). In the representa- 
tions (11.58) and (11.57) the variable z is called a random normal number. 
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Figure 11-9. 


Standard normal probability curve and distribution function as area. 


Note that with a change of variable F(x) = (==*) so that in terms of proba- 
bilities 


Pla < X <b) = F(b) — F(a) -0(—*) -0(—*) (11.59) 


(on (on 

In figure 11-9, the normal probability curve is symmetric about z = 0 and so the area 
under the curve between 0 and z represents the probability P(0 < Z < z) = ®(z)— ®(0) 
and quantities like @(—z), by symmetry, have the value 6(—z) = 1—®(z). The standard 
normal curve has the properties that ®(—oco) = 0, ®(0) = 1/2 and (co) =1. The table 
11.5 gives the area under the standard normal curve for values of z > 0, then it is 
possible to employ the symmetry of the standard normal curve to calculated specific 
areas associated with probabilities. For example, to find the area from —oo to —1.65 
examine the table of values and find (1.65) = .9505 so that ¢(—1.65) = 1— .9505 = .0495 
or the area from —1.65 to +00 is .9505, then one can write the probability statement 
P(Z > —1.65) = .9505. As another example, to find the area under the standard 
normal curve between z = —1.65 and z = 1, first find the following values 


Area from 0 to 1 = &(1) — 6(0) = .8413 — 0.5000 = .3413 

Area from 0 to 1.65 = (1.65) — (0) = .9505 — .5000 = .4505 
Area from —1.65 to 0 = .4505 

Area from —1.65 to 1 = .4505 + .3413 = .7918 = P(—1.65 < Z <1) 


Sketch a graph of the above values as areas under the normal probability density 
function to get a better understanding of the values presented. 
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1 e 2 
The normal distribution function ®(z) = =| e-* /? dé and the error function! 
MT JS—oo 
which is defined 
2 7 2 
erf(z) = — | edu (11.60) 
vm Jo 


can be related by writing 


ay ee: |e ake 1 Ba keane 
%2) = | of Pag+ —— f cfg a 5+ f e 8? dé 


and then making the substitutions u = €/V/2, du = dé//2 to obtain 


Li he GOs ek, z 


The normal probability functions given by equations (11.49) and (11.57) are 
known by other names such as Gaussian distribution, normal curve, bell shaped 
curve, etc. The normal distribution occurs in the study of various types of errors 
such as measurements in the quality and precision control of tools and equipment. 
The normal distribution arises in many different applied areas of the physical and 
social sciences because of the central limit theorem. ‘The central limit theorem, 
sometimes called the law of large numbers, involves consequences of taking large 
samples from any kind of distribution and can be described as follows. Perform 
an experiment and select n independent random variables X from some population. 
If 21,22,...,2%n represents the set of n independent random variables selected, then 
the mean m, of this sample can be constructed. Perform the experiment again 
and calculate the mean mz of the second set of n random independent variables. 
Continue doing this same experiment a large number of times and collect all the mean 
values from each experiment. This gives a set of average values S = {m1,mz,...,mn} 
created from performing the experiment N times. The central limit theorem says 
that the distribution of the set of average values S approaches a normal probability 


distribution with mean p, and variance o? given by 


its =Mean of the set of averages from a large number of samples = 


wl 


C on 
o? =Variance of set of averages from large number of samples = 


where yu and o? represent the true mean and true variance of the population being 
sampled. The central limit theorem always holds and does not depend upon the 


| There are alternative definitions of the error function due to scaling. 


shape of the original distribution being sampled. The normal distribution is also 
related to least-square estimation. It is also used as the theoretical basis for the 
chi-square, student-t and F-distributions. The normal distribution is used in many 
Monte Carlo simulation computer programs. 

The Binomial Distribution 


The binomial probability distribution is given by 


(pra? x=0,1,2,...,n 
0, otherwise 


B(ain.p) = fle) = { q=1-—p (11.62) 


It is a discrete probability distribution with parameters n and p where n represents 
the number of trials and p represents the probability of success in a single trial 
with g = 1-—p the probability of failure in a single trial. For large values of n the 
binomial distribution approaches the normal distribution. In equation (11.62), the 
function f(x) represents the probability of x successes and n — x failures in n-trials. 
The cumulative probabilities are given by 


F(x) = B(a;n,p) = S_ b(k;n,p), fora = 01,8 2c (11.63) 
k=0 


As an exercise verify that 
b(x;n, p) = (n — x;n,1—p), B(a;n,p) =1— B(n—x—1;n,1—p) (11.64) 


The binomial probability law, sometimes called the Bernoulli distribution, occurs 
in those application areas where one of two possible outcomes can result in a single 
trial. For example, (yes, no), (success, failure), (left, right), (on, off), (defective, 
nondefective), etc. For example, if there are d defective items in a bin of N items 
and an item is selected at random from the bin, then the probability of obtaining 
a defective item in a single trial is p= d/N. The binomial probability distribution 
involves sampling with replacement. Consequently, each time a sample of n items 
is selected from the bin containing N items, the probability of obtaining x defective 
items is given by equation (11.62) with p=d/N and q=1-d/N. 

In the equation (11.62), the term 


("=a Cyats and (11.65) 


All 
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represent the binomial coefficients in the binomial expansion 


n n n n n—-1 n n—2 n LH Nx n n 


In equations (11.62) and (11.66) the term (") represents the number of different 


way of selecting z-objects from a collection of n-objects and the term 


zon 


p qr * =e Xe ad 4 (11.67) 
x times n-x times 
represents the probability of x successes and n— x failures in n-trials without regard to 
any ordering of the arrangements of how the successes or failures occur. Consequently, 
the equation (11.67) must be multiplied by the number of different arrangements 
of the successes and failures and this is what produces the binomial probability 
distribution. 
The binomial distribution has the following properties 


mean = “= np and variance = o? = npq (11.68) 


The figure 11-10 illustrates the binomial distribution for the parameter values n = 10 
and p = 0.2,0.5 and 0.9. 


Figure 11-10. Selected binomial distributions for n = 10. 


The Multinomial Distribution 

The multinomial distribution occurs when many events can happen during a single 
trial. If only one event can result from m mutually exclusive events E,, Eo,...,Em 
occurring in a single trial, where p,,p2,...,pm are the probabilities assigned to the 
m-events, then the probability of getting n, E's, no E4s,...,nm E!,s is given by the 
multinomial probability function 


n! 


a N1,n2 Tin 
f Th, Tlay 2-05 Tt = Py Po °° "Pp 
Pisa Me) Glial aig ue 


where nj +not+:--+nm =n and pi t+pot-::-+pm =. 
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The Poisson Distribution 
The Poisson probability distribution has the form 


NMe7* 


f(a; A) = P(X = a) 7 


x =0,1,2,3,... (11.69) 


with parameter A >0. Here x is an integer which can increase without bound. The 
Poisson probability distribution has the following properties, 


CO LN 2 3 
1. =A At Fete) aot at 


2. mean=p=. 
3. variance o? = X 


The cumulative probability function is given by 
F(a;A) => f (kA) (11.70) 
k=0 


The Poisson distribution occurs in application areas which record isolated events 
over a period of time. For example, the number of cars entering an intersection in 
a ten minute interval, the number of telephone lines in use during different periods 
of the day, the number of customers waiting in line, the life expectancy of a light 
bulb, the number of transistors that fail in one year, etc. 

The figure 11-11 illustrates the Poisson distribution for the parameter values 
\ = 1/2,1,2 and 3. 


Figure 11-11. Selected Poisson distributions for \ = 


103 


i 
2 


In general, the Poisson distribution is a discrete probability distribution used to 


determine the number of events occurring in a fixed interval of time. 
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The Hypergeometric Distribution 
The hypergeometric probability distribution has the form 


x =0,1,2,3,...,n (11.71) 


where «x is an integer satisfying 0 < x < n, n, represents the number of successes 
and nz represents the number of failures, where n items are selected from (n; + nz) 
items without replacement. This is a probability distribution with three parameters, 
n,n, and ng. The hypergeometric probability distribution is used in quality control, 
estimates of animal population size from capture-recapture data, the spread of an 
infectious disease when a fixed number of individuals are exposed to an illness. 
Note that the binomial distribution is used in sampling with replacement while 
the hypergeometric distribution is applicable for problems where there is sampling 


without replacement. The hypergeometric distribution has mean 


MN 


m+ ne 


and variance given by 
2. MNyN2(n1 + nz —N) 


(ni + n2)?(m1 + ng — 1) 


The equation (11.71) represents the probability of x successes and n— x failures 
selected from n;+n2 items where the sampling is without replacement. For example, 
to find the probability of selecting two aces from a standard deck of 52 playing cards 
in 6 draws with no replacement of cards selected one would select the following 
parameters for the hypergeometric distribution. Here there are 6 draws so that 
n=6. There are 4 aces in the deck so n, = 4 is the number of successes in the deck 
and nz = 48 is the number of failures in the deck, with n; + nz = 52 the total number 
of cards in the deck. The hypergeometric distribution gives the probability of x = 2 


successes in n = 6 draws as 


The Exponential Distribution 
The exponential probability distribution is a continuous probability distribution 
with parameter A > 0 and is defined 


Mean for x >0 


; 11.72 
0, otherwise ( ) 


The exponential distribution is used in studying time to failure of a piece of equip- 
ment , waiting time for next event to occur, like waiting time for an elevator, or 


time waiting in line to be served. This distribution has the mean 
L=A 


and the variance is given by 


o? =)? 


Note that the area under the probability curve f(x), for —co < x < oo is equal to 1 or 


- f(x) dz = 7 rhe? dz = 1 
f fever f 


The Gamma Distribution 
The gamma probability distribution is defined 


= 1 gele- 2/8 for z>0 
fle) = 4 PT) (11.73) 


0, for « <0 


where I'(a) is the gamma function. This probability density function has the two 
parameters a >0 and 6@>0. It is a continuous probability distribution with a shape 
parameter a and scale parameter @. The gamma distribution is used frequently in 
econometrics. 

This probability distribution arises in determining the waiting time for a given 
number of events to occur. For example, waiting for 10 calls to a switch board, or 
life testing until a failure occurs. It also occurs in weather prediction of precipitation 
processes. The gamma distribution has mean 


u=ao and variance a” =a" 


The gamma distribution with parameters a = 1 and 6 = 1/\ produces the exponential 
distribution. The figure 11-12 illustrates the gamma distribution for selected values 


of the parameters a and 0. 
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Figure 11-12. The gamma distribution for selected values of a and 6 


Chi-Square x? Distribution 
The chi-square probability distribution has the form 


1 (v—2)/2 ,—2/2 f 
5 z € : or x >0 
f(x) = | 2/1 (v/2) (11.74) 


0, elsewhere 
where I'( ) represents the gamma function? and v = 1,2,3,...is a parameter called the 
number of degrees of freedom. Note that the chi-square distribution is sometimes 
written as the y?-distribution. It is a special case of the gamma distribution when 
the parameters of the gamma distribution take on the values a = v/2 and 6 = 2. This 
distribution has the mean p =v and variance o? = 2v. 

The chi-square distribution is used in testing of hypothesis, determining confi- 
dence intervals and testing differences in various statistics associated with indepen- 
dent samples. The tables 11.6(a) and (b) give values for areas under the probability 
density function. 


? Recall the gamma function is defined r@)= ia e 't®—1 dt with the property T(a+1) =aI(z2). 
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Student’s t-Distribution 
The student’s? t-distribution with n degrees of freedom is given by the probability 
density function 


n+1 
10 (A) e2\ 7 ntH)/2 
(2)= oa r(®) (+=) : —00 <£Z<0O (11.75) 


where I( ) denotes the gamma function and n = 1,2,3,... is a parameter. The 

student’s t-distribution has the mean 0 for n > 1, otherwise the mean is undefined. 

Similarly, the variance is given by SS for n > 2, otherwise the variance is undefined. 
The cumulative distribution function is given by 


F(2) ah fa) ae= : (CS) +2)" i (11.76) 


7) 


The table 11.6 contains values of ta, which satisfy the equation 


The normal distribution is related to the student’s t-distribution as follows. If 
z and s are the mean and standard deviation associated with a random sample 
of size n from a normal distribution N(z;p,07), then the quantity eye has a 
student-t-distribution with n—1 degrees of freedom. ° 

The student’s t-distribution is a continuous probability distribution used to esti- 
mate the mean of a population where (i) the population has a normal distribution (ii) 
the sample size from the population is small and (iii) the standard deviation of the 
population is unknown. The table 11.7 gives values for area under this probability 


density function. 


a Developed by W.S. Gosset who used the name ”Student” as a pseudonym. 
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The F-Distribution 
The F-distribution has the probability density function 


m+n 
T ( 5 ) j ; pn /2-1 
SS Py? for x >0 
F (2) = faym(2) = m ay ee Gano” (11.78) 
r(S)r() (m+ nx) 
0, for «<0 
which is sometimes given in the form 
r ia n/2-1 
ee ee (n/m)?/? ie for x >0 ( 
f(@) = faym(2) = m n TR \(mtn)/2’ 11.79 
HG )EG) Ope 
0, for « <0 


where I'( ) denotes the gamma function. The F-distribution has the parameters 
= 12 Boek AN = 198s 
If X, and X» are independent random variables associated with a chi-square 


distribution having respectively the degrees of freedom n and m, then the quantity 
es X1/n 


will have a F-distribution with n and m degrees of freedom. 
The tables 11.6 (a)(b)(c)(d)(e) contain values of Fyn,m such that 


i = el aeesn 


(o,n,m) 
for a having the values 0.1, 0.05, .025,.01, and .005. Observe the symmetry of the F- 
distribution and note that in the use of the upper tail values from the tables it is 
customary to employ the relation 

1 
(dfn, Um, a/2) 


where df, and df, denote the degrees of freedom for m and n. 


F (df, dfn, 1 — 0/2) = (11.80) 


The chi-square, student t and F distributions are used in testing of hypothesis, 
confidence intervals and testing differences or ratios of various statistics associated 
with independent samples. The degrees of freedom associated with these distribu- 
tions can be thought of as a parameter representing an increase in reliability of the 
calculated statistic. That is, a statistic associated with one degree of freedom is less 
reliable than the same statistic calculated using a higher degree of freedom. In some 
cases the degrees of freedom are related to the number of data points used to calcu- 
late the statistic. In some cases the degrees of freedom is obtained by subtracting 1 


from the sample size n. 


419 


The Uniform Distribution 
The uniform probability density function f(x) and the associated distribution 
function F(x) are given by 


f(x) = 


{ at a<a<b 
0, otherwise 


F(x) =[- fA ar= | fe) ae 


It is sometimes referred to as the rectangular distribution on the interval a < 2 < b. 


This distribution has the mean 


and variance 


a= (ew f(a)de= 5 (0-0)? 
0, r<a 
The cumulative distribution function is given by F(x) = 4 #4, a<a<b 
1, x>b 


The uniform probability density function is used in pseudo-random number genera- 
tors with sampling is over the interval 0 < 2 < 1. 
Confidence Intervals 

Sampling theory is a study of the various relationships that exist between prop- 
erties of a population and information obtained based upon samples from the popu- 
lation. For example, each sample collected from a population has associated with it 
a sample mean Z = yz and sample variance s? = o2. How do these quantities compare 
with the true population mean yp and true population variance o? ? It would be nice 
to put limits, like numbers y,,72, associated with the value yz so that one can write 
a statement like 


He—V1<e< per 72 
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It would also be nice to be able to adjust 7; and 72 so that one could say that there 
is a 90% probability that the true mean lies within the specified limits. It would be 
better still if one could change the 90% value to obtain limits for say a 95%,97%,or 
99% probability that the true mean lie within the bounds specified. The probability 
values 90%, 95%, 97% or 99% are called confidence levels associated with the calculated 
mean value. To determine such limits one can employ the central limit theorem from 
statistics which says that if (i) the number n of independent random variables in each 
sample (the sample size) is large with a finite mean and variance for each sample 
and (ii) the number of samples taken is large. Then the mean value associated with 
the large set of sample means will be normally distributed. 

Another way to state the above is as follows. For X a continuous random variable 
which comes from some kind of probability distribution having a well defined mean 
pw and variance o?, the central limit theorem states that if a large number of sample 
means are collected, and one forms a table of these mean values and does an analysis 
of the collected set of n means and forms a frequency table, just like table 11.3, then 
one finds that these sample means are approximately normally distributed. The 
central limit theorem also states that the distribution of the sample means can be 
made as close to a normal distribution as desired, by taking larger and larger sample 
sizes. It can be shown that the distribution of the sample means X is approximately 
normal with mean p and standard deviation a/V/n. The normal distribution can be 
scaled to standard form by making an appropriate change of variables. 

To use the central limit theorem select a confidence level y = 1— a which rep- 
resents the area between the limits —z,/2 and z,,/2 associated with the normalized 


normal probability density function as illustrated in the figure 11-13. This deter- 


mines values a and a/2 and the values + z,/2 can be obtained from the normalized 
probability table 11.5. Some example values for 1— a are 

999 

om 


1.645 | 1.960 | 2.576 | 3.291 


If z is the mean of a sample {21,22,...,¢,} of size n, then confidence limits on 


the value z are determined as follows. 


A2Z1 


Figure 11-13. Raw scores scaled to normal probability density function. 


Normal distribution with known variance co” 


If the variance of the population is known then use the central limit theorem to 
construct the following confidence interval for the mean p of the population based 
upon a 1—a=y7 level of confidence 


CONF {& ~ —arajn SWS E+ tga} (11.81) 


vn vn 


Normal distribution with unknown variance co? 


In the case where the population variance is unknown, 
|Z — pl 
s//n 


dent t-distribution to construct a confidence interval. 


then make use of the fact that ¢ = follows a stu- 


From the student t-distribution determine the value 
ta/2n-1 based upon n—1 degrees of freedom, n being 
the sample size, such that the right tailed area under 


equals a/2 as illustrated in the accompanying figure. 
Some examples for a sample size of n = 11 and degrees of freedom n—1 = 10 are given 
in the following table. 


a/2 025 .0005 


ta2i0 | 1.812 | 2.228 | 3.169 | 4.144 
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The confidence interval for the mean y of the population uses the computed 


variance 


1 n 
2 =? 
s= aa de; £) (11.82) 


to produce the y = 1— a confidence level 
_ Ss as. al 
CONF {z = Vn (o/2n=1 <pwsoct+ Va ean (11.83) 


where n is the sample size. 


Confidence interval for the variance co? 


The confidence interval for the variance o? of the population having a normal 
distribution is based upon the fact that the variable Y = (n — 1)s?/o? follows a chi- 
square distribution with n—1 degrees of freedom, where again n represents the sample 


size. 
First select a level of confidence y = 1—a and then from 


a chi-square distribution table with n—1 degrees of free- 
dom determine the x2 /5,,_, and x{_4/2n-1 Values which 
represent the points corresponding to the tail areas of the 
chi-square probability density function as illustrated. 


Secondly, one must calculate the variance squared s? using equation (11.82), then 
construct the confidence interval for the variance of a normal distribution given by 


2 2 


X1-a/2,n—1 Xa/2n—1 


Ss 


CONF {(n—-1) 


Least Squares Curve Fitting 

A set of data points (21, y1), (x2, y2), (3, 93), «+» +) (Lis Ys)y « «> (Ln—15 Yn—1)5 (Zn Yn) CaN 
be plotted on ordinary graph paper and then a line y = 6) + 6,x can also be plotted 
to obtain a figure such as illustrated in the figure 11-14. 

Assume that the data points are normally distributed about the straight line 
and that errors e;,e2,...,e, occur in the y-variable, where the errors are defined as 
the differences between the y-value on the line and the y-value of the data point. 


What would be the “best” straight line to represent the given data points? There 
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are many ways to define “best”. By defining the error e; associated with the ith 
data point (2;, y;) as 


e; =(y of line at x;) — (y data value at 2;) 


(11.85) 
ej =Bo + Bixi — Yi 
then associated with the given set of data are the errors 
e1 =y(t1) — 91 = Bo + Piti- ym 
€2 =y(%2) — yo = Bo + Pite — yo 
es =y(%3) — ys = Bo + Fiz3 — Ys (11.86) 


En =y(tn) — Un = Bo +P Gide — Yn- 


Figure 11-14. Straight line approximation to represent data points. 


One way to define the “best” straight line y = 6) + 6,2 is to select the constants 
Bo and 3, which minimize the sum of squares of the errors associated with the data 
set. That is, if 


n n 


E = E(8p, (1) oo = 3° (80 + Bai — yi)” (11.87) 
i=l i=l 
denotes the sum of squares of the errors, then E has a minimum value when the 
conditions 
JE JE 


a iccaalges 11. 
am = ° and ag, = 9 (11.88) 
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are satisfied simultaneously. Hence, the constants 6) and 3, must be selected to 
satisfy the simultaneous equations 


OE . 

3B 255 (80 + Givi — yi) (1) =0 
ss (11.89) 

CE = 297 (Ho + Bros — mi) (as) =0 

OB, = =i 0 144 Yi) (Li) =U. 

The equations (11.89) simplify to the 2 x 2 linear system of equations 
no + (S-=] py = 

= — (11.90) 


bs «| Bo + (>: “) py =" LiYi 
i=1 i=l i=l 


which can then be solved for the coefficients 6) and ,. This gives the ” best” least 
squares straight line y = y(x) = 69 + Biz. 

Alternatively, set all of the equations (11.86) equal to zero, to obtain a system 
of equations having the matrix form 


AB =y 
1 a Y1 
r | A _ | (11.91) 
4 Py | : 
—s Un 


By doing this the data set of errors, calculated from the difference in the data set y 
values and the straight line y values, is represented as an over determined system of 
equations for determining the constants 6) and 3,. That is, there are more equations 
than there are unknowns and so the unknowns (3, 3; are selected to minimize the sum 
of squares error associated with the over determined system of equations. Observe 
that left multiplying both sides of equation (11.91) by the transpose matrix A? gives 
the new set of equations A’ AG = A’¥ or 


he le 
1 29 Y2 
1 1 1 1 1 23 Bo | 1 1 1 ys 
TZ TQ 4&3 In : . By 2 ZT TQ & In : 

Le a, Yn 


which simplifies to 


n 


ey vi 


> 1 Vi 


see | | le 


which is the matrix form of the equations (11.90). This presents an alternative way 


Bo 


Bs (11.92) 


int Yi 
ia LiYi 


to solve for the coefficients 6) and ; 
Linear Regression 

The previous least squares method applied to a straight line fit of data. The ideas 
presented can be generalized to fitting data to any linear combination of functions. 
Given a set of data points (x;,y;), for i=1,2,...,n, assume a curve fit function of the 
form 
= Bofo(x) + Bi fi(x) + Befa(x) + 


+ Be fy(x) (11.93) 


y = y(2) 


where £3, (1,.. 
linearly independent functions, called the basis of the representation. Note that for 


., 3, are unknown coefficients and fo(2), fi(z), fo(z),..., fy(~) represent 


the previous straight line fit the independent functions fo(x) = 1 and f;(x2) = 2 were 
used. In general, select any set of independent functions and select the 6 coefficients 
such that the sum of squares error 

w=1 


= E(B, B1,---+ Bx) =~ [Bofo(wi) + Br fr(ai) + B2fo(wi) +: 
i=l 


= E(Bo, B1,..-, Br) => (y(as) — %)? 
(11.94) 
“+ Be fe(vi) — yl? 


is a minimum. The determination of the 6-values requires a solution be found from 


the set of simultaneous least square equations 
(11.95) 


Another way to obtain the system of equations (11.95) is to first represent the data 


in the matrix form 


AB =y 
fo(ts) filer) fo(xr) fale) A : 
fo(z2) filve) — fe(z2) fx (X2) By _ |” (11.96) 
foltn) falta) foltn) filtn)d | 5 | Lon 
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Both sides of the equation (11.96) can be left multiplied by the transpose matrix 
A’ and the resulting system can be solved for the unknown coefficients. In matrix 
notation write _ 
AB =y 
A’ AB =ATY (11.97) 
p=(47 Ay "Ay. 

The solution of the system of equations (11.95) or (11.97) will produce the coeffi- 
cients 6;, i =0,1,...,k, which minimizes the sum of square error. 
Monte Carlo Methods 

Monte Carlo methods is a term used to describe a 
wide variety of computer techniques which employ ran- 
dom number generators to simulate an event or events 
and then perform a statistical analysis of the results. 


Sometimes Monte Carlo methods are constructed to 


solve difficult problems where deterministic methods 
fail. If performed properly, Monte Carlo methods can 
give very accurate answers. The only drawback is that some Monte Carlo techniques 


take a very long time to run on the computer. 


An example of a simple Monte Carlo method is the calculation of the area A of 
a circle using random numbers. Consider a circle with radius 1/2 which is placed 
inside the unit square having vertices (0,0), (1,0),(1,1) and (0,1). The area of this 
circle is 7/4 = 0.7853981634.... 

Most computer languages have a uniform random number generator which gener- 
ates pseudo-random numbers lying between 0 and 1. Construct a computer program 
which employs the uniform random number generator to generate two random num- 
bers (z,, yr), where 0 < 2, <1 and 0 < y, < 1, then imagine the circle inside the unit 
square as a circular dart board and the random number generated by the computer 
program (z,, y,) is where the dart lands. Construct the computer program to perform 
a test as to whether the point (z,,y,) is on or off the circular dart board. Perform 
this test N-times and record the number of hits which land on or inside the circle. To 
calculate the area of the circle assume the ratio of hits inside circle to total number 
of points generated is in the same proportion as the area of the circle is to the area 
of the square. One can then use the ratio 


Number hits inside circle __ Area of circle 
Total number of darts thrown Area of square 


to determine the area A of the circle. If H denotes the number of hits inside the 
circle and N represents the total number of darts thrown, the area of the circle is 


determined by = = 4 = A. 


Class 
midpoint 
for 
Average Frequency 
Area 


0.78027, 0 
0.780783 0 
0.781295 0 
0.781808 2 
0.782321 4 
0.782834 12 
0.783347 19 

0.78386 44 
0.784372 63 
0.784885 69 
0.785398 79 
0.785911, 62 
0.786424 65 
0.786937, 44 

0.78745) 2 


0.787962 9 
0.788475, 6 
0.788988 2 
0.789501 Oo 
i] 
Oo 


0.790014, 
0.790527 


Figure 11-15. Average areas from Monte Carlo simulation. 


Perform the above experiment K-times to calculate a set of approximate areas 
{A,, Ao,..., Ax} having an average area A= 2 5°*, A. Put all of the above computer 
code in a loop and calculate M-averages {A,, Ao,..., An}. The central limit theorem 
tells us that the set of averages must be normally distributed. By calculating the 
mean and standard deviation associated with all these averages it is possible to 
determine very accurate bounds on the area of the circle. Using the values N = 1000 
throws, K = 100 areas, and M = 500 area averages, modern laptop computers can 
calculate the results in less than one minute. 

The data generated for the above values of N,K and M is presented in figure 
11-15 as a bar chart having a mean 0.7853974 and standard deviation 0.001282. 
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Obtaining a Uniform Random Number Generator 


Some form of a uniform random number generator, called a pseudorandom num- 
ber generator and abbreviated (PRNG), can usually be found as an intrinsic function 
within many of the more popular computer programming languages. If the computer 
language you are using does not have a uniform random number generator, then you 
can obtain one from off the internet. Pseudorandom number generators generate a 
sequence of numbers {z,,} satisfying 0 < 2, <1. The sequence of numbers generated 
is not truly random because of technical issues involving the mathematical methods 
used to generate the uniform random numbers. Most of the PRNG programs in use 
have passed many statistical tests which guarantee that the sequence generated is 


random enough for Monte Carlo studies and other statistical applications. 


Linear Interpolation 

In obtaining a specific numerical value from a table of (x, y) values it is sometimes 
necessary to use linear interpolation where a line is constructed between two known 
numerical values and then values along the line are used as estimates for the tabular 
values between the known values. In one dimension, one can say that if (v1, y,) and 
(v2, y2) are known values, then if x is a value between zx, and x2, the corresponding 
value for y is given by y = y, + (24) (x —2,). This result can be expressed in a 


variety of forms. One form is to make the substitution x2 — 2, = h with x = 2, 4+ Bh, 
then y = y1 + B(y2—y1) or y = (1— B)y1 + Bye. 


Interpolation in two-dimension 


Consider the set of values in a table as illus- eT | 
wd 


7.343 | 6.872 | 6.545 | 6.302 


trated in the accompanying figure. Let Fi; 


denote the value in the table corresponding 


to the position (z,,y,). Similarly, define the 
values Fi, Fo, and Fy. corresponding respec- 


tively to the points (71, y2), (v2, y1) and (x2, yp). 5562 | 5.257 


Interpolation over this two dimensional ar- 
ray is the problem of determining the values 


Fy, F3 and Fy, which are positioned on the 
boundaries and interior to the box connect- 
ing the known data values Fy, Fie, Fo, Fa. 
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Interpolate first in the x-direction and then in the y-direction or vice-versa and 
show that 


Fy =-a@)Fuit+eF,, Fe=1-8Fut+6Fa 
Fy,e =(1—a)1 = 2=)Fiu+a(1— 6)Fie+ A — a) Fa +apF- 


Note how the Ff, and Fy values vary as the 
parameters a and 6 vary from 0 to 1. This is a 
straight forward linear interpolation between the 
given values. The value F,,, is obtained by first 
doing a linear interpolation in the y direction at 
the columns x, and 22, which is then followed by 
a linear interpolation in the x-direction. 


An alternative method of interpolation is to 


use the Taylor series expansion in both the x and y 
directions to obtain the alternative interpolation 
formula 
Fog = (1—a— B)Fi t+ BF + oFi2 

Sometimes it is necessary to modify the above interpolation formulas for appli- 
cation to entries in a three-dimensional array of numbers. The interpolation result 
is obtained by applying the one-dimensional interpolation formulas in each of the 
x,y and z directions. 


Statistical Tables 

This introduction to the study of statistics concludes with some well known 
statistical tables. These tables are employed in various types of statistics testing. 
Statistical tables in many forms where extensively used prior to the advent of com- 
puters. The internet provides the access to a much larger variety of statistical tables. 


Copyright 2012 J.H. Heinbockel. All rights reserved 


430 


Table 11.5 Area Under Standard Normal Curve 
1 8" /2 
V 20 


| oz | Area [| z | Area || z | Area || z | Area [| z | Area || z | Area || z | Area _| 
| 0.00 | 5000 [| 50 | .6915 |] 1.00 | 8413 |] 1.50 | 9332 | 2.00 | 9772 |{ 2.50 | .9938 |] 3.00 | .9987_| 
| or | 5040 |] 51 | 6950 |] 1.01 | 8438 |] 151 | 9345 [| 2.01 | 9778 | 2.51 | 9940 |] 3.01 | 9987 _| 
| 02 | 5080 [| 52 | 6985 |{ 1.02 | 8461 |] 1.52 | .9357 || 2.02 | .9783 | 2.52 | .9941 |] 3.02 | .9987_| 
| 03 | 5120 |] 53 | .7019 |] 1.03 | 8485 |] 1.53 | 9370 || 2.03 | .9788 |[ 2.53 | 9943 |] 3.03 | .9988_| 
| 04 | 5160 |] 54 | .7054 |] 1.04 | 8508 |] 1.54 | 9382 || 2.04 | 9793 | 2.54 | 9945 |] 3.04 | .9988_| 
| 05 | 5199 |] 55 | 7088 |] 1.05 | 8531 |] 1.55 | 9394 || 2.05 | .9798 |[ 2.55 | .9946 |] 3.05 | .9989_| 
| oe | 5239 |] 56 | .7123 |] 1.06 | 8554 |] 1.56 | 9406 || 2.06 | .9803 |[ 2.56 | .9948 || 3.06 | .9989_| 
| 07 | 5279 |] 57 | 7157 |] 1.07 | 8577 |] 1.57 | 9418 || 2.07 | 9808 |f 2.57 | 9949 |] 3.07 | .9989_| 
| 08 | 5319 |] 58 | 7190 |] 1.08 | 8599 |] 1.58 | 9429 |] 2.08 | 9812 |f 2.58 | 9951 |] 3.08 | .9990_| 
| og | 5359 |] 59 | 7224 |] 1.09 | 8621 |] 1.59 | 9441 || 2.09 | .98i7 |f 2.59 | 9952 |] 3.09 | .9990_| 
| to | 5398 |] 60 | 7257 |] 1.10 | 8643 |] 1.60 | 9452 || 2.10 | .9821 |{ 2.60 | 9953 |] 3.10 | .9990_| 
| tn | 5438 |] 61 | 7291 |] Ltt | 8665 |] 1.61 | 9463 |] 2.11 | .9826 || 2.61 | 9955 |] 3.11 | 9991 | 
| 12 | 5478 |] 62 | 7324 |] 1.12 | 8686 |] 1.62 | 9474 || 2.12 | .9830 |[ 2.62 | 9956 |] 3.12 | 9991 | 
| 13 | 5517 |] 63 | 7357 |] 113 | 8708 |] 1.63 | 9484 || 2.13 | 9834 | 2.63 | 9957 |] 3.13 | 9991 | 
| 4 | 5557 |] 64 | 7389 |] 114 | 8729 |] 1.64 | 9495 || 2.14 | .9838 |[ 2.64 | 9959 |] 3.14 | 9992 _| 
| 15 | 5596 |] 65 | 7422 |] 1.15 | 8749 |] 1.65 | 9505 || 2.15 | 9842 |[ 2.65 | 9960 |] 3.15 | .9992_| 
| ic | 5636 [| 66 | 7454 |] 1.16 | 8770 |] 1.66 | 9515 || 2.16 | .9846 |[ 2.66 | 9961 |] 3.16 | .9992_| 
| 7 | 5675 || 67 | 7486 |] 117 | 8790 |] 1.67 | 9525 || 2.17 | 9850 |[ 2.67 | 9962 |] 3.17 | .9992_| 
| is | 57i4 |] 68 | 7517 |] 1.18 | 8810 |] 1.68 | 9535 |] 2.18 | 9854 |{ 2.68 | 9963 |] 3.18 | .9993_| 
| 9 | 5753 |] 69 | 7549 |] 1.19 | 8830 |] 1.69 | 9545 || 2.19 | 9857 | 2.69 | 9964 |] 3.19 | 9993 | 
| 20 | 5793 |] 70 | 7580 |] 1.20 | 8849 |] 1.70 | 9554 || 2.20 | .9861 |{ 2.70 | .9965 |] 3.20 | .9993_| 
| 21 | 5832 |] 71 | 7611 |] 1.21 | 8869 |] T7t | 9564 [| 2.21 | 9864 |[ 2.71 | 9966 |] 3.21 | 9993 _| 
| 22 | 5871 | 72 | 7642 |] 1.22 | 8888 |] 1.72 | 9573 || 2.22 | 9868 |{ 2.72 | 9967 |] 3.22 | 9994 | 
| 23 | 5910 |] 73 | 7673 |] 1.23 | 8907 |] 1.73 | 9582 || 2.23 | 9871 | 2.73 | 9968 |] 3.23 | 9994 | 
| 24 | 5948 |] 74 | 7704 |] 1.24 | 8925 |] 174 | 9591 || 2.24 | 9875 |{ 2.74 | 9969 |] 3.24 | 9994 | 
| 25 | 5987 |] 75 | 7734 |] 1.25 | 8944 | 1.75 | 9599 |] 2.25 | 9878 || | 9970 |] 3.25 | 9994 | 
| 26 | 6026 [| 76 | 7764 || 1.26 | 8962 || 1.76 | .9608 || 2.26 | .9881 || | 9971 |] 3.26 | .9994 | 
| 27 | 6064 [f 77 | 7794 |] 1.27 | 8980 || 177 | 9616 [| 2.27 | .9884 || | 9972 |] 3.27 | .9995_| 
| 28 | 6103 [] 78 | 7823 || 1.28 | 8997 || 1.78 | 9625 |] 2.28 | .9887 || | 9973 |] 3.28 | .9995_| 
| 29 | 614 | 79 | 7852 | 1.29 | 9015 |] 1.79 | .9633 || 2.29 | .9890 || | 9974 | 3.29 | 9995 _| 
| 30 | 6179 [80 | 7881 |] 1.30 | 9032 || 1.80 | 9641 | | .9893 || | 9974 |] 3.30 | .9995_| 
| 31 | 6217 [81 | 7910 |] 13st [| 9049 || 1.81 | .9649 | | .9896 || | 9975 |] 3.31 | .9995_| 
| 32 | 6255 [| 82 | 7939 || 1.32 | 9066 || 1.82 | .9656_| | -9898 || | 9976 |] 3.32 | .9995_| 
| 33 | 6293 [| 83 | 7967 |] 1.33 | 9082 | 1.83 | .9664 | | -9901 || | 9977 |] 3.33 | .9996_| 
| 34 | 6331 |] 84 | 7995 |] 1.34 | 9099 || 1.84 | 9671 | 
| 35 | 6368 |] 85 | 8023 | 1.35 | 9115 |] 1.85 _| 
| 36 | 6406 |] 86 | 8051 |] 1.36 | 9131 |] 1.86 | .9686_| 


| 

9678 || 

| 

| .37_ | 6443 [87 [8078 [[ 1.37 | .9147 || 9693 || 
I 

| 

| 


l 
9978 || .9996 
9979 || .9996 


.9996 


: 
7 
9911 [2.87 _|_.9979_ | 
3 


| 38 | 6480 || 88 | 8106 |] 1.38 | 9162 | | .9913 || 
| 39 | 6517 |] 89 | 8133 |] 1.39 | 9177 | 1.89 | 9706 | | .9916 || 
| 40 | 6554 |] 90 | 8159 |] 1.40 | 9192 |] 1.90 | 9713 | | .9918 || 
| 41 | 6591 [| 91 | 8186 |] 141 [| 9207 || 1.91 | 9719 | | .9920 || 


9980 
9981 9997 
9981 9997 


9996 
301 | 
9982 [| 3.41_|_.9997 
| 
| 

| 


2.21 

2.28 

2: 

| 

-2.35_| 9906 || 

| 
2.42 


| 42 | 6628 [| 92 | 8212 |] 1.42 | 9222 || 1.92 | 9726 |] 2.42 | 9922 || 
| 43 | 6664 [] 93 | 8238 || 1.43 | 9236 [| 1.93 | 9732 [| 2.43 | .9925 || 
| 44 | 6700 [| 94 | 8264 |] 144 [9251 || 1.94 | 9738 [| 2.44 | 9927 || 
| 45 | 6736 [| 95 | 8289 | 1.45 | 9265 |] 1.95 | 9744 |] 2.45 | .9929 || 
| 46 | 6772 [96 | 8315 || 1.46 | 9279 || 1.96 | .9750 [| 2.46 | .9931 || 
| 47 | 6808 [97 | 8340 |] LAT [9292p LOFepouO 756 {247 | 9932 || 

I 

l 


| 9984 |] 3.45 | 9997 _| 
| 9985 || 3.46 | 9997 _| 
| 9985 || 3.47 | 9997 _| 
| 48 | 6844 |] 98 | 8365 |] 1.48 | 9306 |] 1.98 | 9761 |] 2.48 | .9934 | | 3.48 _| 
| 49 | 6879 |] 99 | 8389 |] 1.49 | 9319 |] 1.99 | 9767 |] 2.49 | .9936 | | 3.49 _| 


9986 9997 
.9986 9998 
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Table 11.6(a). | Critical Values for the 
Chi-square Distribution with Y Degrees of Freedom 


Xti—e) (v/2)—1 
/ Se de = 1-0 
0 2/21 (v/2) 


— 0.995 0.990 0.975 0.950 0.900 
0.005 0.010 0.025 0.050 | 0100 | 


a) x6. 005 Xo. 010 XO. 025 x6. 050 XO. 100 


ea Te 
6 _[_oersr_|_o.arai_|_i2a73_[ 103sd_[ =i CS 
ps 13ma_|_1.6065_|_2.1ro7_[27ax6 | ——iBOSSSCSC*Y 
917349 | —2.0879_|_2.700d_[3.sz51_| ——i TCS 
P60 [asa _|_ar4si0 | 404si7_[ ag.is80_| —C ACS 
[80 siirig_|_s3.401_|_srisa2_[ 6030s | _——eaar7s——SS—=*d 
[90 [0.1963 | i7541_| 05.6466 [69.1260 | 2011 —SSSC—=* 
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Table 11.6(b). | Critical Values for the 
Chi-square Distribution with Y Degrees of Freedom 


Xa) gy (¥/2)-1 
Og 8/2 de = 1 
[ 2PT(v/2) 7 


2 


x 5) 


fa | 0.100 0.050 0.025 0.010 0.005 


0.900 0.950 0.975 0.990 0.995 


2 2 2 2 2 
X0.900 X0.950 X0.975 X0.990 X0.995 


6 | 106ue | e.s916 | aaa [i689 | —S—iB TGCS 
-—s_[ 133616 _|_15.507s_|_17.5345_[ 20.0002_[_——=an.o550_——SS—* 
9 [14.6837 [16.9100 | 19.0728 | 21.6660_[ _—ias.s8od—C*S 
60743070 _|_79.0819_| 83207 [88.3704 | __——~9L.SSIT__——* 
-30_[96.5782_|_toi.sro5 | 106.6286 [ Tizaees [CRT —C*S 
P90 [107.5650 | 13.1453_| 118.1350 | Tedi6s_[_——ira 2080 —* 
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Table 11.7 Critical Values t,,, for the 
Student’s t Distribution with n Degrees of Freedom 


n+ =) 
a ay —(n+1)/2 
a (+=) dx =a =1— F(tan) 
n 


to.001 
i 3.182 


a ee eee 1.943 2.447 3.143 3.707 5.208 
1.415 1.895 2.365 2.998 3.499 4.785 


1.397 1 2.896 
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Exercises 


> 11-1. A box contains 10 white balls, 3 black balls and 2 red balls. 
(a) What is the probability of drawing a white ball? 
(b) What is the probability of drawing a black ball? 
(c) What is the probability of drawing a red ball? 


> 11-2. A box contains 10 white balls, 3 black balls and 2 red balls. 
(a) What is the probability of drawing a white ball and then drawing a black ball? 
(b) What is the probability of drawing two white balls? 
(c) What is the probability of drawing a red ball and then a black ball? 


> 11-3. A bowl of fruit contains 3 apples, 5 oranges and 3 pears. If two fruits are 
selected at random, 
(a) What is the probability of getting 2 pears? 
(b) What is the probability of getting 2 apples? 
(c) What is the probability of getting 2 oranges? 


> 11-4. Calculate the mean, variance and standard deviations of the following. 
(a) G=grade of student on 6 exams. G = {84, 91,72, 68, 87,78} 
(b) T=test scores for class of 17 students. 
T = {71, 82, 66, 88, 100, 97, 96, 100, 77, 77, 84, 89, 93, 98, 100, 100, 75} 
(c) A= Average absenteeism rate in days missed per 100 working days over 6 year 
period taken from a certain factory. A = {8.05, 13.35, 5.10, 4.43, 6.22, 7.81} 


\ "(aj — #)’nf; can be written 


j=1 


1 


> 11-5. Show that s? = 
n—-1 


s? = 


2 
a= 2 st [aa » on] 


» 11-6. Ifa pair of fair dice are rolled and X denote the sum of the upward numbers, 
then find the probabilities of rolling a 2,3,4,5,6,7,8,9,10,11 and 12. 
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p> 11-7. Find the arithmetic mean, geometric mean and harmonic mean of the given 


numbers. 
(a) 1,2,3,4,5,6,7 (b) 1,3,5,7,9,11,13 (c) 2,4,6,8,10, 12,14 


> 11-8. What is the probability of getting 10 consecutive heads in the toss of a fair 


coin? 


> 11-9. Given the following sample of ball bearing diameters, in inches, taken over 


one production cycle. 


(a) Make a tally sheet and use the class marks {.725, .728, .731, .734, .737, .740, .743, .746} 
with class intervals of length +.0015 added to the class marks. 


(b) Determine and sketch the frequency distribution and cumulative frequency dis- 
tribution as well as the relative frequency distribution and cumulative relative 
frequency distribution. 

(c) Find the mean and variance directly. 

(d) Find the mean and variance using the class marks and frequencies. 

(ce) Using the results from parts (a) and (b), approximate the following probabilities 
if X represents a random variable representing the diameter of a ball bearing. 


(i) P(X <.737) (tt) P(.728< X <.734) (iti) P(X > .734) 


(f) In the absence of other information how can the relative frequency distribution 
be interpreted? 


> 11-10. A box contains 10 identical balls. Six of the balls are white and 4 of the 
balls are black. 
(a) What is the probability of drawing a white ball from the box? 
(b) What is the probability of drawing a black ball from the box? 


AAl 


> 11-11. (Binomial Distribution) 
Dota pe,” 012 a. 


The discrete binomial distribution is given by f(z) = { here 


o) 


If g=1-~p show that 


n 


(a) Pt+a)"=) f@)=1, (0) 3 ta ae ae =(pt+q)”"", (¢) 2(") = neo :) 


2=0 


(d) Use parts (b) and (c) to show the mean of the binomial distribution is given by 


> 11-12. 
N 


(a) Show that s? = — S (2; — )° can be written in the shortcut form 
1 


j= 


1 N N ‘ 
2 2 
s° = ————__ ¢ N Te x; 
aon YE (Se 


(b) Illustrate the use of the above two formulas by completing the table below and 


evaluating s? by two different methods. 
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p> 11-13. For the given probability density functions f(x), find the cumulative distri- 
bution function F(z) = f(z) dx and then plot graphs of both f(x) and F(z). 


ae %, > 0 and a> 0 constant 
(a) f(x) = 
0, zr<0 
0, n< —ZO0 
(b) f(x) = eo —% <x< 2X9 
0, x >x9 Where xp > 0 is a constant 
1 bt 
(c) f(z) = a e* /2, -99 <a <co Leave F(z) in integral form. 
TT 
(a) f(a) 5, -w<2<0 
rV)= 
ze”, 0<4%<c@ 


> 11-14. Use factorials to show 
( ) n\  ({n- 1 n—-1 
- m) \m-1 = m 


n n—-mfn 
(b) Qn m 


> 11-15. 


(a) Use a table of areas to find values of ¢, given the are 1 —t?2/2 


Do for a = 0.001, 0.01, 0.025, 0.05, 0.1 
(b) Explain how you would use the table of areas 


to calculate the probability P(a < X < 8) associated ta 
with a normal distribution (u = 0,¢ = 1). 

(c) Use the table of areas to verify (i) P(-1 < X < 1) = 0.68, (ii) P(—2 < x < 2) = 0.955, 
(iii) P(-3 < X < 3) + 0.997 


p> 11-16. Given an ordinary deck of 52 playing cards. 
(a) What is the probability of drawing a black ace? 
(b) What is the probability of drawing an ace or a king? 


> 11-17. Given an ordinary deck of 52 playing cards. Let FE, denote the event of 
drawing an ace and E£, the event of drawing a heart. 
(a) Are the events E; and FE, mutually exclusive? 
(b) What is the probability of drawing either an ace or a heart or both? 


> 11-18. (Computer Problem for Normal Distribution) 
There are numerous web sites which use numerical methods to calculate the area 
O(a) = f°... Se dx under the normalized probability curve ¢(x) = eon Use 
one of these web sites to verify the values given in the table 11.4. 


> 11-19. (Binomial Distribution) 
Show the variance of the binomial distribution f(x), given in the problem 11-11, 
is o? = npq by verifying the following relations. 
(i) Show o? = E[(x— p)’f(x)] = E[x"| — (E[a])? 
(ii) Show £[a?] = S [x(a —1)+a]f(x) = n(n —1)p? + np 
rol 


(iii) Show o? = npq 


> 11-20. Sketch the bell shaped probability density curve ¢(z) = ee 2 associ- 
ated with the normalized normal distribution. Find and show sketches of the given 


probabilities as areas of shaded regions on this curve. 


(a) P(z <0.5) (a), P(z > 0:5) (gy Pe ee 23) 
(b) P(z < -2.2) (e) P(-1.3 < x < 0.76) (hy. Pe S23) 
(c) P(z| $2) (f) P(lal <3) (i) P(|2| <1) 


p> 11-21. (Hypergeometric distribution) 
A certain shipment of transistors contains 12 transistors, 3 of which are defective. 
If a batch of 5 transistors is drawn from the shipment, then 
(a) determine f(z), x =0,1,2,3 which represents the probability that x of the 5 items 
selected are defective. 
(b) determine the minimum number of transistors that must be drawn to make the 
probability of obtaining at least 5 nondefective transistors greater than 0.8. 


> 11-22. Let X denote a random variable normally distributed with mean p = 12 and 
standard deviation o = 4. Find values of and show with sketches the probabilities as 
areas of shaded regions for representing the probabilities 
(a) P(X <14) (c) P(X < 10) 
(b) P(8< xX < 16) (d) P(O< X < 24) 
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p> 11-23. Assume that a given State has regulations specifying that the fluoride lev- 
els in water may not exceed 1.5 milligrams per liter. Your are given the assignment 
to analyze the following sample of fluoride levels, in milligrams per liter, taken over 


a 45 day period. 


(a) Use class intervals about the class marks M = {.73, .78, .83, .88, .93, .98, 1.03} where 
+.025 is added to each class mark to form the class interval. Find and plot the 


frequency and cumulative frequency distribution for this data. 
(b) Find the mean and variance associated with the given data. 
(c) If X is a random variable representing the fluoride level from the above sample, 


then approximate the following probabilities. 
(i) P(X <.88) (ii) P(.78< X <.93) (ii) P(X > .83) 


p> 11-24. (Binomial distribution) 
Let p denote the probability of an event happening (success) and g = 1—p denote 
the probability of an event not happening (failure) in a single trial. To study success 


or failure of an event in n-trials one usually first calculates (p+ q)”. 


(a) Show that 
(p+q)" = @ q” + Qua pete (")pra pee (")e" 


where the term f(x) = . p'q”—* denotes the probability density function rep- 
resenting the probability that the event will happen exactly x times in n trials 
and there are n—~« failures, with « = 0,1,2,...,n an integer. 

(b) Find the probability of getting exactly 2 heads in 5 tosses of a fair coin. 

(c) Find the probability of getting at least 2 heads in 5 tosses of a fair coin. 

(d) Find the probability of getting at least 4 heads in 6 tosses of a fair coin. 
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p> 11-25. (Binomial distribution) 

Forty identical transistors are placed on life tests simultaneously and are op- 
erated for T hours. The probability that any transistor survives to time T is 0.8. 
Let X denote a random variable that represents the number of transistors which are 
operational at time T. The distribution function for X is needed to compute proba- 
bilities. The binomial distribution is applicable if (a) each transistor is identical and 
has the same chance of failure as any other and (b) life testing of each transistor is 
identical and is accomplished under separate independent conditions. Let success 
mean survival of transistor to time T, then p = 0.8 and n = 40. The probability 
density function for the random variable X is 


f(x) = (*) (0:8) 702) =*, xz =0,1,2,...,40 


(a) Find the probability that exactly 33 transistors are operational at time T. 
(b) Find the probability that 3 transistors have failed by time T. 
(c) Find the probability that at least 3 transistors have failed by time T (i.e. the 

probability that no more than 37 have survived equals 3 f(k)) 

(d) Find the probability that 80% of transistors survive. al 
> 11-26. (Poisson distribution) 

Many random experiments involve time. In an experiment, at any instant of 
time, either something happens or it does not happen and only one thing can occur. 
The number of these things that happen in a prescribed time interval is observed 
and recorded. The Poisson distribution describes such situations. Let events which 
occur randomly in time be called random points. A random variable X will then 
represent the number of random points that occur in the interval between times t = 0 
and time ¢ > 0. The probability of observing exactly « random points between 0 and 
t is given by the probability density function 

(At)® e™ 
x! 


f(x) = f(a;t) = 


where \t > 0 and A > 0 represents the average number of random points per unit of 


xz =0,1,2,... 


time. If \t =9 and X denotes a random variable 


(a) Show that f(x) = “© (2 +1) = Fyfe) 
(b) Find P(X > 4) ice. 5 or more random points occur. 


) 
(c) Find P(X < 8) i.e. no more than 8 random points occur. 
(d) Find P(8 < X < 12) i.e. between 8 and 12 random points occur. 
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> 11-27. (Poisson distribution) 

Let X denote a random variable representing the number of light bulbs which 
fail during a specified time interval T. The random variable X is assumed to have 
a Poisson probability density function where an average of 2 bulbs fail during the 
time interval T. Use the Poisson probability density function 


fejS 6"... =O 12 


and find the probability 
(a) of no failures during time interval T 
(b) of more than one failure during time interval T 


(c) of more than five failures during time interval T 


> 11-28. Theerror function or Gauss error function is defined! 


erf (x) = = [ et dt 
(a) Show that 


» ite -~Lf -r =| (=) 
[_N(ei0.1) a0 == |e dt 5 1+erf Ja 


- = [oo a= ; E ! ef (=*)| 


p> 11-29. Each of the curves below represent graphs of the normal probability dis- 


(b) Show that 


tribution N(z;0,1). Explain how one would use areas associated with the normal 


probability tables to find the areas of the shaded regions. 


Find the area associated with the shaded areas. 


~ There are alternative definitions for the error function. 


AA’ 


> 11-30. If &(z)= =| e©/? dé, find the value of and illustrate with sketches 
T J—oo 


the representations of the following probabilities as shaded area under the normal 


probability density curve. 


(a) P(Z<1) (d) P(Z<-3.2) (9) P(Z<2) 
(b) P(Z>1) (e) P(-1.2< Z<0.75) (h) P(\Z| <2 
(c) P(Z<32) (ff) PUlZ| <2) (i) P(|Z| <3) 


> 11-31. (Monte Carlo computer problem ) 
(a) Give a physical interpretation to the integral J, = — [ f(x) dx 
(b) Give a physical interpretation to the summation Jy = iS f(a;) where 
a <a; <b for all integers i. _ 
(c) If , = ln, show estimate for I = [ f(x) dx is given by I = “8 3 f(a) 
(d) Calculate 500 random numbers? . with x; € (—1,2) and ssliaate ue integral 


= ors frre 
for J and then do descriptive statistics on your results and compare your 


~-**/2 dy. Do this over and over again and calculate 1000 estimates 


computer answer with the answer obtained from table lookup. 


> 11-32. (Monte Carlo computer problem) 
Write a Monte Carlo computer program to calculate the area bounded by 


—x? /2 


the curves y =e and y = 0.4 as illustrated below. Set up as an integral (see 


previous problem) or throw darts at area. 

Hint 1: y=e"* /2 =0.4 when z =2* = +,/—21n(0.4) 
Hint 2: Construct a rectangle where —2* < 2 < a* 
and 0.4 < y < 1.0 about area to be calculated by 
Monte Carlo method. 

Hint 3: Generate random numbers (z,,y,) with 


—a* <a, < «* and 0.4 < y, < 1.0 and determine if 


the point (z,,y,) is inside or outside the area to be 
determined. 

Be sure to perform descriptive statistics on your 
results and if your instructor gives you extra credit, 


put confidence intervals on your answer for the area. 


448 


Chapter 12 
Introduction to more Advanced Material 


The following is a potpourri of selected topics involving mathematical applica- 
tions of calculus together with an introduction to advanced calculus techniques and 
mathematical methods related to calculus. The material selected presents applica- 
tions and topics that you might encounter in your scientific investigations in other 
courses. The material presented will also give you some idea of what to expect in 
more advanced mathematical courses beyond calculus. 


An integration method 


b 
To integrate the definite integral / f(a) dx you can use the following integration 


method if you know the inverse function f—\(2) associated with f(z). 


Figure 12-1. A function and its inverse function. 


AA9 


We know that the functions f(x) and f~'(x) are symmetric about the line y = x 
as illustrated in the figure 12-1. Examine the figure 12-1 and note that one can 


express the area A= r f(x) dz as 


b d 
a= | Oe ae -| ip eyelets 


a _ 
green area (12.1) 


orange+green area 


d 
Lelie ide i fanaa we 


which shows that the area A is given by the rectangular area (orange plus green 

area) minus the area under the inverse curve (green plus grey area) corrected by the 
b d 

rectangular grey area. Hence, if you know / f(x) dx, then you can find / f \ (a) dx 


and vice-versa. 


The use of integration to sum infinite series 

There is a definite relation between certain infinite series and definite integrals. 
For example, consider the relationship between the problem of finding the sum of 
the alternating infinite series 


ee ee f -oya sp pelea 
a a+b a+2b a+3b a+4b a+nb 


(12.2) 


where a> 0, b>0 and the associated problem of evaluating the definite integral 


1 fo-1 
—— _ dt 12.3 
i 1+¢ ee) 
Use the well known series expansion 
1 
me ee eee (12.4) 


with zx replaced by ¢’ to write the equation (12.3) in the form 


1 a-—1 1 
/ eee | tet fr ee — 4 | at (12.5) 
and then integrate each term to produce the result 


1 fa-1 ta pao pat+2b patnb 
| dt = + ne Cy a 
9 1+¢# a a+b a+2b a+ nb r 


= en eee eee eee 
o 1+te a atb a+2b a+ nb 


(12.6) 


This demonstrates that if the infinite series on the right-hand side converges, then 


it can be evaluated by calculating the integral on the left-hand side. 
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Example 12-1. (Sum of series) 
Find the sum of the infinite series 


+ + foe (12.7) 


which is an example of the series (12.2) when a =1 and b=3. 
Solution 


Use the equation (12.6) to find the sum of the given infinite series by evaluating 


1 
dt 
r= f er (12.8) 


the integral 


Use partial fractions and write 


1 A Bt+C 


14+ fie aap 


and show that A= 1/3, B = —1/3 and C = 2/3. Using some algebra and completing 
the square on the denominator term the required integral can be reduced to the 
following standard forms 


1 1 a 
i) dt -;/ dt + t/3+2/3 4, 
9 1+8 38Jy 14+t Jo 1-t+?? 


i 7) di ff Be iy dt 
= dt + 5 
3Jo 1+t 6/, 1-t4+# 2 Jo (2) 
2 


+ (t — 1/2)? 


where each integral is in a standard form which can be easily integrated. If you don’t 
recognize these integrals then look them up in an integration table. Integration of 
each term produces 


f= Fe tan! (45) + aera +i)- Int -++#)] = 


giving the final result 


ae in(2)) (12.9) 


at in(2)) (12.10) 
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Example 12-2. (Sum of series) 
Show that 
1 1 1 1 1 


a5 +e1tiazt mgt =9! 


+ In2) 


oo] 3 


Solution 


Let S denote the sum of the series and use partial fractions to write 


1 A B 


n-(n+3) mas 


for n = 2,8,14,20,... to show that 


with S$ = S(1) the desired sum. The derivative of $(x) produces 


dS 1 
So ene er ee ae ae er | 
a 
The derivative series is recognized as a geometric series with sum ari °° that one 
x 


can write 
dS he 


dx 32341 
The desired series sum can now be expressed in terms of an integral 


1-72. 
— 1)= 
§=5(1) esta 


As an exercise, use partial fractions and show 


1h cae ca fal 27 —1 1 i 
= S(1)= - ae eee ey 1) + In e 
S=S) sf sai” s|sge ( oF ) n(z + ) + @ Inf +2”) 


which simplifies to 


Refraction through a prism 
Refraction through a prism is often encountered in physics courses and the calcu- 


lus needed to analyze the physical problem is messy. Let’s investigate this problem. 
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Consider the prism illustrated in the figure 12-2. The angle A of a prism is known 
as the apex angle or refracting angle. The angles associated with a ray of light 
entering or leaving the sides of a prism are measured with respect to a normal line 
constructed to a side of the prism and the ray of light is governed by Snell’s law! 


entering leaving oat 


Ng Sin = Ng sina n, sin G = nq sin 

where n,, denotes the refractive index for light in medium m ( m= a air and m= g 
glass). Here x is called the angle of incidence and a is called the angle of refrac- 
tion. The refracted ray travels across the prism and again undergoes Snell’s law 
and becomes the exiting ray. There is a reversibility principle whereby light can 
travel in either direction along the path illustrated in the figure 12-2. In figure 12-2 
the incident ray is extended and the exiting ray also has been extended and these 
extended rays intersect in the angle y called the angle of deviation. 


n= refractive index medium m 


A = apex angle 
Y =angle of deviation 
fH Ex g 
0=é-f 
n= #1, = AV [A |= m 
& Aw [v]= Hertz 


[c]= m/s 


Figure 12-2. Ray of light through a prism. 


| See Chapter 2 , pages 122-124. 
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Observe that the sum of the angles of the triangle ABC with top angle A and 
base angles $—a and 3— is x radians so that one can sum the angles of the triangle 
and write 


S-a+5-BtA=m or A=atf (12.12) 


Here the deviation angle y is the exterior angle of a triangle with y and 6 the two 


opposite interior angles. Consequently one can write 
y=yt6=(e-a)+(E-S) or y=x-Até ets) 
Use equation (12.12) to show 
sin 8 = sin(A — a) = sin Acosa — sinacos A (12.14) 


and then use the equations (12.11) in the form 


2 
. Ng. : Na. Na : 
sinf = —sin€, sina = — sing, cosa yft- (=) sin? x 


Na Ng 


to express equation (12.14) in the form 


— sin € =sin AV/1 —sin?a— —sinxcosA 


Ng Ng 

n ie n 

—* sin€ =sin Ay/1— (=) sin? x — —sinacos A (12.15) 
Ng ig ig 


Ls : 
sin€ =— sin Ay/n2 — nz sin? x —sinx cos A 
ra 


a 


The equations (12.15) together with equation (12.13) can be used to express y as a 
function of z. One finds that the angle of deviation in terms of the incident angle x 
can be expressed in the form 


1 
y=a«—A+sin ! | —sin A\/n?2 — n?2 sin? x — cos Asina 12.16 
n 2 n 


a 


The figure 12-3 illustrates a graph of the angle of deviation as a function of the 
incident value for selected nominal values of A,na,n,. Observe that there is some 
incident angle where the angle of deviation is a minimum. To find out where this 
minimum value occurs one can differentiate equation (12.16) to obtain 


Nq, sin(A) sin(a) cos(z) te cos(A) 


Ng2—Nq? sin? (x) 


ie TRE PET aa oe 
i) = (cos) sin(x) sn PT sin 2) 


cos(2) 


(12.17) 
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At a minimum value the derivative must equal zero and so equation (12.17) must be 
set equal to zero and xz must be solved for. This is not an easy task and so numerical 


methods must be resorted to. 


Z227I72 9 


ono os 12 is 


z72772 


Figure 12-3. 


Deviation angle versus incident angle for prism using nominal values above. 


An alternative approach of finding the value of x which produces a minimum 
value is as follows. Observe that when y = ymin, then gu =0. Assume that y has the 
value y = ymin and differentiate the equations (12.12) and (12.13) with respect to x 


and show 
dA da dg _ dB da 
= ae + dn 0 or aa ae (12.18) 
because the angle A is a constant. One also finds that when y = ymin, then 
dy _ dg dg 
writgeo ow Fel (12.19) 


because of our assumption that y = ymin and hence = = 0. Next differentiate the 


equations (12.11) with respect to 2 and show 


d 
Ng COS = Tig COs a (12.20) 


and 


dG dg 
Ty cos ba = The cosg— (12.21) 


The form of the equations (12.20) and (12.21) can be changed by multiplying equa- 
tion (12.20) by cos 6 and multiplying equation (12.21) by cosa. The resulting equa- 
tions are further simplified by using the results from equations (12.18) and (12.19) 


to produce the equations 


d 
Nq COS COS 3 = Ng cosa cos (12.22) 
a 


d 
—Nq COS € COSA = — Ng cosa cos (12.23) 
ta 


which must hold when y = ymin. 
Addition of the equations (12.22) and (12.23) after simplification produces the 
condition 


cos x cos 3 = cos € cos a (12.24) 


Now square both sides of equation (12.24) and verify that 


cos? x cos” 3 = cos” € cos” a 


(1 — sin? x)(1 — sin? 6) =(1 — sin? €)(1 — sin? a) 
2 
(_1- “9 sin? a)(1 — sin? 8) =(1 


2 
Na 


(12.25) 
n2 
ae sin? 3)(1 — sin? a) 

Mg 
Expand the last equation from equation (12.25) and simplify the result to show 
equation (12.25) reduces to the condition that 


| sin G| = | sina (12.26) 


under the condition that y = ymin. The equation (12.26) implies that under the 
condition that y = ymin there must be symmetry in the light ray moving through the 


prism. That is, the conditions 


Unen PA 
LS 


and 
2 


B=a= 


A 
5 (12.27) 


must be satisfied when a minimum angular deviation is achieved. 


455 


456 


wavelength (nanometers) Qrange Yellow Bhi Indigo Violet 


Green 
Red \ / | | / 
750 \ 620 590 | 450 "380 


Figure 12-4. 
White light splits into colors. 


Recall that white light gets split into the colors Red, Orange, Yellow, Green, 
Blue, Indigo, Violet, remembered using the acronym (ROY G BIV). This is because 
the deviation angle for red light is less than the deviation angle for violet light. One 
can observe this by expressing the index of refraction in terms of the frequency (v) 


and wavelength (A) of the light. The refraction index being given by 
n= 1/cg = Av /AgqV 
See the figures 12-2 and 12-3. 


Differentiation of Implicit Functions 

The following is a prsentation of various ways of representing implicit functions 
and the resulting techniques used to obtain derivatives from these representations. 
The ideas presented can be extended to cover systems of m-equations in n-unknowns, 
with m <n. The given m-equations define implicitly m of the variables in terms of 
the remaining n —m variables. Make note in the following representations that if 


you are given m-equations, then there will always be m dependent variables. 


one equation, two unknowns 
Any equation of the form 


F(z,y) =0 (12.28) 


implicitly defines y as one or more functions of x. Treating y as a function of x 
differentiate the equation (12.28) with respect to 2 and show 


OF OF dy _ 


— + —— = 12.2 
Ox Oy dz 0 ( 2) 
from which one can solve for the first derivative to obtain 
dy ae 
a (12.30) 
oy 


provided that oe # 0. Higher derivatives are obtained by differentiating the first 
derivative. For example, differentiate the equation (12.29) with respect to x and 


show 
O°F 
Oy Ox 


OF O°F dy 
Ox? Ox Oy dx 


OF d?y 
Oy dx? 


dy 
dx 


O° F dy = 
Oy? dx 


(12.31) 


One can then solve for the second derivative term. Higher ordered derivatives are 
obtained by differentiating the equation (12.31). 
one equation, three unknowns 

An equation of the form 


Pag ae) =) (12.32) 


implicitly defines z as one or more functions of x and y provided that 2 4 0. Treating 
z as a function of x and y one can differentiate the equation (12.32) with respect to 
x and obtain 


OF OF Oz 
Ox | Oz dx a 32) 
Solving for 22 one finds 
Oz oF 
ae a (12.34) 


An alternative representation of the derivative of z with respect to x can be obtained 
as follows. Take the differential of equation (12.32) to obtain 


F F 
tee el pS a 


12. 
Ox Oy Oz ae?) 


A57 
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If y is held constant, then dy is zero and equation (12.35) yields the result 
dz on 
(i), = ae (12.36) 


Here the symbol on the left of equation (12.36) is used to emphasize that y is being 
held constant during the differentiation process. Some engineering texts feel this 
notation is less ambiguous than the use of the partial derivative symbol occurring 
in equation (12.34). 

Differentiating the equation (12.32) with respect to y produces the result 


OF OF Oz 


from which one finds the partial derivative 
az OF 
= 12. 
Oy oz? Oz ? ae) 


Alternatively, set x equal to a constant so that dr = 0 in equation (12.35), then 
equation (12.35) produces the result 


OF 
dz By OF 
(=) = ~ oF an #0 (12.39) 


Here the derivative is represented using the alternative notation (=) emphasizing 


the derivative is obtained holding x constant. 
one equation, four unknowns 
Any equation of the form 
Fle G2) =O (12.40) 


implicitly defines w as one or more functions of z,y and z. Differentiate equation 
(12.40) with respect to x and show 
OF OF Ow _ dw 


Differentiate equation (12.40) with respect to y and show 


OF 
OF OF dw Ow By 
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Differentiate equation (12.40) with respect to z and show 


OF OF dw dws SE 
ae. a Oe 0 or aa oF (12.43) 
provided 2* 4 0. 
one equation, n-unknowns 
Any equation of the form 
Pep. Se =O) (12.44) 
implicitly defines w as one or more functions of the n-variables (a1, 72,...,2,). It is 


left as an exercise to show that for a fixed integer value of 7 between 1 and n that 


OF 


Ow da; : OF 
on ~F provided Aa #0 (12.45) 
two equations, three unknowns 
Given two equations having the form 
F(z,y,z)=0 and G(z,y,z)=0 (12.46) 


then these equations define implicitly (a) z as a function of x and (b) y as a function 
of x. Treat z= 2(x) and y= y(x) and differentiate each of the equations (12.46) with 


respect to x and show 
OF .. OF die OF ds. 
Ox Oydx = =Ozdx | 
OG OGdy OGdz _ 
Ox Oydx Ozdx | 


The equations (12.47) represent two equations in the two unknowns $4 and # which 


(12.47) 


can be solved. Use Cramers rule? and show these equations have the solutions 


OF OF OF OF 
Ox Oz Oy Ox 
dy 0G 9G ae OG aG 
=- 708 021 - and eee ee (12.48) 
dx OF OF dx OF OF 
Oy Oz Oy Oz 
0G 9G 0G IG 
Oy Oz Oy Oz 
where 
OF OF 
Oy Oz 
| 0G 9G | a 
Oy Oz 


2 See Cramers rule in Appendex B 
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The determinants in the equations (12.48) are called Jacobian determinants of F 
and G and are often expressed using the shorthand notation 


O(F,G) |3, 3:|_ eF0G oGaF Abas 
Oly, z) og ag ~ Oy Oz ~~ Oy Oz ; 
Yy Zz 


In terms of Jacobian determinants the derivatives represented by the equations 
(12.48) can be represented 


d O(F.G) d O(F,G) 
ey _ (zz) az a,x) 
dx AFG) and dz OFC) (12.50) 
2) a(y.2) 
O(F,G) ; 
where AG) #0. Note the patterns associated with the partial derivatives and the 
Y,% 


Jacobian determinants. We will make use of these patterns to calculate derivatives 


directly from the given transformation equations in later presentations and examples. 


two equations, four unknowns 


Two equations of the form 


F(z, y, u,v) =0 
(12.51) 
G(x, y, u,v) =0 


implicitly define u and v as functions of « and y so that one can write u = u(z,y) and 
v = v(x,y). The derivatives of the equations(12.51) with respect to 2 can then be 


expressed 
OF OF Ou . OF Ov 


jE Lae Boe 
OG OdGOdOu OdIGOdv 


be One Ov Ox 
The equations (12.54) represent two equations in the two unknowns 2" and 2%. One 
can use Cramers rule to solve this system of equations and obtain the solutions 


(12.54) 


a aFG) 9 a(F,G) 

= eo) Ov _ _ Bway 

Ox AUG) and F; a 2K6)) (12.53) 
O(u,v) (u,v) 


This solution is valid provided the Jacobian determinant oa) is different from 


O(u, v) 


ZCYO. 
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In a similar fashion one can differentiate the equations (12.51) with respect to 
the variable y and obtain 
a ae 
Oy Oudy Ov Oy (12.54) 
OG OGOu . dGOdu , 


57” Ou Oey 
which produces two equations in the two unknowns $“ and $°. Solving this system 
of equations using Cramers rule produces the solutions 


3 O(F,G) 9 O(F,G) 
U “O(y,v) v O(u,y) 
—=- and —=-— (12.55) 
F) a(F,G) 5) O(F.G) 
y O(u,v) y O(u,v) 


This solution is valid provided the Jacobian determinant a) is different from 


O(u, v) 
ZCLro. 
Example 12-3. (Conversion of the Laplace equation) 
Transform the Laplace equation 
OU OU 


VCS Fog re Ae =0 (12.56) 


from rectangular (x,y) coordinates to (r,@) polar coordinates. 


Solution 1 


x=rcosé 
y=rsind 


Figure 12-5. 


Rectangular (x,y) and polar (r,#) coordinates 
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If U = U(z,y) is converted to polar coordinates to become U = U(r,@) one can 
treat r=r(z,y) and 6 = @(z, y) to calculate the following derivatives of U with respect 


x and y 
aU aU dr aU 08 
de ~ Or de. 08 at 
PU BU er dr [XU dr &U 00 
Ox? Or O22 Ox Ee dx | Oro = (250) 
aU 826 00, @2U ar aU 0 
00 Oa2 | Da a dn) Oe x 
and 
aU aU dr. aU 06 
dy Or dy 00 dy 
PU _ OU Pr, ar ee or | PU a ia 
Oy? Or Oy? Ox | Or? Oy Or 00 Oy 


OU 076 i 00 
OO Oy? Oy 


0?U Or Fd 0?U 06 
00 Or Oy ~=— 00: Oy 


The transformation equations from rectangular to polar coordinates is performed 
using the transformation equations 


x=r cos and y=r sind (12.59) 
One can solve for r and @ in terms of x and y to obtain 
Paerty and tand= - (12.60) 
Differentiate the equations (12.60) with respect to x and show 


Ir— =e and sec? 9 = —+ (12.61) 
x 


which simplifies using the transformation equations (12.59) to the values 


Or OO = sin 0 


aa cos 0 and er (12.62) 
Differentiate the the equations (12.60) with respect to y and show 
ape = Dy and sec? get ae (12.63) 
Oy Oy «£ 


Use the transformation equations (12.59) and simplify the equations (12.63) and 


show 
Or ; 00 ~=cos@ 
dy = sind and Dy eran 


(12.64) 


It is now possible to differentiate the first derivatives given by equations (12.62) and 
(12.64) to obtain the second derivatives 


Orr . 06 Or = 928 
ee sin? By? = cos dy 
OPr sin? 7 O?r __ cos? 7 
oe + ror 
and 
070 cos6 06 siné Or 0°90 sin 00 —cos@ Or 
ar r Ox r Ox Oy? r Oy r2 Oy 
070 __2sin@cosé 070 _ _2sin 4 cos @ 
Ox2 2 dy2 72 


(12.65) 


(12.66) 


Substitute the first and second derivatives from equations (12.62), (12.64), (12.66) 
into the equations (12.57) and (12.58) to show that after simplification the equation 


(12.56) becomes 


VU= 


eu eu eu _10U 


1 0?U 
=0 


Ox? 


Solution 2 


Oy? Or? r Or r* 06? 


Write the transformation equations (12.59) as 


F(z,y,r, 9) = x—rcosd=0 


and G(a2,y,7T, 0) =y—rsinéd = 0 


and use the notation for Jacobian determinants to write 


ere 1 rsin@ 
Or BG) 0 -rcosé OO nar 
Ox ORG) —cos6 rsing | 7 
O(r,@) 3 
—sin@ -—rcosdé 
A.C) —sind —rcosé 
OO aCe) — sind 0 sin 0 
dx AEG) r r 
O(r,@) 
AUR.) 0 rsin@ 
Or G8) [> pcos?) _ ay 
OFA) 
oy O(r,@) : 
aF.G) —cos@ 0 
00 - Bry) —sind 1 __ cos 0 
dy = HFG) F a 
O(r,@) 


(12.67) 


(12.68) 


These derivatives can be compared with the previous results given in the equations 


(12.62) and (12.64). 
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three equations, five unknowns 
A set of equations having the form 


F(z, y, u,v, w) =0 
G(x, y, u,v, w) =0 (12.69) 
A(2,y,u,v,w) =0 
implicitly defines u,v,w as functions of x and y so that one can write 
u = u(x, y) v= v(z,y) w= w(x, y) (12.70) 


The partial derivatives of u,v and w with respect to x and y are calculated in a 
manner similar to the previous representations presented. 

In order to save space in typesetting sometimes the notation for partial deriva- 
tives is shortened to the use of subscripts. For example, one can define 


Ou Ou F OF - OF _ OF OF 


ae sent = — a = =o a “CLC 
Uz Ox’ Uy Oy’ x De LL Age? w Ag? xy Da ay’ 


We now employ this notation and take the partial derivatives of equations F,G and 
H with respect to x and write 
Fy t+ Puls + Fove + Fuwe =0 
G,+GyuUe + Gytvyz + Gyw, =0 (12.71) 
A, + Hytig + Hyvy + Hwwez =0 
The equations (12.71) represent three equations in the three unknowns u,,v, and wz 


which can be solved using Cramers rule. This can be accomplished by defining the 
3 by 3 Jacobian determinant 


aSst) Be ne fe 
A HH H 
A, Ay, Ay oH SH oH 


If this Jacobian determinant is different from zero, the system of equations (12.71) 


has a unique solution for uz, vz, wr given by 


O(F,G,H) O(F,G,H) O(F,G,H) 
= O(x,v,w) = O(u,x,w) = O(u,v,x) 
Uz——oRGH)’? Y—- oaRGnH)’? Vx —— FGA) (12.73) 


O(u,v,w) O(u,v,w) O(u,v,w) 
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Differentiate the equations (12.69) with respect to y to obtain 


Fy Pity > Lt wg 0 
Gy + Gyutty + Guty + Gywy =0 (12.74) 
Hy, + Ayuy + Ayvy + Hywy =0 
This produces three equations in the three unknowns u,,v,,w, which can be solved 


using Cramers rule. If the Jacobian determinant of F,G,H is different from zero, 


then the unique solution is given by 


OF,.G,H) O(F,.G,H) OF,.G,H) 

_ _ _Oy,v,w) _ _ A(uy,w) _ _ _A(u,v,y) 
Uy——oRG.H)’ YY ara’ “y— — aFG,B) (12.75) 

O(u,v,w) O(u,v,w) O(u,v,w) 


Generalization 


The system of equations 


Doe ee ee a =0 


FENG is Seen! 2s | I ees om =0 


(12.76) 
Fin (£1, £2; s++5 Un, V1, Y2,-- 5 Ua) =0 
in m+n unknowns implicitly defines the functions 
Y1 =y1 (21, LQ, +0 +5 Le) 
Y2 =yo (21, LQ, +095 a) 
(12.77) 
Um =H (es LQ, +205 ee) 
If the Jacobian determinant 
OF, OF, OF, 
on ook aie 
OW F555 Peg) By Bua oe ou 
OY; Yas 5 Um) : : : 
8Fn OF n OF in 
Oy1 Oy2 Oym 
is different from zero at a point (x9, 79,...,2°,y°,y9,...,y®,), then one can calculate 


the partial derivatives ou at this point for any combination of integer values for i, 7 
j 
satisfying 1<i<mand1<j<n. The above is true because if one calculates the 
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derivatives of the functions in equation (12.76) with respect to say x;, 1<j<n, one 
finds 


OF OF On, , OF Bum 4 
Ot OME OD; OYm OL; 

OF, Fon, OF2 Om _y 

Or; Oy Ox; OYm OX; = (12.78) 
OF, as OF, Oy, _ OF, OYm _0 

On; Oy, Ox; OY OL: 


The system of equations (12.78) can be solved by Cramers rule and because the 
Jacobian determinant is different from zero the system of equations (12.78) has a 
unique solution for the various first partial derivatives. 

Higher derivatives can be obtained by differentiating the first order partial 


derivatives. 


The Gamma Function 


One definition of the Gamma function is given by the integral 
T(z) =) E™1e-§ dé (12.79) 
0 


The value x = 1 substituted into the equation (12.79) produces the result 


[oe) 


(1) = - edt= —e*), Sd (12.80) 


so that [(1) = 1. Substitute x =n +1, a positive integer, into equation (12.79) and 
then integrate by parts to obtain 


T(n+1)= Y) eSé" dé = [-E"e§] © +f née § dé 
0 0 
which simplifies to the recurrence relation 
I(n+1)=nI(n), n> 0, an integer (12.81) 


In general, for any real positive value for « which is less than unity, one can show 


that I'(z) is a particular solution of the functional equation 


T(a+1)=aI (za), x>0 (12.82) 


Replacing z by —2, the equation (12.82) is sometimes represented 
T(1— 2) =—aI(-2) 
Using the recurrence relation (12.81) one can show that 
[(n) =(n—1)P(n—1) 
T(n—1) =(n — 2) (n— 2) 
T'(n — 2) =(n — 3)P(n — 3) 


T(3) =2T(2) 
T(2) =10(1) =1 
The equations (12.81) and (12.84) demonstrate that 


Tin+1) =n(n—-1)(n—-2)---3-2-l=n! 


(12.83) 


(12.84) 


(12.85) 


Observe that when n = 0 the equation (12.85) becomes I(1) = 0!, but we know 


T'(1) =1, hence this is one of the reasons for the convention of defining 0! as 1. 


T(x) 


Figure 12-6. 
The Gamma function I(x) and 1/I(z). 


IT(n+ 1) 


Write equation (12.81) in the form I'(n) = —— to show that for n = 0,—1,-2,... 
the function I'(n) becomes infinite. The function I(x) and 1/I'(«) are illustrated in 


the figure 12-6. 


A67 
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Example 12-4. 
Show that r(5) alge 
Solution 


Substitute 2 = 1/2 into equation (12.79) and show 


a= [erresac= f° Sas 


In equation (12.86) make the substitution € = x? with dé = 2x dz to obtain 


2 
1 CoO —2x co 
I(-) = ss 2rd =2 | e-* dx 
2 0) v 0) 


Let 7 denote the integrals 


r= | e* de and r= | ew dy 
0 0 


and form the double integral 


=i i. en (ety *) dady = jim fp [ ety *) dady 
0 Jo 


and observe that as T increases without bound the area of 


integration fills up the first quadrant. 
Change the double integral for /? from rectangular to polar 


coordinates where 


x=rcos6, y=rsindg, dxdy = rdrdo 


= lim [ [- e-” rdrdé 
R—-oo r=0 


and observe that as R increases without bound the area of 


and write 


integration is still over the first quadrant. Now integrate with 
respect to @ and then integrate with respect to r to show 


p=" or co e” dx = 
0 


I 


Substitute this result into the equation (12.87) to show that r(5) = 


(12.86) 


(12.87) 
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Product of odd and even integers 


One can now apply the previous results 
Tn=a-Dle-), TOS, Tes (12.88) 
to show that for n a positive integer 
2n+1 2n —1 2n—3 2n—5 3) 3 1 
r(AP)-CH)CEFE) @a)G)* es 


This result demonstrates that an alternative representation for the product of the 


odd integers is given by 


1-3-5---(2n —5)(2n — 3)(2n =r (=) (12.90) 


Using the equations (12.88) one can demonstrate 


(PHAR) OA es 


which shows that the product of the even integers can be represented in the form 


2-4-6+-+(2n — 4)(Qn — 2)(2n) = 2"T(n +1) (12.92) 


Example 12-5. 
m/2 
Let S,, = | sin” «dx and integrate by parts using 
0 


U =sin™ 1 dV =sinz dx 
dU =(n —1)sin"~* x cos x dx V =-—cosz 
to obtain 
n/2 m/2 
Sy =— sin”! x cos ae +f (n—1)sin”~? x cos? x dx 
0 


m/2 
Sr, =(n—- 1) sin” * g (1 — sin? 2) dx = (n— 1)S,_2 — (n—1)Sn 
0 
which simplifies to the recurrence formula 


n—-1 


Sn = ——Sn-2 (12.93) 


The above recurrence relation implies that 


5, = "4s, .=("—) (5) Gans (12.94) 
n n n—2 
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If n is odd, say n = 2m—1, then equation (12.94) eventually becomes 
2m — 2 2m —4 4 2 
cree & :) (= ) (3) (5) cg (12.95) 


m/2 
s= | sin z dx = —cosa]7/? =1 
0 


where 


The numerator of equation (12.95) is a product of even integers and the denominator 
of equation (12.95) is a product of odd integers so that one can employ the results 
from equations (12.90) and (12.92) to write equation (12.95) in the form 


Vm _T(m) 


Som—1 = “2 DP (me) (12.96) 


If n is even, say n = 2m, then equation (12.94) eventually becomes 
2m— 1 2m —3 3) 3 1 
sim = (7a) (Sema) (6) GG) GG) aaa 


m/2 
Gis | dz = = (12.98) 
: 2 


where 


Note that the numerator in equation (12.97) is a product of odd integers and the 
denominator is a product of even integers. Using the results from equations (12.90) 
and (12.92) the above result can be expressed in the form 


LTC) « 


Som = Tatty 2 (12.99) 

Z 
Example 12-6. 
m/2 

Let C, = cos" xdx and follow the step-by-step analysis as in the previous 


0 
example and demonstrate that 


/2 FEET if n = 2m-—1 is odd 
C= i cos” «dz = ' (12.100) 
0 


5 if n = 2m is even 


Various representations for the Gamma function 
The integral representation of the Gamma function 


T(z) = ie €*-1¢-§ dé r>0 (12.101) 


can be transformed to many alternative representations for use in special situations. 
(i) The substitution € = In) or y=e §, converts the equation (12.101) to the form 


T(z) = a (1m a a (12.102) 


which is the form Euler originally studied. 
(ii) The substitution ¢ = zt converts equation (12.101) to the form 


T(a) =| ies ma ane 
0 
and replacing « by x +1 there results 
TP(@+1)= 2°71 if t"e—* dt (12.103) 
0 


The above change of variables are just a sampling of forms for obtaining alter- 
native integral representations of the Gamma function. 
Euler’s constant y, defined by the limit 


1D a faite at i 1 
Sian | ae ee Sh tt te = 0.5772156649 -- - 12.104 
af lim | ae ig in(n) 0.5772156649 (12.104) 


occurs in many alternative representations of the Gamma function. When y¥ is 
represented as a continued fraction (See chapter 4, page 337 ) one finds the list 


notation given by 
+ = (0;1,1,2,1,2,1,,4,3,13,5,1,1,8,1,2,4,40,1,..] 


The first nine convergents are 


4 71 
Se V4 =z = 0.571428571 7 = 45g = 0.577235772 
1 
ic 1 228 
15 = 08 Ys = 75 = 0-578947368 Ns =55p = 0.577215190 (12.105) 
3 
ay 15 3035 
R=_ = 08 Ye == = 0.5769233077 9 =_—~ = 0.577215671 
26 5258 


where yo is accurate to seven decimal places. 
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Sometime around 1729 Euler defined the Gamma function in the form 


i (n — 1)! n® iim n= 

1m = 

nescence seem (Le Cb ata ha Se) 
(12.106) 

Karl Weierstrass modified Euler’s form for the Gamma function and represented 


Pie)= 


it in the form 


[o,e) 


no =2e" J] (a+ =) ein) (12.107) 


n=1 


where y is Euler’s constant from equation (12.104). Here the infinite product 


I] (2 + =) eo \ is convergent for all values of z positive, negative, real or complex. 


Other forms of the Gamma function can be found in the mathematical literature. 
The representation of the Gamma function in the complex plane provides new incites 
into properties of the Gamma function. As an interesting exercise check out some 
textbooks on the Gamma function to see how all of the above forms of the Gamma 
function are equivalent. This type of exercise is one example illustrating the concept 
that functions and ideas, which occur in mathematical studies, can be presented in 
a variety of ways. 

Euler formula for the Gamma function 

Having a variety of forms for representing the Gamma function provides one the 

opportunity to seek out and discover other properties of the Gamma function. For 


example, employ the Weirstrass representation 


it x 7 v —xr/n 
ray 22" TMG) e72/ (12.108) 
and show 2 
1 1 _ 2 ya —yz z = z —ax/nx/n 
raltica - ee I (1 re =) (1 =) e~2/Me (12.109) 
This equation simplifies using the property I'(1 — x) = —aI'(—x). One can verify 


equation (12.109) simplifies to 


or 


(1 sz) (1 a) (12.110) 


Recall Euler’s infinite product formula for sin@ (see Example 4-38) 


sin(w2) = mx (1 =) (1 = (1 =) ae (12.111) 


and compare this infinite product with the one occurring in equation (12.110) to 


show 
TV 


T(«)P(1— 2) = (12.112) 


sin(72) 
which is known as Euler’s reflection formula for the Gamma function. Make note of 
the fact that if the value x = 1/2 is substituted into equation (12.112) one obtains 


rGrG=" or rG)=va (12.114) 


which agrees with our previous result. 
Using the previous result nI'(n) = (1 +n), the equation (12.112) is sometimes 
written in the form 


T(l+n)lQ—n)=—" 


(12.114) 
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The Zeta function related to the Gamma function 
The Gamma function I'(z) and the Riemann Zeta function ¢(z) are related. Recall 
that one definition of the Zeta function is (see Example 4-38) 


1 if 1 1 ame | 
= shat ee 1 ata! 
OO) Getigs Vast at Le a (12.115) 


and the integral form for representing the Gamma function is given by 
he) = [ tre ae z>0 (12.116) 
In equation (12.116) make the change of variable t = rz and show 
T(z) = [eae rdz =r i. ate"? dx (12.117) 
One can express equation (12.117) in the form 
= sof at le" de (12.118) 


A summation of equation (12.118) over integer values for r produces the result 


~ 1 1 — 21,572 
SC a Sr, at te-"? dx (12.119) 


r= 
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Now interchange the roles of summation and integration on the right hand side of 
equation (12.119) to obtain 


. 1 if oe a = STE 
@=La-/ r pe dx (12.120) 


where now the summation on the right hand side of equation (12.120) is the geo- 


metric series 
= 


€ 


~ T-e# 


love) 
S ete ae ie OP ae oP aes 


r=1 


Consequently, the equation (12.120) simplifies to the form 


¢(z)(z) = i po = ge (12.121) 


l—e-* 


Observe that the Gamma function and Zeta function properties dictate that z be 
restricted such that z 4 1,0,—1,—-2,—-3,...in using equation (12.121). 


Product property of the Gamma function 
The Gamma function satisfies the product property that 


Berl cane eek _ (On) (12.122) 
CuGeO n Ga ae 


In order to derive this result we develop the following background material. 


Example 12-7. 


Show that 
: a ee eae DT 30 _ 0+ (n—-1)r 
sinné = 2” “sin @sin(@ + —) sin(@ + —) sin(@ + —)---sin( ) (12.123) 
n n n n 
and 
FasL Pr or CR pr engl ra err a (12.124) 
90 sin# n n n n 
Solution 


The following proof follows that presented in the reference Hobson? 
First show that the function 


x?” — 22" cosn6 +1 (12.125) 


3 Ernest William Hobson, A treatise on plane trigonometry, 5th Edition, Cambridge University 
Press, 1921, Pages 117-119. 
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can be written as a product of factors having the form 


n-1 
2 
gz?" — 22" cosnd +1 = 2"! II (2? — 22 cos(@ + ity +1) (12.126) 
n 
r=0 


This is accomplished by considering the function x?” — 2x" cosn@+1 and then dividing 
it by 2” and defining 
Un = x2" —2cosnO6+a°" (12127) 


and then verifying that u, can be written as 


un =(2™ 1 4+ 2") (2 — 20088 +271) 
+ 2cos0(a"—! — 2cos[(n — 1)6] + 27+) — (a"~? — 2 cos[(n — 2)6] +. a ("-?)) 
(12.128) 
or in terms of the u,, definition 


Un = (2 14a" )uy + 2un_1 008 8 — Un—2 (12.129) 


Observe that u, is divisible by u, if both u,_; and un_»2 are also divisible by u,. To 
show this is true verify that 


Ug = x —2cos204+ 2°? = (4 — 2cos6+27")(4+2cos64+ 27") 
and consequently uz is divisible by u;. Using equation (12.129) write 
U3 = (x? + a7 )uy + 2u2 cos é@ — uy 


to show us is divisible by u,. Continuing in this fashion wa, us, ue,...,Un—2, Un—1, are all 
divisible by u,;. This demonstrates that x? —22xcos@+1 is a factor of x?” — 2x” cosnO+1. 


Since @ is an arbitrary angle, replace @ by @+ 2ra/n, r an integer constant, to show 
2 rm . on Pa rm 
x —2xcos{6+——) +1 is a factor of 2?” — 2x" cos[n ( 90+ — }]+1 
nr 


166 = 051,969 1 
Using the trigonometric identity 
2rm 
cos n6 = cos[n(6 + a) 


for r an integer, one can say that the factors of 


x" — 2x2" cosnb6 +1 
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: 2 ae : 
are given by a?—22 cos(6+ eer Sef for r=0,1,2,...,n—1. This implies 2?" — 22" cosn6+1 
nr 
can be expressed as 


n-1 
2 
x?” — 22" cosnd +1 = II (x? — 22 cos(@ + =), +1) (12.130) 
n 
r=0 


In the special case x = 1 the equation (12.130) simplifies to 


n—-1 
2 
1 cosnd = 2"! T] (1 — cos (0 + 2) (12.131) 
nr 


r=0 
Replacing 6 by 26 in equation (12.131) and simplifying one obtains 


(n —1)x 


ae (12.132) 


2 
2 sin? nf = 2"— 12" sin? @ sin?(@ + a sin?(@ + alls - sin? (0+ 
n n 


Further simplify equation (12.132) and then take the square root of both sides to 


obtain 
ue 2”—1 sin(O + “) sin(@ + “ty -+-sin(@ + ves 


aT ) (12.133) 


where the positive square root is taken when each term is positive. In equation 
(12.133) take the limit as 6 = 0 and verify 


1 20 (n —1)r 
= gn-l . oo . ee Ne ge eae 
n sin(—) sin( = )+++sin( 


) (12.134) 


i: 
Now consider the product 


v-(2)r(2)r(F)r (2). (2) 


and reverse the terms within the product to show 


“PG CEC CAF) 


followed by writing equation (12.112) in the form 


tS) aes 


for m=1,2,...,n—1. This identity produces 


2 TT TT TT TT 


sin() sin(24) sin(24) sin(@—D) 


One can now employ the result from Example 12-6, equation (12.134), to show 


r()r(2)r(2)r(4)-r (24) - 


Derivatives of InT(z) 


Using the Weierstrass definition of the Gamma function 


= ae Il (1 4 *) ea] (12.135) 


n=1 
take the natural logarithm of both sides and show 


[oe) 


InT(z) =—Inz-yz- S- [In (1 + -) a 4 (12.136) 
k=1 


Take the derivative of each term in this equation to show 


d Be oe (1 1 
qz ml te) = Tye y 24 € a7 z) (12.137) 
Differentiate equation (12.137) to obtain 
d? 1 oa 1 1 1 1 
qzble=at ee Gee Geo (12.138) 


and demonstrate that 


a2” (z+k) 
; ies (12.139) 
a) 1 
a n+1,) 
qrti InT'(z) =(-1)""n! d (z+ k)rtt 
Make note of the following definitions. The function ¢(n, z) = SS ca where 


k=0 
any term where (z+) =0 is understood to be excluded from the summation process, 


ATT 
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is defined as the Hurwitz* Zeta function and satisfies ¢(n,0) = ¢(n), the Zeta function. 


The function 
qrtt 


qnt+i 


is referred to as the polygamma function of order n. Observe that 


n(z) = (-1)"F nl¢(n +1, z) = In[['(z)} (12.140) 


qd” 


~ dz 


vol) = Emr = 5 


and = dn (z) Yo(z) 


The polygamma function of order zero 7o(x) is called the digamma function and is 
illustrated in the figure 12-7. 


y= (x) 


Figure 12-7. The polygamma function of order zero. 


4 Adolf Hurwitz (1859-1919) German professor of mathematics. 


A79 


Taylor series expansion for InT(a + 1) 
Make reference to the equations (12.136), (12.137), (12.138), (12.139), and verify 
that when z is replaced by (x+1) in these equations, one obtains the following values. 


InT («+ 1) =a) =0 
£=0 
< InI'(x+ 1) =—y7 because (12.137) is a telescoping series 
x=0 
d? peat ae: | 
ee ea fe ee SE sean 12.141 
alee) Saag ¢(2) ( ) 
d”™ 
— InI(#+ 1) =(-1)"(n — 1)!¢(n) ae 
dx” x2=0 
where = 
1 
C(n) = e En 


is the Riemann Zeta function. The above values of the derivatives of InI'(x + 1), 


evaluated at x = 0, produces the Taylor series expansion for InI'(a+1) as 


InT(a#+ 1) 


at 


~ye $2) = Ca) + CE + + (UMM) + (42.142) 


which converges if x is less than unity. 
Another product formula 


Define the function 


o(z) = (12.143) 


and use the equation (12.106) to write 


P(z+-) 


(m—1)!metr/n 


for r =0,1,2,...,n—1 and 


= ii 12.144 
m—co (z+ £)(2+£41)(2+2£42)--(2+24+m-l) ( ) 
eae? (nm — 1)!(nm)”* 
nz) eae (nz)(nz + 1)(nz + 2)--- (nz +nm— 1) ua) 
to express equation (12.143) in the form 
n-1 fae (m _ 1)! mitr/n 
m—oo (+2) (z+ £41) (z+ £4+2)---(2t+lt+m-1 
sh GF DCHEANG+EH) GFE 


(2) = 


: (nm — 1)!(nm)”* 
n lim 
moo nz(nz + 1)(nz + 2)---(nz+nm-— 1) 
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The product nm is used in the definition of I(nz) to show that the equation 
(12.146) simplifies after a lot of careful algebra to 


n=l [(m —1)"m"= mm [(m —1)!]? mm" mmr) 
= 1 — li 
(2) Dae (nm — 1)! (nm)”* m0 (nm — 1)! 


(12.147) 


The equation (12.147) shows that ¢(z) is independent of z and is a constant. To 
find the value of the constant, select a value of z where equation (12.143) can be 
evaluated. Selecting the value z = 1/n one finds after simplification the product 


formula first derived by Gauss® and Legendre® 


nD (2)T (< zn =) ik (: a =) ocee (< af — =) = n'/? (2n)*= TD (nz) (12.148) 


Using equation (12.148) one can produce the special cases 


n=2 r(eyt (2+ 5) =P@e) @my2a0/2-% 
n= T(z) (< + 3) Tr (: ah 3) =T'(3z)(2m) 31/?-% (12.149) 


Example 12-8. (Summation) 
The function W(x) defined by U(x) = <P (2) = 


occurs in representing 
the summation of many finite and infinite convergent series. The Gamma function 
satisfies 

T(a+1) = aI (a) 


so that 
InT(¢@+1)=Inzg4+InI(z) (12.150) 


Differentiate equation (12.150) and show 
W(a +1) == + Ws) or W(a+1)— (a) =< (12.151) 


This demonstrates that U(r) satisfies the difference equation 


1 1 3 
AV (zx) = B or AV(a+n) = ia a 1s constant (12.152) 


© Carl Friedrich Gauss (1777-1855) A famous German mathematician. 
© Adrien-Marie Legendre (1752-1833) A famous French mathematician. 


Using the results from pages 361-362, one can write 


n 


SrAva+i =o = Watn41)— var!) (12.153) 


As an example of how equation (12.153) can be employed, examine the finite sum 


1 1 1 1 
S= +++ ——_ 12.154 
ce aoe Lawes ( ) 


This finite series can be expressed 


dAVE +4) = ; [we tnt ipa a) (12.155) 


Use differential equations to find series 

Another way to find the series representation of a given function is to first 
differentiate the function and then form a differential equation satisfied by the given 
function. One can then substitute a power series into the differential equation and 
determine the coefficients of the power series by comparing like terms as illustrated 


in the following examples. 


Example 12-9. Determination of series 
Find a power series expansion to represent the function y = a, where a is a 


constant. 


Solution Write y = y(x) = a” = e*™* and differentiate this function to obtain 


“ =e?™]na =a" Ina, so that y =a” is a solution of the differential equation 
a6 


dy =y Ina (12.156) 
dx 


satisfying the initial condition at 2 =0, y(0) =a =1. 
Assume that y has the power series representation 


y = y(x) = eg tee + con? +322 +--+ + ene” +--- (12157) 
with derivative 


d 
7 = y! (x) = cy + 2cox + 3e3x? + 4ega? + +--+ nena” 1 +--- (12.158) 
ze 
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where co, C1, C2, ¢3,... are constants to be determined. Substitute the representations 
(12.157) and (12.158) into the differential equation (12.156) to obtain 


Gi 4 Veen 4 Béar* op nee” U = Ia [co Gye ee Bea ean es 7 (12.159) 


In equation (12.159) equate the coefficients of like powers of x and show 
Cy =Co Ina 
2c =c, Ina 
3063 =C2 Ina 


(12.160) 


(n+ l)en41 =Cn Ina 


The general equation 
(n+ l)en41 = cn na or Cn41 = ———~ (12.161) 


which holds for n = 0,1,2,3,... is called a recurrence relation or recurrence formula 
associated with the given series and tells one how to select the coefficients in order 
to satisfy the differential equation. Recall that c) = y(0) = 1 is determined from the 
initial value « = 0. Using the recurrence formula (12.161) and the equations (12.160) 


one finds 
Fed Cl tee 
iad C2 = 5 (Ina)’ 
1 3 
n =2 c3 = 3, (Ina) (12.162) 
n=m Cis, =— (ln ay 


and consequently the power series expansion for y = a” is given by 


m 


a ye 4 a 
y=a"=1+elnat+ > (Ina) + 3 (ina) eee na) a (12.163) 


Example 12-10. Determination of series 

Find a power series expansion to represent the function y = y(x) = (h+2)", where 
h is a constant. 

Solution Differentiate the function y = y(x) = (h +2)" and show 


a =y'(2) =n(h+2)""} (12.164) 
Multiply equation (12.164) by (h+ 2) and show y is a solution of the differential 
equation 
pie Ye (12.165) 
ea hy : 


with initial condition at x =0 given by y(0) =h”. Assume y = (h +2)” has the power 


series representation 


y= (h4+ 2)” =cot eye + cox? +322 +--+ + ema” +--: (12.166) 
with derivative 
d 
7 = C1 + 2con + 3c3u7 +--+ MCme™ +-°> (12.167) 
v 


Note that the index m has been selected for the general term of the series as the 
value n occurs in the differential equations and we don’t want these values to become 
confused with one another. Substitute the power series (12.166) and (12.167) into 
the differential equation (12.165) to obtain 


(h+2) [er + Qcon + 3e3n7 + +--+ meme™ 1 +--+ 4 = neo + crt + cpu? +--+ + Ope” +--+] 
(12.168) 
Expand the lefthand side of equation (12.168) and show 


he, +2hegx + 3he3z7 +--+ hme,a™ 1 +--- 
eugnals Qesa 4 Besa? eat tes a pas (12.169) 
= nco +nex + nce gx? Gear ds epee a es 


In equation (12.169) equate the coefficients of like powers of x to obtain a recurrence 
relation Or recurrence formula. One finds 
he, =n co 
(2heg + c1) =n cy 


(3hc2 + 2c2) =n ce (12.170) 


[(m + 1) hemp + NCm| =N2 em 
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Here the recurrence formula is 


(m+ 1l)hemsi t+ Mem = NCm or Cy. = an Cm (12.171) 
for m = 0,1,2,.... If y = y(x) = (h+ 2)", then y(0) = c = h”. Substitute the values 
m=0,1,2,3,...,n,n+1,... into the recurrence formula (12.171) to obtain 

m =0 n ane TENS a 
C1 =7 Co = Mh a(n + 

m=1 _(n — 1) — n(n = 1) n-2 __ n n-2 
oe oe IE 

m =2 (n — 2) n(n —1)(n—2),,-3 NV n-3 
am Yai 31 3 

(12.172) 
1 n! n 

m=n—1 Oa a nat mao = 1=( re 

m=n Cn+1 =0 

m=n+1 Cn+2 =0 


and c, = 0 for all integer values of m satisfying m > n. In the equations (12.172) the 


n! 
(") = { min—myrr MST (12.173) 


0, m>n 


terms 


are the binomial coefficients. Substituting the values given by equations (12.172) 


into the power series (12.166) one obtains the finite series of terms 


= n __ n n n n-1 n n—-2,2 — n n-1 n n 
y=(h4+2) =(h)a +(7)a v+(5)n eo + + (7) a +(")e (12.175) 


which is the well-known binomial expansion. 


The Laplace Transform 
Consider the mathematical operator box labeled L{f(t)} or L{ ;t— s} as il- 
lustrated in the figure 12-8. This mathematical operator £ is called the Laplace 
transform operator and is defined 
L{F)} =f fede = Fs) 
- (12.175) 
or LI F(t); t> 5} = jim, f f(tje* dt = F(s), 8 >0 
and represents a transformation from a function f(t) in the tdomain to a function 
F(s) in the s-domain (frequently called the frequency domain). The Laplace trans- 
form’ has many applications in mathematics, statistics, physics and engineering. 


” This operator is named after Pierre Simon Laplace (1749-1857) A famous French mathematician. 


Input output 
t-domain s-domain 


f(t) F(s) 


Figure 12-8. The Laplace transform operator. 


In the defining equation (12.175) the parameter s is selected such that the in- 
tegral exists and many times it is expressed as a complex variable s = o +iw where 
o and w are real and i is an imaginary component satisfying 7? = —1. The Laplace 
transform can be studied with or without employing knowledge of complex variables. 


Example 12-11. (Laplace transform) 
Find the Laplace transform of sin(at) where a is a nonzero constant. 
Solution 2 
By definition L{sin(at); ts} = | sin(at) e~™ dt 
Integrate by parts with u = sin(at) and or =e dt to obtain 


—st [o-e) 


I = sin(at) e * dt = — sin(at) + a cos(at) e~* dt 
0 5 Jo 


0 


Integrate by parts again with u =cos(at) and dv = e~* dt and show 


secs —st joo 
I =) sin(at) e* dt = 2 cosa t) — “1 
This last equation simplifies to 
a? a — = F a 
(l+3i=2 or i= ( sin(at)e * dt = £{sin(at);t > s} = a ae 
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Example 12-12. Laplace transform 
Find the Laplace transform of e™ 


Solution 
By definition £ fe* ; ts}= i ee dt = i e -%' dt Scale the integral 
0 0 
to obtain 
eft} = f e "du, u=(s—a)t 
to obtain 
atl _ if —ul% __ ge. F230 
Lie heey lr Jo pra dim, l-e ( e*)| 


which produces the result 


: provided that s >a 


at\ __ 
Lie ar | 


Using various integration techniques one can verify the following short table of 


Laplace transforms. 


Short Table of Laplace Transforms 


Inverse Laplace Transformation c"! 

The symbol £7! is used to denote the inverse Laplace transform operator with 
the property that £~* undoes what £ does. That is, if the inverse Laplace transform 
operator is applied to both sides of the equation L { f(t)} = F(s) then 


LOL {F(O} = FY) =L" {F(s)} (12.176) 


This indicates that the table of Laplace transforms given above is to be interpreted 
in either of two ways. Reading the above table left to right indicates L { f(t)} = F(s) 
and reading the table from right to left indicates f(t) = £~!{F(s)}. In general, one 
can say 

Lif(t)}}=F(s) ifand only if f(t) = £71 {F(s)} (12.177) 


One use of the Laplace transform operator is to take a difficult problem in the 
t—domain and transform it to an easier problem in the s—domain. Solve the easier 
problem in the s—domain and convert the answer back to the t-domain. There are 
two ways by which one can convert a Laplace transform back to the t-domain. One 
conversion method is to have an extensive table of Laplace transforms so that one 
can use table lookup to convert a function F(s) back to the correct function f(t) by 
using the property (12.176) or (12.177). Table lookup is the preferred method for 
now. 

Another method used to find the inverse Laplace transform is more advanced 
and requires knowledge of complex variable theory. This more advanced method is 
expressed in the language of complex variables as 

f(t) = £71 {F(s)} = £71 {F(s); st} = —— lim ae e°*F(s) ds 

; 2nt T00 Jar 
where the integration is part of a line integral in the complex plane. Once you learn 
all the theory involved, the inverse Laplace transform is really simple to use. The 
difficulty in using the complex form for the inverse transform is that you will need 
to take a complete course in complex variable theory to use and understand how to 
employ it. The inverse Laplace transformation techniques often used are illustrated 
in the figure 12-9. 
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input 
t-domain 


f(t) 


output 
t-domain 


f(t) 


output 
t-domain [; 


<4 


Figure 12-9. Inverting the Laplace transform. 


Properties of the Laplace transform 
Using the definition of the Laplace transform and applying various integration 
techniques one can develop a table of Laplace transform properties. 


Example 12-13. (Laplace transform of derivative) 
Show that if 2 {f(t)} = F(s) then 
L{f'(t)} = sF(s) — f(0*) or f(t) = £7" {sF(s) — f(0*)} 
Solution 
By definition 
c(fiy= fo reat 
0 


Integrate by parts with u=e-* and dv = f’(t) dt to obtain 


LiMo = eH | +s [phere dt = sF(s) ~ f(0") 
0 0 


Note that f(t) need only be defined for t > 0 so that the 0+ is to remind you that the 
function f(t) evaluated at zero is just the right-hand limit as t > 0. 
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Example 12-14. First shift property 

If F(s) =L{f(t)}, show that £ {e* f(t)} = F(s— a) or e* f(t) = £71 {F(s — a)} 
Solution 

By definition - 

Fis) = LE} = [seat 
so that if one replaces s by s—a there results 
Ce ie F(t)e"@-! dt = [re edt = Lf f(t)} 

or 


Lo {F(s—a)} =e f(t) 


Example 12-15. (Second shift property) 
If F(s) =L{f(t)}, show L{f(t — a)H(t — a)} = e~**F(s) or 
f(t-—a)H(t— a) = £7" {e-** F(s)} 
where H(t) is the Heaviside step function defined by 
{ 0, t<0 


1, t>0 
Solution 


By definition 


j= f° f(t) e~** dt 


so that replacing t by u and then nee by e~°* one finds 
eS F(s =f flu ese dy -[° flu jen du 


Make the change of variables t = u+a@ with dt = du and then calculate the appropriate 
limits of integration to show 


errr (Sy = 3 f(it-—ae"“ dt = [o -f(t-—aje"™ dt + fo - f(t-— a) dt 


t=a 


This last integral has the more compact form 
e-* P(s y= fo 4G-QHG- se PRL ie oH on 
or 
£7! {e-*F(s)} = f(t — a) H(t —a) 
: 


As an integration exercise one can verify the various transform properties listed 
on the next page. 
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Properties of the Laplace Transform 


) (0*) ivati 


s*F(s) — sf(0t) — f’(0+) Derivative property 


Ste) st OT he 
xahing FO 2)(OT yf OOD (GT | 
Derivative property 


Integration transform 


linearity property 


multiplication by t property 
Division by ¢ property 
Second shift property 


First shift property 


Note the following repetitive properties exhibited by the above table. 

(i) The derivative property, when expressed in words states, Differentiation of func- 
tion in the t-domain is represented in the s-domain by multiplication of the trans- 
form function by s and subtracting the initial value of the function differentiated. 
Note that the second derivative and higher derivatives follow this rule. For 


example, if f’(t) and f’(t) are the functions differentiated, then 


LEP" O}= — slsF(s) -— FO) - FO) 


s times transform of 
function differentiated 
minus initial value 
of function differentiated 


L£{f"()} = sls’ F(s) — sf(0") — F'(0*)] - £0") 


s times transform of 
function differentiated 
minus initial value 
of function differentiated 


(ii) Multiplication by t in the t-domain corresponds to a differentiation in the s- 
domain multiplied by a -1. 
(iii) Division by t in the t-domain corresponds to an integration from s to oo in the 


s-domain. 


Example 12-16. Laplace transform 

Use Laplace transform techniques to solve the differential equation ou =ay with 
initial condition y(0) = 1, where a is a known constant. 
Solution 

Here y = y(t) is a function of time t and taking the Laplace transform of both 


sides of the given differential equation produces 
dy| _ 
rs { at = £lay} 


Let Y(s) = L {y(t)} denote the transform in the s-domain and make note that 


ctu (oy = £4 Bh = s¥(s) ~ 0) and L£{oy(t)} =a {y(t)} = a¥(s) 
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so that the differential equation in the t-domain becomes an algebraic equation in 
the s-domain. The resulting algebraic equation is 


sY(s)—-1l=aY(s) 


One can now solve this algebraic equation for the transform function Y(s) to obtain 


1 


S—a 


Y(s) = 


Using table lookup one finds the inverse Laplace transform 


=r Mri ae* {- Z -| = Ses 


One can verify the correctness of the solution by showing the function y(t) = e% 
satisfies the given differential equation and given initial condition. 

Warning—The Laplace transform technique for solving differential equations only 
works on linear differential equations. It is not applicable in dealing with nonlinear 
differential equations. Also note that when dealing with more difficult linear equa- 
tions one needs to develop more advanced methods for obtaining an inverse Laplace 


transform. 


Introduction to Complex Variable Theory 

Consider the figure 12-10, where S$ represents a nonempty set of points in the 
z = a+iy complex z-plane, where i is an imaginary unit with the property that 
i? = —1. If there exists a rule f which assigns to each value z = x +iy belonging to 
S, one and only one complex number w = u+iv, then the correspondence is called a 
function or mapping of the point z to the point w and this correspondence is denoted 


using the notation 
w= f(z)=f(e@tiy) =utiv=u(z,y) +iv(z,y) 


Here w = u+iv is the image point of z = x+iy and is represented in a plane called the 
w—plane. Functions of a complex variable w = f(z) are represented as mappings from 
the z—plane to the w—plane as illustrated in the figure 12-10. Note that if 5 denotes 
a region in the z—plane and f(z) is a single-valued, then the image of S under the 
mapping w = f(z) is the region S$’ in the w—plane. The boundary curve C of § in the 
z—plane has the image curve C’ in the w—plane. 


f:S—s’ 


z-plane @-plane 


Mapping = f(z) : 
ne image curve ©’ 


u=u(x,y) 

v=v(x,y) 

a 
curve © 


x 


z-plane @ -plane 


Figure 12-10. Representing function of complex variable as mapping. 


Polar coordinates (r,@) in the z—plane correspond to polar coordinates (R,¢) in 
the w—plane, where x =rcos@, y=rsiné in the z—plane and u= Reos¢, v= Rsing in 
the w—plane. A curve y = G(x) in the z—plane has the image curve with parametric 


form 
u=ule,G(e)), v=v(e,G(e)) 


in the w—plane, which produces the image curve v = F(u). 


Functions of a complex variable w = f(z) represent a mapping from the z—plane 
to the w—plane. One usually selects special regions S$ and curves C to illustrate the 


mappings. For example, circles, squares, triangles, etc. 
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Example 12-17. (Representing function of a complex variable as mapping) 
Consider the complex function 


w= f(z) = 2? =(e@+iy)? = 27 + ay + Py = (2? —y’) +i(2zry) =utiv 
The complex function w = f(z) = 2? defines the mapping 
u=u(a,y)=2?-y* and v=v(z,y) = 2zry 


In polar coordinates with z = re’, the image point is w = f(z) = z? = r7e’?? = Re’® so 


that the mapping in polar form is given by 
R=r’*, and ¢=26 


Knowing the transformation equations one can then construct special figures to give 
various interpretations of this mapping. The figure 12-11 illustrates four selected 
interpretations to illustrate the mapping w = f(z) = 2”. 

The first mapping illustrates two circles with radius r; and rz and their image 
circles r? and rz. The rays 6= a and 6= map to the image rays ¢ = 2a and ¢ = 28. 
The green region S$ maps to the green region S$’. 

The second mapping illustrates the hyperpola x? — y? = u and 2zry = v for the 
selected values of u and v given by uo, uz and vo, v1. These hyperbola map to 
straight lines in the w—plane. 

The third mapping illustrates the line = 0 mapping to the line segment A’B’, 
where v = 0, with u = -y?, B < y < A. The line y = 0 maps to the line segment 
B’C',where v = 0 and u = 2?,for 0 < « < 2;. The line x = 2,1, C < y < D maps to the 
parabola with parametric equations u = 2? — y?, v= 2x1y, C<y<D. 

The fourth mapping illustrates the hyperbola «2? —y? = u, for u = 0,2, 4,6 mapping 
to the lines u = 0,2,4,6 and the hyperbola 2xy = v, for v = 2,4,6 are mapped to the 
lines v = 2, 4,6. 

It is left as an exercise for you to make up additional figures to illustrate the 


2 


mapping w = f(z) = 27. 
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Figure 12-11. Selected images illustrating the mapping w = f(z) = z? 
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Derivative of a Complex Function 
The derivative of a complex function w = f(z) = u(z,y)+iv(a,y), where z=x+iy, 
is defined in the exact same way as that of a real function y = f(x). That is, 


‘ =o 7 (12.178) 
dw ‘ . ulrt+Az,y+ Ay) +iv(e+ Az, y+ Ay) — [u(z, y) +i v(z, y)] 
— = f'(z) = lim 
dz Az—0 Ax +iAy 


if this limit exists. In the definition of a derivative, equation (12.178), the limit must 
be independent of the path taken as Az tends toward zero. 

Consider the points z=x+iy and z+ Az =(x£+ Az) +i(y+Ay) in the z—plane as 
illustrated in the figure 12-11. 


Figure 12-12. Delta z approaching zero along different paths. 


If the limit in equation (12.178) approaches zero along the path 1 of figure 12-12, 
then the definition given by equation (12.178) becomes, after first setting Ax = 0 


du fs = tm u(x, y + Ay) +iv(a, yt Ay) — [u(z,y) +iv(a, y)] 

dz Ay—0 i Ay 

du ! : u(x, y + Ay) — u(x, y) : u(x, y + Ay) — v(x, y) 

ee = 12.1 
ee ase ae aac iG al 
dw j Ou O 

a f(z = -i ay td See page 158, Volume I 


If the limit in equation (12.178) approaches zero along the path 2 of figure 12-12, 
then the definition given by equation (12.178) becomes, after first setting Ay = 0 


dz Pa) = ne Ar 

dz Az—-0 Ax Az—-0 Ax 
Gi. skew ON. OU 

hie fi(2) = ap aa See page 158, Volume I 


If the derivative of the complex function is to exist with the limit of equation 
(12.178) being independent of how Az approaches zero, then it is necessary that the 
derivative results from the equations (12.179) and (12.180) must equal one another 
or 

dw Ou Ov Ou . Ov 


= / — . 2 . 
oF f'(z) ae +4 Fa a Dy + Dy (12.181) 


Equating the real and imaginary parts in equation (12.181) one finds that a necessary 
condition for the existence of a complex derivative associated with the complex 
function given by w = f(z) = u(z,y) +iv(z,y) is that the following equations must be 


satisfied simultaneously 


Ou Ov Ov Ou 
pe ay and bn Oy (12.182) 


These simultaneous conditions are known as the Cauchy-Riemann equations for the 
existence of a derivative associated with a function of a complex variable. 

A function w = f(z) = u(2,y) +iv(2,y) which is both single-valued and differential 
at a point z and all points in some small region around the point z, is said to be 


analytic or regular at the point zo. 


Integration of a Complex Function 

An introductory calculus course introduces the concepts of differentiation and 
integration associated with functions of a real variable. Indefinite integration of a 
real function was defined as the inverse operation of differentiation of the real func- 
tion. A definite integral was defined as the limit of a summation process representing 
area under a curve. In complex variable theory one can have indefinite and definite 
integrals but their physical interpretation is not quite the same as when dealing with 
real quantities. In addition to indefinite and definite integrations one must know 


properties of contour integrals. 
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Contour integration 


Let C denote a curve in the z-plane connecting two points z = a and z = b as 
illustrated in figure 12-13. 


Figure 12-13. Curve in the z-plane. 


The curve C is assumed to be a smooth curve represented by a set of parametric 
equations 
c=ax(t), y=y(t), ta<t<t 


The equation z = z(t) = 2(t) + y(t), for ta < t < t% represents points on the curve C 
with the end points given by 
2(te) =2(te) +iy(t2)=a and 2(ty) = x(t) +iy(t) =. 


Divide the interval (t,,t,) into n parts by defining a step size h = os and letting 


ty — ta 
to =e 4H he bh, fb Hj hE hes, = Eton = ta + neta) = t,. Each of the 
values t;, i=0,1,2,...,n, gives a point z; = z(t;) on the curve C. For f(z), a continuous 
function at all points z on the curve C, let Az; = 2:4; — z; and form the sum 


n-1 n—-1 
=> fGlae=> (eae), (12.183) 
i=0 1=0 


where €; is an arbitrary point on the curve C between the points z; and z;4,. Now let 
n increase without bound, while |Az;| approaches zero. The limit of the summation 
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in equation (12.183) is called the complex line integral of f(z) along the curve C and 
is denoted 


n—-1 
/ f(z)dz= lim SO f(G) Ax. (12.184) 
C n—-oo i=0 


If f(z) = u(2z,y)+iv(2,y) is a function of a complex variable, then we can express 
the complex line integral of f(z) along a curve C in the form of a real line integral 
by writing 


[ f@ae= f tue,y) + inlay) (de + idy) 
c c (12.185) 


= f (ule, y)de—v(x,y)ayl +i f foley) de-+ ule. y) dy 
C C 


where x = x(t), y = y(t), dx = a'(t) dt and dy = y’(t) dt are substituted for the zx, y, dz 
and dy values and the limits of integration on the parameter t go from t, to t. This 


gives the integral 


[ree= [ oaeo.ver2'0-veouonv eo] as f [v(w(), y(t)) «"(t) + ulw(e), y(t) ()) at 
Cc a t 


a 


Now both the real part and imaginary parts are evaluated just like the real integrals 
you studied in calculus of real variables. 

If the parametric equations defining the curve C are not given, then you must 
construct the parametric equations defining the contour C’ over which the integra- 
tion occurs. Complex line integrals along a curve C involve a summation process 
where values of the function being integrated must be known on a specified path C 
connecting points a and b. In special cases the value of the complex integral is very 
much dependent upon the path of integration while in other special circumstances 
the value of the line integral is independent of the path of integration joining the end 
points. In some special circumstances the path of integration C can be continuously 
deformed into other paths C* without changing the value of the complex integral. 
If you take a course in complex variable theory you will be introduced to various 
theorems and properties associated with integration involving analytic functions f(z) 
which are well defined over specific regions of the z-plane. 

The integration of a function along a curve is called a line integral. A familiar 
line integral is the calculation of arc length between two points on a curve. Let 
ds? = dx? + dy? denote an element of arc length squared and let C denote a curve 


defined by the parametric equations x = x(t), y = y(t), for tg < t < t, then the arc 
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length L between two points a= [z(ta), y(ta)| and b = [x(ty), y(t,)] on the curve is given 
by the integral 


mb dx \* dy : 
L= = — anaes 
Loe LG) «(BY 


If the curve C represents a wire with variable density f(x,y) [gm/cm], then the total 
mass m of the wire between the points a and b is given by m = | f(a,y) ds which 
can be thought of as the limit of a summation process. If the aie © is partitioned 
into n pieces of lengths As;,Aso,..., As;,..., then in the limit as n increases without 
bound and As; approaches zero, one can express the total mass m of the wire as the 


limiting process 


m= [ flasds= Jim, > flet.ut) Asi = [ felt), u(t) i (4) + (2) a 


n—-co 4=1 


where (2*,y*) 1s a general point on the As; arc length. 
Whenever the values of « and y are restricted to lie on a given curve defined by 
x =x(t) and y=y(t) for t, <t <t, then integrals of the form 


T= [ Pew de+ Qeu)dy= f° Plelt),wlO)a!(t) d+ Q(t), vt)w'ae— (12.186) 


are called line integrals and are defined by a limiting process such as above. Line 
integrals are reduced to ordinary integrals by substituting the parametric values 
x = x(t) and y= y(t) associated with the curve C and integrating with respect to the 


parameter t. The above line integral is sometimes written in the form 
to 
/ Oe / F(z(t)) 2/(t) dt (12.187) 
Cc ta 


where z = z(t) is a parametric representation of the curve C over the range ty < t < tp. 

Whenever the curve C is not a smooth curve, but is composed of a finite num- 
ber of arcs which are smooth, then the curve C is called piecewise smooth. If 
C1, C2,...,C denote the finite number of arcs over which the curve is smooth and 
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C= C,UC2U-:::UC,, then the line integral can be broken up and written as a 
summation of the line integrals over each section of the curve which is smooth and 


one would express this by writing 


[ $@ el Fe | He dete + f fOVa (12.188) 
C Ci C2 Cm 


Indefinite integration 
If F(z) is a function of a complex variable such that 


dF(z) 
dz 


= F'(z) = f(z) 


then F(z) is called an anti-derivative of f(z) or an indefinite integral of f(z). The 
indefinite integral is denoted using the notation | f(z) dz = F(z) +e where c is a con- 
stant and F’(z) = f(z) Note that the addition of a constant of integration is included 
because the derivative of a constant is zero. Consequently, any two functions which 


differ by a constant will have the same derivatives. 


Example 12-18. (Indefinite integration) 
PF 


oe 
Let F(z) = 3sinz + 2° +52? — z with wee F’(z) = 3cosz +327 + 10z—1, then one 
Zz 


can write | (3cosz+ 327+ 10z—1)dz = 3sinz4+ 22 +52? —z+c where ¢ is an arbitrary 


constant of integration 
| 


The table 12.1 gives a short table of indefinite integrals associated with selected 
functions of a complex variable. Note that the results are identical with those derived 
in a standard calculus course. 
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Table 12.1 Short Table of Integrals 
m+ rs 
dz 
2 Te logz+e Pe J coshzdz= sinhz+c 
% 
k 
; is dz = ice +c, kis aconstant ry f sech? zdz= tanhz+c 
) 


omvonreen 1 


15. 
6. 
: = sec z +c=-— log cosz+e [24 = st log (2) +c 


ar + 6? 


LO: Sonat | ae ae 


c denotes an arbitrary constant of integration 


Definite integrals 


f c. =1tan-l+c 


The definite integral of a complex function f(t) = u(t) + iv(t) which is continuous 
for t, <t<t, has the form 


a f(t)dt = [ u(t) dt +i i‘: u(t) dt (12.189) 


and has the following properties. 


1. The integral of a linear combination of functions is a linear combination of the 


integrals of the functions or 


e Bees, [ f(t) dt +e [ g(t) dt 


a ta ta 


where c, and cz. are complex constants. 


2. If f(t) is continuous and t, < t. < t, then 
ty ti ty 
/ f(t) dt =a f(t) a+ | f(t) dt 
te ta be 


3. The modulus of the integral is less than or equal to the integral of the modulus 


E io 


4. If F = F(t) is such that ~ = F(t) = f(t) for t, <t < t, then 


iE f(t) dt = F(t]! = F(ts) — F(ta) 


5. If Gt) is defined Gt) = [ f(t) dt, then “ = G'(t) = f(t) 
6. The conjugate of the integral i is equal i. the integral of the conjugate 


i f(tj)dt= [Tou 


7. Let f(t,7) denote a function of the two variables t and + which is defined and con- 
tinuous everywhere over the rectangular region R = {(t,T) |ta <t < th, Te < T < Ta}. 


to 
If g(r) = / f(t,7) dt and the partial derivatives of f exist and are continuous on 
t 


R, then 
2. [Mn 
which shows that differentiation under the integral sign is permissible. 
Assume F(z) is an analytic function with derivative f(z) = 4 and z = 2(t) for 


ty <t < ty is a piecewise smooth arc C in a region R of the z-plane, then one can 


write 


“dF te 
[1© dz = a qe = FM) | = F(a) — Fath) 


ti 
This is a fundamental integration property in the z-plane. Note that if F(z) =U+iV 


is analytic and f(z) =u+iv, then one can write 
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and consequently, 
| f(z) dz = (u + iv)(dx + idy) 
e é 
=i (udz —udy) +i i: (v dx + udy) 
C C 


te te 
= ou a) dt + eG di+i | ON dt + ee dt 
t; Ox Oy 1, O2 


z(t2) z(t2) 2(t2) 
=i) av+i f av = | dF = F(z) 
z(t1) z(t1) 2(t1) 


Example 12-19. Evaluate the integral J = i (z — zo)" dz where n is an integer 


Cc 
and C is the arc of the circle defined by z = z(t) = 29+ re®’ for t} <t<t, andr>0 
constant. For n 4 —1 we have 


2(t2) _ n+1 
== i. (z— 29)" dz= eg a 
2(t1) n+ 


2(t2) 


n#-1 


2(t1) 


For n = —1, substitute z— 2 =re** with dz =re*' idt to obtain 


dz 82 pett jdt be 
fell A EE ae aac) 
C%—%0 ty re ty 


Note that a special case z(t,) = z(t2) occurs when the arc of the circle closes on itself. 
Closed curves 
A plane curve C in the z-plane can be defined by a set of para- 


simple 
closed 
curve 


metric equations {z(t), y(t)} for the parameter t ranging over a set 
of values t; < t < to. A curve C is called a closed curve if the end 
points coincide. If C is a closed curve, then the end conditions 
satisfy x(t,) = a(t2) and y(t,) = y(t2). If (vo, yo) is a point on the 
curve C, which is not an end point, and there exists more than one 


value of the parameter t such that {2(t), y(t)} = {zo, yo}, then the mae 
nonsimple Xo Yo 
closed 


point (x9, yo) 1s called a multiple point or point where the curve C 
crosses itself. A curve C is called a simple closed curve if the end 
points meet and it has no multiple points. 

Whenever a curve C is a simple closed curve, the line integral of f(z) around C 
or contour integral around the curve C is represented by an integral having one of 
the forms 


p f(z) dz. or p f(z) dz (12.190) 
Cc 


Cc 


The arrow on the circle indicating the direction of integration as being clockwise 
or counterclockwise as viewed looking down on the z-plane. A simple closed curve 
C is said to be traversed in the positive sense if the direction of integration is in a 
counterclockwise direction around the boundary and it is said to be traversed in the 
negative sense if the direction of integration is in the clockwise direction around the 


boundary. One can write ) f(z)dz =—- f(z) dz. Observe that by changing the 


direction of integration one changes the sign of the integral. 


Example 12-20. (Contour integration) 

For n an integer, and zp, p constants, integrate the function f(z) = (z— 29)" around 
a circle of radius p centered at the point z. Perform the integration in the positive 
sense. 
Solution: Let C denote the circle |z— z9| = p of radius p centered at the point z. The 


curve C can be represented in the parametric form 
z=2(t)=2z+pe, O<t<2n with dz=pe'‘idt. 


We then have 


20 20 
f f(z) dz = (z—29)"dz= | pre’ ipe™ dé =ip™ i et OT De de. 
Cc C 0 0 


i(n+1)t 727 
For n different from —1 we have (z — 2%)" dz = ip"™t | = 0. For n equal 
i i(n+1) 6 
27 
to —1 we have p (z— 2z)"dz= — if dt = 27i. Hence, the line or contour 
z— 2 ) 


integral of the function f(z) = (z— 2)", with n an integer, which is taken around a 


circle C centered at z with radius p, can be expressed 


d "de = Qri when n =~-1 (12.191) 
P Z— %) az = { 0 when n 4 —1 and an integer. 


This result will be used quite frequently throughout the remainder of this text. 
The Laurent series 


For z =a2+iy a complex variable and z = xo +iyo a fixed point in the complex 
z-plane, one must deal with the following quantities. (i) The magnitude of z denoted 
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by |z| = /2?2+y? which represents the distance of the point z from the origin in the 
z—plane. (ii) The quantity |z— | = R represents a circle of radius R since 


|z — zol = |x + iy — (xo + tyo)| = |(x — 20) + i(y — yo)| =V (a — 20)? + (y— yo)? =R 
or («— 20)? + (y— yo)” =R? 


Figure 12-14. The complex z—plane. 


In the theory of complex variables there is an important type of series called the 
Laurent® series which represents a function f(z) in an expansion about a singular 
point z) having the form of a power series having both positive and negative powers 
of (z— 2). The point z is called the center of the Laurent series. The Laurent series 
has the form 


[oe) Cn lee) . 

f(z) =2@- ap ee (12.192) 
where the quantities c,,co,... and ao,a1,... are constants. In expanded form the 
Laurent series (12.192) becomes 

Fae ke a eee 


(z—20)3 (2-20)? (2-2) 
The Laurent series converges in some annular region Rz < |z— z%| < R,. It can be 
lee) 


shown that the series $” a,(z— 2)” converges for z in the circular region |z— | < Ri 
n=0 


Co 
. Cc . . 
and the series 5 Goat converges for the circular region |z— | > Ra Here R, and 
z— £O 


n=1 


8 Pierre Alphonse Laurent (1813-1854) A French mathematician who studied complex analysis. 
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Ry are positive constants with Ry < R,. The annular region of convergence is the 
intersection of these two regions. 


Figure 12-15. Annular region of convergence for Laurent series. 


The special Laurent series where the point z is the only singular point of f(z) 
inside the disk |z—z9| < Rz is of extreme importance in the study of complex variables. 
In this special case the point zp is called an isolated singular point. This special series 
with negative powers of z— z having the form 


_ on Gx C2 C1 
see ee 12.194 
2 Gay (@= =)” a =a en 


is called the principal part of the Laurent series and associated with the principal 

part of the series is the following terminology 

(i) The term c; is called the residue of f(z) at the isolated singular point zo. 

(ii) If there is only one term in the principal part of the Laurent series, then the 
singular point zp is called a pole of order 1 or a simple pole. 

(iii) If there are only two terms in the principal part of the Laurent series, then the 
singular point z is called a pole of order 2. 

(iv) If there are m—terms in the principal part of the Laurent series, then the singular 
point z is called a pole of order m. 

(v) If there is an infinite number of terms in the principal part of the Laurent series, 
then the singular point zp is called an an essential singularity. 


If you get involved with complex variable theory, the binomial expansion 


(a+b)~' =a! + (-1) a~*b + (—1)(—2) a~9b?/2! +--- converges for |b| <|a| (12.195) 
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will be of great assistance in dealing with Laurent series. 


Example 12-21. (Laurent series) 
z 


(z— 1)(z- 3) 


Express the function f(z) = as a Laurent series centered at the 
singular point z= 1. 
Solution 

The problem is to express f(z) as a series involving both negative and positive 
powers of (z—1). To accomplish this task analyze the following two representations 


of f(z) 


5 ice CM oc a Ge ee 
@ 1=FSO PL - [t+ a]e--2 

- _ ee tay 1 soa 
i) f@) =A EL = - [r+ A] e-G- 


The last term in the representations (i) and (ii) have binomial expansions having 
the form of equation (12.195). The binomial expansion for the last term in repre- 
sentation (i) converges for 2 < |z—1| and the binomial expansion for the last term in 
representation (ii) converges for |z—1| < 2. The term (z—1) > 0 is assumed to hold in 
both the representations (i) and (ii). Therefore, to get the annular region isolating 
the singular point at z = 1 the representation (ii) is used. Expanding the last term 
in the representation (ii) gives 


f(z) = + 5+ gale 1) + gg(z— 1)? + gle 18 +t eget 


(a) Multiply the first term in the representation (ii) by the expanded second 


term and then collect like terms to obtain the Laurent series expansion 


yD: eS 3 


f= 4S - 5-5-0 


(2 yt exes (12.196) 


which converges in the annular region defined by the intersection of the regions (1) 
and (2) defined by 


Region(1) = |z-—1| > 0 and Region(2) = |z-—1| <2 


The region(1) represents region of convergence of the principal part of the Laurent 
series and the region(2) represents the region of convergence of that part of the 
Laurent series with terms (z— 1) with positive exponents. The intersection of these 


two regions is given by Region(1)M Region(2) produces the annular region 0 < |z—1] < 2 


illustrated in the figure 12-16. 

(b) If one had used the binomial expansion on the last term in the representation (i) 
for f(z), one obtains a series which converges for |z—1| > 2. After multiplication by the 
first term, the resulting series would converge in the annular region r; < |z—1| < re 
where r; = 2 and rg = lim,..r. This is not the annular region which isolates the 


singular point at z = 1 because the singular point z= 3 is also inside this region. 


Figure 12-16. Annular region of convergence. 


In general, the radius of convergence for the power series with positive powers 
or non-principal part of the Laurent series, is represented by the distance from the 
center of the series to the nearest other singular point of the function being studied. 
The correct Laurent series expansion, which isolates the singular point at z = 1, 
shows that f(z) has a simple pole at z = 1 and the residue of f(z) at z = 1 has the 
value —1/2. 


The above examples represent a small fraction of the many concepts presented 
in the study of functions of a complex variable. 
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APPENDIX A 
Units of Measurement 


The following units, abbreviations and prefixes are from the 
Systéme International d’Unités (designated SI in all Languages.) 


Prefixes. 


Abbreviations 
Multiplication factor 


xa 
ta 


10 
10 
10 


10 
10 
10° 


Basic Units. 


Bleotric current 
degree Kehin 
Tammons intensity 


Plane angle 
Solid angie : 


Appendix A 


DERIVED UNITS 


Units 

Square mote 

cubic mote 

her 

kilogram per cubic meter 

meter per second 

radian per scond 

meter per second squared 

radian per second squared 

newton 

newton per square meter 

square meter per second 

newton second per square meter 

ist 

wat 

coulomb 

vol 

vol 

volt per meter 

ohm 

Farad 

weber 3 
hen (V-afA 
esl Won 
ampere per mote 

ampers 


Physical Constants: 
e 4arctanl = 7 = 3.14159 26535 89793 23846 2643 ... 
© limp—oo (1+ 4)" = e = 2.71828 18284 59045 23536 0287 ... 
e Euler’s constant yy = 0.57721 56649 01532 860606512 ... 
e y=lim,.. (1+$+4+---+4-logn) Euler’s constant 
e Speed of light in vacuum = 2.997925(10)8 m s~! 
e Electron charge = 1.60210(10)~'9 C 
e Avogadro’s constant = 6.0221415(10)?? mol! 
e Plank’s constant = 6.6256(10)~** Js 
e Universal gas constant = 8.3143 J K~! mol~! = 8314.3 J Kg~' K~! 
e Boltzmann constant = 1.38054(10)~?3 J k7! 
e Stefan—Boltzmann constant = 5.6697(10)~-§ Wm? k~4 
e Gravitational constant = 6.67(10)~!! N m?kg~? 
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APPENDIX B 


Background Material 


Geometry 


Rectangle 
Area = (base)(height) = bh 
Perimeter = 2b+ 2h 


Right Triangle 

1 : 1 
Area = 5 (base) (height) = xh 
Perimeter = b+h+4+r 


where r? = b? +h? is the Pythagorean theorem 


Triangle with sides a, b, c and angles A, B, C 
1 ; 1 1 
Area = 5 (base) (height) = 5bh = 5b(asinC) 


Perimeter = a+b+c 

_ b _ € 
snA snB sinC 
Law of Cosines c? = a? +b? — 2abcosC 


Law of Sines 


Trapezoid 
1 
Area = 5 (1 + be)h 


Perimeter = b; +62 +c, +c 
_ oh oh 
1 sin 6; em sin 5 


Circle 
Area = 1p? 
Perimeter = 27p 


Equation 27 +4? =p 


Sector of Circle 
Area = 50 6, @in radians 
s=arclength=ré, @ in radians 


Perimeter = 2r +s 


Rectangular Parallelepiped 
V = Volume = abh 


S = Surface area = 2(ab+ ah + bh) 


Parallelepiped 

Composed of 6 parallelograms 

V = Volume = (Area of base)(height) 
A= Area of base = besin§ 

height = h = acosa 


Sphere of radius p 


4 
V = Volume = 37h 


S = Surface area = 47 p? 


Frustum of right circular cone 
V = Volume = = (a? +ab+b)\h 


Lateral surface area = rf(a + b) 
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Chord Theorem for circle 


a” = «(2R — 2) 


Right Circular Cylinder 
V = Volume = (Area of base) (height) = (mr?)h 


Lateral surface area = 2arh 


Total surface area = 2arh+ 2(mr?) 


Right Circular Cone 

V = Volume = anh 

Lateral surface area = mr@=arVh2 +72 
height =h, base radius r 


Algebra 


(x + a)(2 +b)(2 +c) = 2? + (a+b+c)2? + (act be + ab)x + abc 
y)(a+y) 
y) (a? + ey + y’) 
=(e+y)(e* —szy+y") 
(a — y)(w@+y)(2* +”) 


If az? +ba +c=0, then « = — = 
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Binomial Expansion 


For n = 1,2,3,... an integer, then 
n(n — 1)(n— 2 
( ‘ie ) Jamel avr’ y” 


n(n—1 
(x+y)? =a" 4+na™ y+ ( i ) pn 2y2 5 


where n! is read n factorial and is defined 
n! =n(n—1)(n—2)---3-2-1 and 0!=1 by definition. 


Binomial Coefficients 
The binomial coefficients can also be defined by the expression 


n n! 


is an integer. The binomial expansion has the alternative 


where for n = 1,2,3,... 
representation 

—. n n n n-1 n n—2, 2 n n—-3, 3... n n 
(x+y) aes +(f)e y+(5)e y +( )a y +(")y 


Laws of Exponents 
Let s and ¢ denote real numbers and let m and n denote positive integers. 


For nonzero values of x and y 
1/ _n 
Sly ey (cee wl” =a 
x gt —ystt (xy)* =7 ys gm/n =vVr7r™ 
x —5—t x8 ae zr un es As 2 
x xs gp yl ay 


Laws of Logarithms 
If x = bY and b 40, then one can write y = log, xz, where y is called the logarithm 


of x to the base b. For P>0 and Q > 0, logarithms satisfy the following properties 


log,(PQ) =log, P + log, Q 
P 


log, OF =P log, Q 
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Trigonometry 
Pythagorean identities 
Using the Pythagorean theorem «x? + y? = r? associated with a right triangle with 
sides x, y and hypotenuse r, there results the following trigonometric identities, 
known as the Pythagorean identities. 


2 2 2 2 2 2 r 
Grae) =, 2 =) (=) +1=(*) —_ 
r r x 2 y y 
cos?@+sin?6=1, 1+tan? 6 =sec76, cot? 6+ 1 =csc 0, 


Angle Addition and Difference Formulas 


sin(A + B) =sin Acos B+ cos Asin B, sin(A — B) =sin Acos B— cos Asin B 

cos(A + B) =cos Acos B — sin Asin B, cos(A — B) =cosAcos B + sin Asin B 
tan A+ tan B tan A — tan B 

tan(A + B) =——______ tan(A — B) =———_____ 

sa ede 1—tanAtan B’ oa ) 1+tanAtanB 


Double angle formulas 


2tan A 
sin2A =2sin Acos A = — 
1+tan- A 
1+tan? A 
cos2A =cos? A — sin? A = 1 —2sin? A = 2cos? A— 1 = ——— 
1+ tan* A 


2tanA 2cot A 


tan 2A =——_—_ = —___ 
1l=tan’ A cot? A—1 


Half angle formulas 


_A 1—cosA + {+ 
sin — = + 4/ ———— 
2 2 =, | = 
A /1+ cos A a es 
cos — = =& a 
2 2 ae ee 
A /1—cosA sin A 1—cosA i 
tan — = qc Fe e— = ewe = 
2 1l+cosA 1+cosA sin A oes = 


The sign depends upon the quadrant A/2 lies in. 


Multiple angle formulas 


sin3A =3sin A — 4sin® A, sin4A =4sin Acos A — 8sin? Acos A 
cos 3A =4 cos? A — 3cos A, cos4A =8 cos* A — 8cos?, A+ 1 
3tan A —tan® A 4tan A—4tan? A 
tan3A = fa ee 
1—3tan° A 1—6tan* A+tan* A 


Multiple angle formulas 


sin5A =5sin A — 20sin? A+ 16sin® A 
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cos5A =16 cos” A — 20 cos? A +5 cos A 


tan5A = 


tan® A—10tan®? A+5tanA 
1—10tan? A+5tan* A 


sin6A =6cos° Asin A — 20cos® Asin® A+ 6 cos Asin? A 


cos6A =cos® A — 15cos* Asin? A + 15 cos? Asin* A — sin® A 


tan6A = 


Summation and difference formula 


A+B A-B 
sin A + sin B =2 sin( us ) cos( ie 
A+B A-B 
cos A + cos B =2 cos( ag ) cos( 5 y 
sin(A + B) 
tan A+ tan B =————__ 
pees cos A cos B’ 


Product formula 


6tan A — 20tan® A+ 6tan® A 
1—15tan? A+ 15tan* A—tan® A 


A-B A+B 


1 1 
sin Asin B =5 cos(A — B) — 5 cos(A + B) 


1 1 
cos A cos B =a cos(A — B) + 5 cos(A + B) 


1 1 
sin A cos B =5 sin(A — B) + 5 sin(A + B) 


Additional relations 


sin(A + B) sin(A — B) =sin? A — sin? B, 
—sin(A + B)sin(A — B) =cos? A — cos? B, 
cos(A + B) cos(A — B) = cos? A — sin? B, 


sin A — sin B =2 sin( ) cos( 5 ) 
A-—B A+B 
cos A — cos B = — 2sin( ) sin( 5 ) 
tan A—tan B —1n(A= FB) 
cos Acos B 
sin A+ sin B ‘ain asa 
=tan 
cos A + cos B 2 2 
sin A+sinB Het) 
=— co 
cos A — cos B 
A+B 
smA+sinB tant 2 ) 


sinA—sinB ¥ .A-B. 
sin A — sin B tan( : 
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Powers of trigonometric functions 


1 1 1 1 

- 2 2 

A=-~-—-—cos2A A=-~+-—cos2A 
sin 575 cos 2A, cos 5 + 9 cos 
eae? sin A — Sina ey ee cos A + 2 eed 
4 4 4 4 

3 CO 1 3 hl 1 

sin* A =~ — —cos2A + —cos4A, cos* A =~ + —cos2A + —cos4A 
8 2 8 8 2 8 


Inverse Trigonometric Functions 


2 T = =y1 -1 
sin-t+z =——cos tz sin-+ — =csc ha 
2 x 

_ 7 —_ 1 
cos ly =— — sin ly cos)! — =sec-! x 
x 
= ee ia -1 a4 _ 
tan oH 5 cot x gt CT oe 
x 


Symmetry properties of trigonometric functions 


sin@ = — sin(—@) = cos(a/2 — 9) = —cos(a/2+ 6) = +sin(a — 6) = —sin(a + 6) 


cos 6 = + cos(—8@) = sin(7/2 — 0) = + sin(a/2+ 6) = —cos(a — 0) = — cos(7 + 6) 


(—#) 
sec 9 = + sec(—0) = csc(1/2 — 6) = + csc(a/2+ 0) = — sec(a — 6) = — sec(a + 8) 
(—9) 


Transformations 


The following transformations are sometimes useful in simplifying expressions. 
1. If tan 5 = A, then 


; 2A 1— A? 2A 
Ae cosu = TAD’ ca eee pe b) 
2. The transformation sin v = y, requires cosv = \/1— y?, and tanv = — 
_—Y 
Law of sines 
a b c 


sin A - sin B = sin C 
Law of cosines 
a? =b? +c? — 2bcecos A 


b? =c? + a? — 2accosB 


C2 =a? + b? — 2abcosC 
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Special Numbers 


Rational Numbers 

All those numbers having the form p/q, where p and q are integers and q is 
understood to be different from zero, are called rational numbers. 

Irrational Numbers 

Those numbers that cannot be written as the ratio of two numbers are called 
irrational numbers. 

The Number 7 
The Greek letter 7 (pronounced pi) is an irrational number and can be defined 


as the limiting sum! of the infinite series 


Using a computer one can verify that the numerical value of 7 to 50 decimal places 


is given by 
T = 3.1415926535897932384626433832795028841971693993751 ... 


The number z has the physical significance of representing the circumference C of 
a circle divided by its diameter D. The symbol x for the ratio C/D was introduced 
by William Jones (1675-1749), a Welsh mathematician. It became a standard nota- 
tion for representing C/D after Euler also started using the symbol z for this ratio 
sometime around 1737. 
The Number e 
The limiting sum 


1 1 
qr ear 


is an irrational number which by agreement called the number e. Using a computer 


ae 
art 


this number, to 50 decimal places, has the numerical value 
e€ = 2.71828182845904523536028747135266249775724709369996 . .. 


The number e is referred to as the base of the natural logarithm and the function 


f(x) =e* is called the exponential function. 


! Limits are very important in the study of calculus. 
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Greek Alphabet 


Peet om 


By convention letters from the beginning of an alphabet, such as a,b,c,... or the 


Notation 


Greek letters a, 3,y7,... are often used to denote quantities which have a constant 
value. Subscripted quantities such as 70,21, 22,--. OY yo, Yi, y2,--. can also be used to 
represent constant quantities. A variable is a quantity which is allowed to change 
its value. The letters u,v,w,2,y,z or the Greek letters €,7,¢ are most often used to 
denote variable quantities. 
Inequalities 

The mathematical symbols = (equals), 4 (not equal), < (less than), << (much 
less than), < (less than or equal), > (greater than), >> (much greater than) > 
(greater than or equal), and | | (absolute value) occur frequently in mathematics to 
compare real numbers a, b,c,.... The law of trichotomy states that if a and b are real 
numbers, then exactly one of the following must be true. Either a equals }, a is less 
than 6 or ais greater than b. These statements are expressed using the mathematical 
notations? 

a=b, a<b, a>b 


2 In mathematical notation, the statement b > a, read “b is greater than a”, can also be represented a < b or 


“a is less than b” depending upon your way of looking at things. 
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Inequalities can be defined in terms of addition or subtraction. For example, one 
can define 

a<b if and only ifa—b<0 

a>b if and only ifa—b>0,_ or alternatively 


a>b_ if and only if there exists a positive number x such that b+ 2 =<a. 


In dealing with inequalities be sure to observe the following properties associated 
with real numbers a,b, c,... 
1. A constant can be added to both sides of an inequality without changing the 


inequality sign. 
If a <b, then a+c<b-+e for all numbers c 


2. Both sides of an inequality can be multiplied or divided by a positive constant 


without changing the inequality sign. 
Ifa<bandc>0, thenac<be or a/e<b/c 


3. If both sides of an inequality are multiplied or divided by a negative quantity, 
then the inequality sign changes. 


Ifb>aandc<0, thenbe<ac or b/e<a/c 


4. The transitivity law 
Ifa<b, andb<c, thena<c 


If a=b and b=c, thena=c 
Ifa>b, andb>c, thena>c 
5. Ifa>0andb>0, then ab>0 
6. Ifa <0 andb<0, then ab>0 or 0 < ab 
7. Ifa>0 and b>0 with a <b, then Va < Vb 
A negative times a negative is a positive 
To prove that a real negative number multiplied by another real negative number 
gives a positive number start by assuming a and b are real numbers satisfying a < 0 


and b < 0, then one can write 


—a+ae<=a ord<=a and —b+b<-b or0d<-—b 
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since equals can be added to both sides of an inequality without changing the in- 
equality sign. Using the fact that both sides of an inequality can be multiplied by a 
positive number without changing the inequality sign, one can write 


0<(-a)(-b) or  (-a)(-b) >0 


Another way to show a negative times a negative 
is a positive is as follows. Think of a number line 
x with the number 0 separating the positive num- 
bers and negative numbers. By agreement, if a 
number on this number line is multiplied by -1, 
then the number is to be rotated counterclockwise 180 degrees. If the positive num- 
ber x is multiplied by -1, then it is rotated counterclockwise 180 degrees to produce 
the number —zx. If the number —z is multiplied by -1, then it is to be rotated 180 
degrees counterclockwise to produce the positive number zx. If a>0 and b> 0, then 
the product a(—b) scales the number —b to produce the negative number —ab. If the 
number —ab is multiplied by —1, which is equivalent to the product (—a)(—b), one 
obtains by rotation the number +ab. 
Absolute Value 
The absolute value of a number z is defined 
z, ife>0 
el={ > if« <0 
The symbol <> is often used to represent equivalence of two equations. For example, 
if a and b are real numbers the statements 


ljr—al <b = -b<ar-as<b = a-b<urK<at+b 


are all equivalent statements involving restrictions on the real number z. 


An important inequality known as the triangle inequality is written 
jz + yl] < Jal + ly! (1.1) 


where «z and y are real numbers. To prove this inequality observe that |z| satisfies 


—|x| <a <|z| and also —|y| < y < |y|, so that by adding these results one obtains 
—(l2|+lyl)satyslalt+|yl or [e&+y| < lal +|yl (1.2) 
Related to the inequality (1.2) is the reverse triangle inequality 
|x — y| 2 |x| — |y| (1.3) 


a proof of which is left as an exercise. 
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Cramer’s Rule 


The system of two equations in two unknowns 


ayx+ By = ie ] re 
or = 
ae + Boy =72 a2 Bally "2 


has a unique solution if a1. — a2, is nonzero. The unique solution is given by 


nN At Oi Ae — 02/1 

i sega yal? 2! where OTS | = a1 82 — 0291 
ay By a, Py 4 
a2 Pe a2 Pe +01 Be 


is a single number called the determinant of the coefficients. 
The system of three equations in three unknowns 

aya + Pry t+ yz =01 

ax + Boy + 72z =d2 has a unique solution if the determinant of the coefficients 


a3x + B3y + 3x =03 


aa Bi i 
ag 82 Yo) = a1Be73 + Pry2a3 + 10283 — a3 8271 — Gsy201 — 730282 
a3 B3 3 


is nonzero. A mnemonic device to aid in calculating the determinant of the co- 
efficients is to append the first two columns of the coefficients to the end of the 
array and then draw diagonals through the coefficients. Multiply the elements along 
an arrow and place a plus sign on the products associated with the down arrows 


and a minus sign associated with the products of the up arrows. This gives the figure 


The solution of the three equations, three unknown system of equations is given 
by the determinant ratios 


ij A Nn a oO a, fy Oy 

dg Bo Ye az 02 Y2 ag By 2 

63 83 ¥3 a3 03° 3 az (3 03 
t= Y= i 

on Py NY Oe Pr AH ar Br Fi 

ag Bz Ye ag Ba Ye ag B2 Ye 

az 23 13 az (3 3 az 23 3 


and is known as Cramer’s rule for solving a system of equations. 
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Appendix C 


Table of Integrals 
Indefinite Integrals 


General Integration Properties 


dF (x) _ _ 
1. If —— 


2s it [so f(a x)+C , then the substitution x = g(u) gives co g (u) du = F(g(u)) +C 
_ ES x du _ _ _, uta 
For example, wtf Pip qian r ~ +C, then luo = g tan a +C 


3. Integration by parts. If v(x) = f o@) dx, then J eavo) dx = u(x)v1 (x) — f '@ou(e) dx 


4. Repeated integration by parts or integration by parts. 
If v1 (a) = f v(a) da, va(z) = f v(x) dz,... = f vn—1(z) dz, then 


[ wow(o) dx = uz — u've + u"'v3 — ulug Fe + (-1)" un + (-1)” / u™ (x)n(x) da 
dD. If f-'(x) is the inverse function of f(x) and if / f(x) dz is known, then 
[P@a=ae- [toe where z=f '(x) 
6. Fundamental theorem of calculus. 


If the indefinite integral of f(x) is known, say 
[io f(x) dx = F(x) +C, then the definite integral 


b b " 
‘ aA= [ f(a)de = F(a), = FO)- Fa 


represents the area bounded by the x-axis, the curve 


y dA=f (x) dz 


y = f(z) and the lines x =a and x =b. 


7. Inequalities. 
b b 
(i) If f(x) < g(z) for all x € (a,b), then / f(a) da < / g(x) da 
(ii) If | f(z) < M| for all « € (a,b) and f” f(x) dx exists, then 


x) dx < [ fe)de< MO~a) 
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u'(a)u(x)—u(ax)o'(e) , 7 u(x) 
ulate) (ay! * 
ul(x)o(x) ~ ule )u'() pant UO) 
a (ar) a (a) Ne u(x) oe 
u'(x)u(x) —ula)o'(w) , Z u(a) — v(x) 
Bay ee 2 eyo)! tO 
ae = In|u(e ae 


So a Re ee 


u(x) da =a] aera +a 


Pegi) A anes 
(a) tate 5 = tse MH YG 
w(a)de Ly Bula) 

Fi Pua = ape te 
u(a)dx 1 Pe psa a Bic 
(a) — B ~ Bap aula) +B 


x 
— tan — 
fen v= | he u= tans 


: | teina)ae = f rth. u=sing 


1— 4 du x 
. d. =2 ——7 __ =t — 
[enn x i ee eS 


J fi (cos ’) -- fim U = cCoszx 


f(sin x, cos x ae V1 — wv) (es u= sina 
Tae 


» fae, 
. f te, 


2u  1-w du 
fg dx =2 ie 
iraees x [( Ss) 14+ u2’ 


Jat Br) ae=— (= a udu, 


2_ 4? Veta F)de=a f I (asin u,acosu) cos udu, 


z) + a)(u(z) +B) _ fe 
Iw u(x [=a ae (x) + a)?” 
"(x) dx 1 u(x) 


ta . 
u = tan— 
2 
2) a 

ui =at Bax 


xz =asinu 
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General Integrals 


28. euade=e f w(x) az 29. fice Se aan a 
1 
30. ico u (2) dt = 5 | u(x) |? +C 31. [lwo) dz = ico dx — fo dz] 
’ [u(a)|"** " ; 
32. few (x) dx = er 33. ee = u(x) o(a)- fu (x) v(x) da 
n 
, ' u'(x) 
34. [F [u(x)] w(x) dx = Flu(x)| +C 35. IF ie) dx = In| u(x) | +C 
uy! 
7 dx = = 
36 |sme Vato a7. p er 6 
n+l 1 
38. [ea=2 +0 39. [eae In| x| +C 
n+1 £ 
AO. petuar= 1 ug Al. pew ee ees, 
Ina 

A2 [ snuu! dr =cosu +c 43. = dx = —sinu+C 

4A, [ tenuu! dz =n | secu | +C Ad. [cotwa dx = In| sinu | +C 

46 [ secuu! dz =In | secu + tan | +C AT. [escun! dx = In| cscu—cotu| +C 
48 [ suhuw de = coshu +6 49. jf costun’ dz = sinhu+C 

50. J tenhuw de = mncoshu + C 51. fcothun’ dx = Insinhu + C 

52 [ sechuw' dx = sin~'(tanhu) +C o3. [cschuw' dz = Intanh 5 +C 

1 1 1 

54. [sv walde = Su ~ Fsin2u +c 55. [ cos" UU eee 
56. te? wu! de = tanu—u +0 57. [cot? uu! dx = —cotu—u+C 
58. [sccfuu! de = tanu +c 59. [oe wu dx = —cotu+C 

60. [sub uu de = jsinh2u— 50+ 61. cost? wl dy = ZsinhQu + 5u+C 
62 tant? wuld =u tanhu +0 63. cot? wu dx =u—cothu+C 
64. [sccntuu' de = tanhu+C 65. [oescn? uu dx =—cothu+C 

66 [sccutanuu! de = seou +C 67. J escucot wil dx = —cscu+C 
68. 5 sech utanh wl dx = —sechu+C 69. J esch ucoth uu! dx = —cschu+ C 
Integrals containing X =a+bz, a-4¢Oandb~0 

70 xXnrri 
X” dx = ———~ —1 
| Cee 
m xXnrre axl 


n+2 a—be 
(a +c) + al 


72. [Xtand = 
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(g+o)" nile @ 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


1 Xnrrs 2aXrt2 az xXrtt 
2yn 
X"dx= = = | tafe 
fs v= 53 - n+2 n+1 |+ 
n-lym 1 nym am n-lym-l 
a X™ dx = ae x™ + gx dx 
n+m m+n 
x™ 1 xmti m—-n+1b x™ 
= —— Fi aac ol dx 
gti na x n a xe 
dx 1 
+= -mMx+C 
at hace 
x dx 1 
[+ H (X? —4aX + 2a?In| X |) +C 
=— _ n 
xX 2B . “ 


a+ 2bx 


azxX 


~ B83 


a+ 2bx 
azaX 


2b. xX 
+Sm|2|+e 
a x 


2b xX 
a x 
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O28 | 


90. ee 


/ dx —b 2b 1 3b XxX 
w27X3 2a2X = =6ah§X) aa at - 


dx 1 -1 a 
1. [= Sm 12 
2 x ~B|@onx?  wopxa| tO Fl 


92, [=e _2 


x? dx 1 —1 2a a? 
ars 3x3 * (2X? ao oe Vee 

93. [vXa- axe +C 

94. [ev¥ar= = - aa (Sb2 gx AC 


(8a? — 12aba + 15672?) X3/2 +. C 


Be: [evee = = 56 


96. [Aacawk taf 


97. [ae bpe 


gs. [#2 =2vK+c 


Vx 8 
x dx 2 
x dx 2 2 2.9 
100. — — dabs + 3b?x?)\/X + C 
VX — Ja 
— ln | | +C\, a>0O 
101. {= - va V+ Va u 
we tan *+¢ a<0O 
= 2) 
VX 


2 2na 
1 , / IX dr = n 3/2 _ / n-1./X gq 
03. J vXde (Qn+3)b- Qn+3aye/ 7 VX de 


gn (n—l)az™-1) QAn—laJ art 


mye 
105. [ortxe ae = = + il [oroxase 


m+n mtn 


ae ia, —_ 1b f x” 


gmt max” m afl xm 
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107. [eat fS de 


Integrals containing X =a+bar and Y =a+ fa, (b40, B40, A=aB—abF0) 


108. |= =| >| +C 


109. |-s [Fin| x|-Simiy |] +e 


110. Ee fx mix + Se n|¥| +C 
111. say x (zt Emlzl) +e 
112. f 22 = - Silgl+e 
113. oe pax te [pars SO 4c 
114. | o= 30+ Fin|z| +0 
115. [vat vas a 
116. foams pope ee |e 
oe. Pe ravi nt NE AB <0 
YVX if 


BVX — /RB 
In le ragl t Co AB>0 


VAB 
[/—BX 
A aa ER Gh, bG <0, bY >0 
i — 


_ XY anh— ee + Co, bG>0, bY >0 
ie Vw 
x dx _ ! Ry (ba + af) 
ue vay 7 opy*Y 


JY a! A dx 
120. [Ree 5VRY - 5 ooe 


dx 
121. [Aa-2 avE+5 wz 
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Integrals containing terms of the form a + ba” 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


/ dx b 
a+ bx? ~— 1 


2 —ab 


In 


1 b 
—— tan! [bo +C, ab>0O 
Vab ( a 


at v—abe Be es abZd 
a— /—abx 


x da 1 2 @ 
i = 5, Inle + zl +e 


at bax? 


7 x? dx _« + | dx 
atbx2 b bj atbz? 


/ dx _ x 
(a+bx?2)2— 2a(a+ br 


/ dx 1 1 
——wm~ = — ln 
x(a+ ba?) 2a 


/ de 1b 
z2(a+br2) ar aj at+bz? 


x 
a+ bx? 


*) 


2 


x 


zs 1 i dx 
2a J} atbax? 


+C 


dx 


7 dx er! ie 2n—1 / dx 
(a + bx?)"+1 ~ 2na (a + bu?)” 2na (a + ba?)” 


dx 7 1 _, {20x -—a 
[=a [avian ( V3a J+ 


/\—> aoe favatan~ (=) —In 


e+ B23 bap 


If X =a+ be”, t 


/ 1X? dy = 2 > 
m+ pn 


m XP 
[ere2 dz = ——_—___ + 


~ an(p+ 


mes dz = 


am 


hen 


+1 


D 


gim—n Xpri 


b(m + pn) 


gm Xpri 
[or txr de = 2 | 


m—n vprl 
dei eS 
fe "~trniptl) inp+)) 


m XP 
jee dx = ~— - 
m 


bpn 
m 


V3a 


Pf gmt x de 
m+ pn 


m+pn+n / gm-L Pt] der 
an(p + 1) 


(m _ n) a peg dix 
b(m + pn) 


meen ETE foment x? de 


am 


m—-mn 
eae dz 


gmtn—-lyp-l dz 
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Integrals containing X = 2ax — x”, a0 


137. [ VXar=" 59 Vx4 2 an = - 


[al 
138. [s ge (——*) Lo 


139. [eva = sin (=—*) +C 


140, [28 a-V/e eae (——*) 4O 


VX la 
dx r-—a 
141. [Sy -TEte 
(Ao: ee ee 
| XR aK 
1A3., file 


x 2a x — 2a 


144. Ae Ale +C 


xX 
dx 1 1 1 & 
145. — = -— —- — + — In| |4+ C 
X? daz 4a?(a — 2a) er Sl aesoal 
dx 1 1 Ai 
14 . — = —-——— —— [4 | 
xX? 2a(x — 2a) + Te nleoge 
1 2n+1 
147. | rvR ae = — x0? 4 COE PV Ra, n#—2 
n+2 n+2 


/ = 
148. eee s zie = eis n# 3/2 


xz” (3-2n)a x” (Qn—3)a f ar-l 


Integrals containing X = az? + bx +c with A = 4ac— b?, AHZ~0, aFO0 


ag — =) 


V—A 2ax+b+V7—-A 
d 
149. [=- ete FO A>0 
1 
A= 
a(a + b/2a) ee " 
dx 1 1 
1 . [S-s a aa 
50 xX 2 | | 2 xX 


adx 2 b 2ac—A f dx 
151. / =2_  mjxj+ oF fo 
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152. 


153. 


154. 


155. 


156. 


157. 


158. 


/ 
/ 


159. 


160. 


161. 


162. 


163. 


164 


165. 


166. 


/ 


/ 
oy 
/ 
/ 


dx 1 =| b dx 
aX 2% 'X' o¢f xX 


dx b 1 XxX 1 es 2ac—A f dx 
= n 
a27X = 2c? x2 cx 2c? xX 


dz bu+2c_ 6 dx 
X2- AX A} xX 


a Sls 
xX2 AX AJ xX 


wdxz  (2ac—A)r+be 2c [dx 


x2 aAX TRI X 


dx _ 1 b dx +f dx 
uX2 2X 2%) X2 cl} «XxX 


dx 1 3a dx 2b dz 


r2X2 3 ca X Cc XxX? Cc xX? 


1 
—= In|2VaX + 2axr 4+ b| + Ci, a>0O 
Ja 
dx 1.4 (=) 
—— = ¢ —=sinh + Co, a>, A>0 
Vx |) va VA : 
1 2 b 
esi aa) +05, a<0, A<0 
Bae je b dx 
JX a 2a VX 
x? dx x 3b — 2b°?-A dx 
— _—_—-_- XxX ——_—__ — 
4/X (= =) = 8a? VX 
1 2VcX 2 
—— nf eae, es0 
Je x x 
dx 1 _1 (ba + 2c 
= ¢ __~ ginh C. 0, A>0 
aX aa (=e) + 25 c> JU, > 
1. _, (bu + 2c 
——— Cs, <0, A<0 
Jaa (=>) + 3 Cc 
dr  vVX | dx 
eVvX ca 2%) x/X 


1 A dx 
X dx = —(2ar+b)VvVX + — | — 
VX dx q, (at + \v Te Fz 


_ 1 ys b(2ax +6) bA dz 
av X dx = aa a VX ae: VX 


—5b 4b? — A 
pe dine Oe re [Xa 
a a 
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167. [Suave+t ae 
168. [xa =-% 1, _ +i fs 
169. |, = a + 

170. oe Sec 

171. a. vr 
172. /=-= as 
174. ee 

175. | aan taae (x+E) +e 


+ 2 
176. [XVXae = Car LVx(x+ =) + — 


2 3 
177. [ev¥a = Gar +O) yx (xe at, gee ) hoe a 
a 


16a 128a? 1024a? J JX 
dx 2(ba + 2c) 
XV X AVX 
179 adx  (b?—A)x+2bc 1 f dz 


XvK wave ai Jz 


X?VX 2b 
180. [exvX ae = Ba x | XvVXae 
181. ic Vax? + bx +c) dx Try substitutions (i) ax? + be +¢ = Va(x + 2) 


(ii) Van? + br +e = x2z+/cand if ax?+be+c = a(x—21)(4—z2), then (iii) let (e—a2) = z?(a—21) 


Integrals containing X = a? + a? 


1 1 1 Vx? 2 
182. /< = — tan™ "+0 Or Seer! "O_O or Zag"! ore +C 
a Va? + a a a 
183. fi taxso 
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034 


2 
1642, (2 a ga ee 
xX a 
3d 2 2 
185. —— = > - = hale? +a7|+C 
186 {3 Li 2 
: — = —lh|— 
aX 2a? Xx 
dx 1 1 x 
187. ; ee 
87 2X atx ae ee a 
dx 1 1 x? 
188. | seo-ue a! nal 
88 ax 2a2x2 Ss 2a4 ny a 
dx x 1 x 
1 . —_ = ——— — t SL ek 
89 m oex og a" 
dx 1 
190. / {= --— 
90 re are 
2 dx x 1 x 
1 1. EE hao — ft 1 
? x? og gf 
adx a? 1 


dx 1 1 v 
193. /Som 1 wiZiee 
BX? ~ dex + agi Mix! + 


194. |= = — sos ten 2 +0 
198. fy --sha- sax J lnje|+0 
196. = et pe t pet tite 
197. f Seager eee | eT 
108: (9% 222 4.26 


dx 1 1 dx 
1 ° l= = SS =/ — 
oe aX” 22(n—1)a2xr-! 7 a2 J axXnr-t 


Integrals containing the square root of X = x? + a? 


2 
200. [ VXar= 30x + Dinle+ VX|+0 
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201. 


202. 


203. 


204. 


205. 


206. 


207. 


208. 


209. 


210. 


211. 


212. 


213. 


214. 


215. 


216. 


217. 


[evEae= 5 a NG 
[eve a= 7oxe?? — 


[evE a= 5 oes 


1 2 
gvaVX — —Inje + VX|+C 


a? 
2 x32 4.0 
4 


[Aaa ve-anitt 4) +0 
x x 


[Sae- A tines ve +0 


a 
VX VX 
oS eee mn 
x3 Qn? 


d 
zo Inje +VX|+C 


ae nvE+C 


ate 


|+C 


or sinh-124+¢ 
a 


2 2 
[- oF = EVE-Linje+ VX|+0 


VX 


3 1 
[- oA? RO 


VX 3 

/ dx oe anes 
a/X 7 

/ dx VX | 
weJ/X aa 

/ dx _ VX x23 
g/X  2a2x? 28 


|+C 


atl xX 
£ 


In| |+C 


1 
[Pde = 7X8? + Fate F + Fat tn|a + VXI +C 


[xP ar= Ex? +0 
/ 2 3/2 1 L572 
ui xX aod _ 


pexr da = axle - 


1 1 1 
age axe? - Tt vx - 7 In|a+ VX| +C 


5a? xe/? omy a: 
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xa 1 VX 
218. dx = X82 4 2VX — a m|\p “4 ) 4.¢ 
x 3 x 
xX3/2 xX3/2 
219. } 5 dx = — + SVX + 50In|x+VX|+C 
x 
xX3/2 xX3/2 3 3 
220. / A de = 9 + 3 VX Sam2 4 )\4¢ 
dx x 
x dx —1 
209. [wart 
7 ae VX 
, xan — yx tinlet+ Kite 
x dx =. a 


X32 Q2/x a n 


295 fi dx 1 Ly = 


226. [sSp--E- 720 
x2.X3/2 atx at/X 


d. —1 xX 
227. /[s=-=S se es r/o tVvx 
e3X3/2  9q272,/X Yat/X 2a 


228. | flevX)de=a f flatanu,aseeu) sec2udu, x =atanu 


Integrals containing X = 2? — a? with a? > a? 


d 1 — 1 1 
229. /e-u™ (=) +C or —-coth=2+¢ or — tanh 2+¢ 
a a a a x 


xX 2a a+ 
230 [i agexte 
xv? dx a 
231 / set Gi i+0 


3 2 2 
232. [- =F 4S mix|t+e 


233. Jaen" 2126 
a ge 


234. [= gE ate ag 
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235. 


236. 


237. 


238. 


239. 


240. 


241. 


242. 


243. 


244. 


245. 


Integrals containing the square root of X = «x? — a? with «x? > a? 


dx 1 1 x? 
en 
[= 2a2x = 2a4 a 
dx —x 1 ra 
pee ee C 
xX? 2a2X §=4a3 leat 
x dx —1 
BOI a 
xX? ax * 
2 
adx —2£ 1 r—a 
=> — + —] 
Yo ox ag eee! 
edz —a? 1 
——— = —+—ln|xX]/4+C 
x? — ox tg lAl+ 
dx —1 1 x? 
pe 
[= Dax + Qge BIZ! +e 
dx 1 x 3 r-—a 
ee ee | 
/= atx 2a*X 4a> 2 rere ee 
dx 1 1 4. 1 1 4c 
a, ee — In|— 
a3 X2 2Qa4x2 a4 X af XxX 
dx —x 2n—3 dx 


cdx —1 +c 
XX” 2%(n—1)xXr-1 


/ dx —1 =| 
zX” 2%(n—1)a2X"-1 gt f eXr-1 


X” ~~ 2(n—1)a2X"-1— B(n—1)a? J XP-1? 


dx 


2 
246. [VX ae= 52VE - Fine + VE 40 


247. 


248. 


249. 


250 


[evXar= 5x? +c 


1 1 
[ever = aa + ge xe? +C 


xX 
. | yeeaVE- asco |Z +0 
av a 
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n>1 


1 1 = 
[tv de = pex8? + Sav XS nlx + VE|+C 


537 


938 | 


25 1. [ae- um Injx + VX|+C 


x? x 

Xi VR ye Det 
252. [ae--S Baer Pee 
953: | “2 ninety eo 

JX 


254. ani ve +c 


255. TS = SVX + Sint VXI+C 


256. [= = 5X9? -aVE+0 


257. [= = ae el +C 
a a 


nV 
dx VX 
258. {== +c 


dx JX 1 x 

259. |= ge ge eget 
59 w3VJ/X  2a?x? - 2a3 = IZ re 

260. fxde= 2x09 BetwvF 4 Sutinle VRC 

261. por ee oe +C 


1 6 
262. [exe dr= ix X87? 4 a? X8/? — qove + Sine t VR+0 


1 1 
263. jem? dx = = ee + ga xe? ag) 


a 
264. axe? aX +a sec! |=|+C 
a 
xX3/2 xX3/2 3 3 
265. pe ar dt = + 52VX — 5a*Injo+ VX|+C 
xe xe 8 3 z 
2 ° / dx = —-VX _ ee | 
66 =a de sar 50sec Ite 
dx x 
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269. 


270. 


271. 


272. 


273. 


Integrals containing X =a 


276. 


277. 


278. 


279. 


280. 


281. 


282. 


283. 


/ 


/ 
/ 
/ 


/ 
/ 


xcdzx — —1 C 
xen xt 
x? dx x 


xe x Vet 


C 


x dx 
TEs =VX4+In|jx+ VX|+C 
dx —1 1 1,2 
EX3/2 => BIE a |-I +C 
dx _ VX _ x “Cc 
a2X3/2 0 Ag 4, /X 
dx 1 3 3 apt 
PX3  99292/X  AJX 20” Eee 


dx 1 a+az 
274A. [S-an(S 


275. 


2 


— x? with 2? < a? 


oO = —SinX +0 

sa =-2+$mn|“|+0 
= =—f0*— SF mixi +C 
= sallZl+e 

= + anlEl+0 
Spe tpeltti+e 
ee =a te 

oa eae 


1 
)+e or -tanh2 +c 
a a 
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540 © 


x dx a? 1 


2 
285. /= eee ee ae, 


aX? 2a2X = 2a4 x 
dx 1 x 3 a+2 
286. = 5 ++ = Jn) | — 
86 a? X2 Ge Dee ae er a 
dx 1 1 1 x? 
2 e — = — ——. a —] ibaa 
87 x3 X2 2a4 x? " 2a4X " a n| ra a 
7 a ee ec 
XX” An—1)a2?X"-1 — An-1)a?2 J Xr-! 
d 1 
289. ete OY g 


X” ~~ An—1)xXr-1 


dx 1 1 dx 
290. f= ta fa 
ae aX" 22%(n—1)a2xXr-! s a J ~xXn-t 


Integrals containing the square root of X = a? — 2? with 2? < a? 


2 
291. [VXae= 5eVE + Sst +0 
292. [evFae=-3x57 +0 

2 l 3/2 1, 14-1 & 
293. x VX dx = —7aX + 34 aVX + 3% sin. —+C 

a 

294. i i x a ae - sarxs? +¢ 

xX xX 
295. [ Sae=v¥-amjt +0 


296. [Fa- a= ~sinZ 40 


Jx JX 1 4+ /X 
207. fee ee |+C 
x3 2x2 2a Ll 
298. [ “2 =sn 240 
JX a 


299. [2@-~_vxic 


Appendix C 


300. 


301. 


302. 


303. 


304. 


305. 


306. 


307. 


308. 


309. 


310. 


311. 


312. 


313. 


314. 


315. 


316. 


/ 


/ 


1 
ja dx = qewer + saavX + a4 sin! is +C 
a 


|+C 


x? da i a? i£ 
_—_— = -— xX — gin — 
Tk sav X + > sin Pees 
adx 1 
=1x32_gV/X+0 
VX 3 
dx 1, ames 
=-—-—Iln 
av xX a x 
d xX 
de _ VX 1G 
2 /X are 
dx VX 1 


e3J/X ~  De2a?  Da3 


at+tVx 


In| 


x 


1 
[ 2x8? do=-2x*? +C 


1 1 1 a® r 
2y3/2q,,_ +, y5/2 2,, 43/2 4 1h 
pex dx gr* + 34% aX + 75% av + 7, sin ne 
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1 VX 
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317. f aya-- te tag t? 


dx 1 3 3 a+/X 


318. /s=- os Soe 
PR? 94342 (Rat VX 2a 


Integrals Containing X = 2° + a? 


dx 1 (2 +a)? 1 _, {(2x-a 
319. [Sa xX I+ aa tan V3a +C 
dx 1 xXx 22 — a4 
20. / —==—m|——, zs 
320 aoe ae tan (==) +e 
2 
991. | eines 
xX 2 


322. [2-4 aaa 


dx 1 1 xX 1 _, (2@-a 
323. fee we" le ( 3a )+e 


dz x 1 (x +a)? 2 _, (22-4 
324. en | tan! 
i sek of x Rae ie 
dx x? 1 XxX 1 22 —a 
325. Se hy a et C 
xe = 30x t Teat “Grae! t syaa0 a 
x? dx 1 
326. os Ser 


3 
327. | Serer tt yeigire 
a 


dx 1 x? 4 a dx 
328. / Ear RIO 
x? X2 ax 3aSX 3a® xX 


dx 1 9a®°x =15a?a _1/2@—a 9 9 
329. Sosa |S+ ¥ + 10V3 tan ne )+10ln|x2 + a] — 5Inja* —ax+a*|}+C 
Integrals containing X = 2* + a4 
d 1 xX 1 2 
330. f= inj —_* —_j-_* tan (-¥02 ) 4.6 
X 4/203 (x? — /2ax + a2)? 2/203 x*—a 
dx 1 x? 
1 festa tt (4S 
33 X 5a2 an a2 +C 
2d 1 xX 1 2 
Cy Ae ee fr ec I 
xX 4/2a (x? + \/2ax + a?)? 2/2a z*—a 
xdx 1 
. = —In|xX 
333 t= tmn[x|+e 
dx 1 xt 
d 1 1 2_ /2 2\2 1 2 
335. 7 ei a ce cai san | ¥20%\ 
u2X atx /24a5 xX 2\/2a5 x? — a? 
dx 1 1 x? 
: he re ag! [Se 
336 |= 2atx? = 2a® a (=) +e 
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dx 1 rL-a 1 1/2 
337. f Fa qalnlecal- gate (Z) +e 
xdx id, x? — a? 
aa a alee re ead 


2 = 
339, f 2% — 7 mnj2—") 4 Stan (2) +0 
+a a a 


xX da x 2 
340. [2 =! mixlec 
. xX ~ 74 n 
dx 1 xX 
341. J=-a! a 
aX  Aat nl are 


d ee - 1 
342. Jamo mtpes “| + se tan (=) +c 


d 1 il 2_ @? 
343. |= oe ae 


aX  2atar? dao '? + az 
344. Jeepers tte 
345. | peer jie ee 
346. fog -powt tte 


dx _aeucd [x 
347. las = 2sin a +C 

dx -_ deel [x 
348. laa ™™ oe 


dx _ a 
349. laea = 2cosh +C 


dx _ _, /b+2 
350. woe oe a>z 
dx _; /@-—b 
351. /oaoeoae™ ar a>a>b 
ies / re 2tanh7* ,/22+Cy, a>b 
(@+b)@+a) | otann- ,/2424+0,, ac<b 
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dx 1 . _, fa” 
353. —_ = (=) +C 


354. / ao dx = (22 — a2 + acosh}=+C 
Va-a 
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355. 7 SE deg 4) ae 
Va-2 a 


= 2 = 
356. [oo e=So0 (2+ Ly ee) a>« 


2 


2 
E 2 
357. fa f2?® eo“ an 24 eae 
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a—-x 


358. [ere ot dn = (+040) PP + 5(2a+5)cosh 2 +0 
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3909 =Inja+at+ V2ar+27/+C 


dx 
; / V2ax + x? 


peVaa e+ in| Var + Jaa? +a) +0, a>0 
saVax? +co+ ert sin”! (/=:) +C, a<0 
361. [Vy prmenpawte- ivi +e 
1l-az a a 
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x od _1 | (a? + c?)a + (ab + cd) 
302: ; (az +b)2+(cx+d)2 ad—be oe | ad — be 


360. [vV@ +edz= 


|+e ad —be £0 


dx _ 1 (a+c)x + (b+d) 

363. J ways es" ea i+e ad =nee 
x dz _ 1 _1 [ (a? + c*)a? + (ab + cd) 

364. f Caper rer te ett 
d a oe, oe ae 

365. f cpa oe (gee Spe g) + 


(x? + a”)(x? + 6?) = 1 (a? — c?)(b? — c*) an-1 2 (a? — d?)(b? — d?) 
366. [de a0} ay [RO ta 2 


ax? +b — 1 fad—be -4 c 1 (af —be -4 e 
867. fares y= ya Gams)" (V5) + yep Gaae) we" (9) +9 
2a*x? + 2ac + b? — by/b? + 4ac 
2a2x? + 2ac+ b? + bv b? + 4dac 


+C, t?+4ac>0 


368. / a |: 
: (ax? + ba +c)? +(axz2—br+c)? — 4b\/b2 + 4dac 
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+ a) 
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—b 
=2tan!,/= +C 
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dx 


1 ac — Ge 
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-1 


(F 
C 


JS eo (a? + 7?)2 + (06 +78)] |g 
(ax + 6)? + (ye+6)? ad — By ad — By 
i x dx oe eel (a? + b?)a? — (a4 + b+) we 
(a2 +b? — 22),/(a2 — 22)(x2 — 62) ab (a2 — B)(a2 + — 2) 
/ (a + b) dx _ 1 waa x tes. b cosh72 v2+¢? 
(c2+a2)Vr+O Ve—e e+ar  aVvat— ae 
px+q Pp 2 pb 7 dx 
ee Ania Sey | ae eats ees 
[7S ay) nee tort e+ (4 ) ax? + br +c¢ 
= 2 2 2 2 2 _ 
[74] o) fp 2 get ca ce Ca aveae ve ig 
(a2 + ax +22) /Sx Ja V/3a V3a V3a 
1 1 
[arava +22drz= 5 (20 + 3ax + 2a7)s/a2 + x? + 5% sinh” ' +C 
x? +a? 1 axV/3 
—_— —; dz = —= tan ~— + C 
[=e ° aV/3 eae 
x? — a? 1 x? — ax +a? 
d — C 
|= @et+at  2ae ieee 
1 
382. J snarde = —~ cosar +C 
1 
383. [ esinar de = 5 sinaz~ cosaz+C 
a a 
2 2 3 
384. [? sinaz dr = — x sinax + (=- =) cosax+C 
a a a 
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385. xz? sinax dx = (= -5) meres) cosax+C 
a at a a 
1 —1 
386. sinax dx = a cos ax + <0" lsinar — me fe sinax dx 
a 
3.3 5 pd Cant (=e gents genet 


Grit-Gnep! 


ye 
a 
387. [pe - oe ee ax based 
[> 
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388. nee de =—Zsinar+a f ae 
x 
1 
389. sae pe cos ax — a7 sinar — ¢/=s dx 
2x Qn? 
sinax sinax a cos ax 
e d = -— ——. ——d 
a) , an (n—1)ar-t 7 n— e grat 
d 1 
391. / SY = =In|escas — cot az] +C 
sinaxr a 
dx ae x? Tax? 2(227-1 1)8 q2rtly,2ntl 
392. ciao pc ec RS ea, ca J A EN (NT 
gin az ae ge epg Qn+D! is lel 


where %,, is the nth Bernoulli number 8, = 1/6, 82 = 1/30,... Note scaling and shifting 


dx 1 ax Taex? 2(2?7-1 — 1)8 q2rtly2ntl 
393. / ee ee si es cig 
x sin ax ra 6 ig 1080 eet (2n — 1)(2n)! a 


in 2 
394. [oe ax dz = ~ — = +C 
2 4a 


2 9 e 
395. [esin® ards = 5 — SSRs _ eer +o 


3 — 6a7z") sin 2az + C 


1 1 1 
396. [ots ax dr = - 7 cos 2ax + 55 5 ( 
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397. [oe az dx = ee + = = +C 
a a 


1 
398. [esin’ ax dx = ——x cos 3ax — 
12a 


: sin 3 a cos ax + : si +C 
IN dav — —2 ax —~ sInazxr 
36a? 4a 4a? 


3 sin2ax sin4axr 
a4 Rie a 
399. [om ax dx = 3? qa + 3a +C 


AOO. / ge = ~<cotax +0 


sin? ax 
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sin* ax a a 
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— — In an — 
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_ — cos ax | dx 
sin"az = (n—1)asin”- lax n—-1/J sin” ar 
T ax 
=¢t (+-=) C 
1—sinaz a 4 2 = 
2 t 2)-—1 
oe ryt ee anioa 2) |+e a> 
a—sinaxt aqv/a2—1 az —1 
x dx a (< of) 5 in| (< VLC 
——————— a — | — a coe 
1—sinaz 4 2 a eh 4 2 
dx T ax 
—___ = --t (7-=) C 
+ sinax a oes 4 2 i 
d. 2 1 t 2 
a et eee Pealen2) eC asi 
+sinar av/a2—1 a* —1 
x dx c. T a) 4 = n|si (< fy \+0 
—— = - ta a a eee = ash Se fees 
+sinaz a . 4 2 a2 mee 4 2 
dx 1 
———_— = — tan J/2tanx) + 
+ sin? x J2 2 et 


=tanxz+C 
1—sin? x 
1 T ax 1 T ax 
= fon(§-$) eh (E-$) +0 
os Ge Ga a 
i (5 ~) or Ze f\ +0 
—— tan (— — —) — — tan’ | — —- — 
oo 2a 4 2 6a 4 2 
: t at t + )+C 
an an — 
arv/a2 — B? i 2 
da _ 1 i atan$ +B —V/? — a? fe 
Ui o_O eee 5 
a+ Bsinax ay/ 2 — a2 atan2 +6+./B— a2 
1 ax sw 
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aay/a? — 3 


1 [52 — 
tan! cae tn) +C, a? > 
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d 
a* — B* sin” ax 1 in V 6? — a? tanar+a LG. shox 
2aay/ 3? — a? 3? — a? tanax — a 
1 
417. po ax dx = —— sin” “tarcosar +" f sin” 2 ax dx 
an 
418. |= — cos ax “= | dx 
sin" ax (n—Il)asin™ tar n-1/J sin”? ax 
1 
419. ie sinax dx = ——2" cos ax + * fa" cosan da 
a a 
420. | RS ee = 504 F* tam (Fe SZ) +0 
l+sinax a 4 2 
+ b-— d 
421. /* ee ee af a 
+ bsinax b b a+ bsinax 
422. /—- _2 ol peer 
| — A. B+asinaxr 
Integrals containing cos ax 
3. | cosarde = ~ —sinax+C 
1 
424. fe cosa dr = — cos ax + = sinax +C 
a2 
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425. Jat cos az dx = = cosa + (= -=) sinax +C 
a2 a a 
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a a a 
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427. [fe _1 ata’ aa ae? 40 
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Z COs ax aoe 4 a 96 * 
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=-—-cot—+C 
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a =-- cot = + Sin|sin=|+C 
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d 
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=-—-cotar+C 
Ss a 


Appendix C 


549 


990 | 
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450. lames a ™ Ste a te 
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—_____ tan! e2P +C, 
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—_———— tan ——— : 
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a? — 9? cos? ax 1 1 atanaz — / 8? — a* 
—___—- In 
2aarv/ 32 —a? j|atanar t+ ./ 82 — a2 


(n—2) ag t a2 
456. /—= = Os A + en [oor axdzx+C 
cos” ax (n—l)a n—1 


Integrals containing both sine and cosine functions 


1 
A57. [snae cosax dx = 2a sin? az + C 
a 
d 1 
458. /— 522 te ieovee &C 
sin ax Cos ax a 


459. [ sinacosbe de = S87 - SE, a#zb 


in(a—b)x  sin(a+b)a 
A i do sin(a 7 
60. sin ax sin bx dx = Cm =) “Siaabey= +b) +C 
sin(a— db)” — sin(a+ b)x 
A461. [ cosazcos bade = 2 4 SEE +c 
sa ntl 
462. po ax cosax dx = ae o 
(n+ 1)a 
n+1 
463. oo Os huusinemde a — 
(n+ 1)a 
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COS ax 
cos ax d 
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sinaxr 
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=> + + se eee ak Eg, 
COS ax a 3 5 105 (2n + 1)! 
xcosaxdx 1 ax? = aa 2228 ger tlyent+l 
= = jax — — $$  ——_ -::}+C 
sinazr— a 9 225 (2n + 1)! 
cos ax dx _ 1 axe atx? 22738 a2P—1y2r-1 ie 
x sin ax ax 2 135 (2n — 1)(2n)! 
sinax a’a?§ =. 2a’ 22 oe ae 
w= a4 f $4 +-+C 
x COS 75 (2n — 1)(2n)! 
sin? a 4 Hd 
5 =—tanar—2+C 
cos ae a 
cos” an 1 
x= —-cotar—2“2+C 
sin? ae a 
asin? ax 1 1 1 
- qu tanaz + In| cosaz| — =27+C 
“cos? ax a? 2 
cos? 1 1 1 
e ae) dx = —~axcotaxz + —In|sinaz| — =2?+C 
sin’ ax a a? 2 
cos 
id in| sinaz|+C 
sin Pe 
sin? Ox 1 
5 = —tan* ag +— * In| cosaz| +C 
cos a 2a 
cos? 1 1 
od dx = —— cot? ax — —In|sinaz| +C 
sin? ax 2a a 
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n(ax + 


b) cos(ax + 8) dx = 5 = sin(b — 
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B)- - cos(2ax + b+ 3) + 


1 
s(ax + b) cos(ax + 3) dx = 5 cos(b— By+ J, nar +b + 8) +C 


x sin2axr 
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x  sin4dax 
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sin2br = sin 2(a — b)a 
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dx 
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— 1 
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ax 


Injtan(47)|+c 


2 


Appendix C 


pet (2 +(a — “ 
R+(a— B) tan $ 
74 VR (o~A)tan 


cos} + sin $ 
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dx 1 T ax 
—*__ = - njtan(4 +) |-— 
sin“arcosax @ 4 2 asinax 
dx 1 ax 1 
—_—"____ = = In| tan =| + 
sinaxcos*ax a 2 acos ax 
dx 2. cos 2ax 
_ =o 
sln” aX COS* ax a 
a) : 
1 
sin OF dr = — 2 + bin |tan(S +2) | 40 
cos ax a 2 4 
cos? ax cosax 1 ax 
- dz = + —In|tan—|+C 
sin ax a 2 
d. 1 cos + sin = 
a oe —1+4 (1+sinaz) In] —+——+||+C 
cosar(1+sinax) 2a(1+sinaz) cos  — sin 
d 1 
OE  ge¢? “4 = tn tan =] 4.0 
sinax(1+cosax) 4a 2 
dx ax B dx 
= — In| tan | - — ——__ 
sinax(a+sinaz) aa 2 aj a+ fPsinax 
dx 1 T ax B, jat+Gsinaz 
—— In| ta (+ a) — = In| ——_ C, 
cosax(a+@sinaz a?— GB? | mjvan ri) a COs ax |+ Peo 
dx 1 B, .a+(6cosax 
———_—— = In | tan —| + — In| —————— C 
sinax(a+@cosar) a? — 6? | aa a m sin ax | i Pre 
d 1 d 
SS ylnitan(F 4 F)|-5 f 
cosaxz(a+ Gcosax) aa 4 2 a} a+Bcosaxr 
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sinax dx x 


sinaxz + cos ax 2 


cos ax dx x 


sinax + cosax 2 


sinax dx 1 


— + In|sinax + cosaz| + C 


1 
ES t+ — In|sinaxrax + cosaz|+C 
a 


= —lInja+@sinaz|+C 


a+Psinax af 


cos ax dx 1 


a+(Psinax af 


sinax cosax dx 1 


a? cos? ax + B?axr 


dx 


= — tan 
a? sin? az + 62 cos2axz — aaB 


- C 
ysina + dcosx 2 + 62 + 
2a a—b x £B 
= tan™ tan— ——1 b C, 
a+ Bsine | weoe ate 8G n|a + bcos 2| + 
a+bcosr ~~ on = e 
7 = tanh bag tg % mila t beosa| + C, 


~ 2a(G? — a?) 
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_1/{@ 
—tanaxr|+C 
(Gime) 


dx __- lk atanax— 3 4c 

a? sin? ax — 62 cos2?ax 2aaZ8 |atanar+ 

sin” ax tan”’t1 gx 

= — —_—4+C 

cos(@+2 qa (n+ 1)a 

cos” ax cot +) ag 
sin'"*?) ax (n+ 1)a 

dx ax 
—— = eae + ees In|Gsinaxz + acosaz| +C 
sinaz a ala 
a+ Prosar 
dx ax B 
= > rN lasina + Bcosar| +C 
a + GLOSax a+ 6? ala? + 6?) | p | 
Sin a 

cos” ax cot") ax 

—— dx = —-—______ — feo ax dx 
sin” ax (n—1)a 
sin” ax tan”—! ax sin”? ax 

dx = ———— — | ———dz 
cos” ax (n—l)a cos’ —? ax 
sin ax 1 e 

——.—_ dx = — sec"ax+C 
cos("+1) ax na 
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dx b 
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inad -1 
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—— h 1 b 
= COS Jane )+e <ac, a>0 


—a(asin? x + 2bsinz +c) 
+ ] + C, & >ac, a<0 


b? — ac 


«9 : 
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514 cos & ax 1 sinh7! ( ) 
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b? — ac 


_ ( a(acos? x + 2bcosa + c) 


1 a(asin? x + 2bsinz +c) 
Og hi f 


Ja vac — b 
Integrals containing tanaz, cotax, secax, cscax 


Write integrals in terms of sinaz and cosax and see previous listings. 


Integrals containing inverse trigonmetric functions 
x x 

515. [swt Lae = asin + Jaa +0 

516. feos * dx =xcos1 = — fa? — a? +C 
a 


LC, bh? < ae, a >0 


a 


517. ftw? ae = atan 2 ~ Simla? +a] +€ 
a a 2 
518. oot? S de =o = +S in|? +2] +0 
a a 2 
se asec! = — aln|x + Vx? —a@ +C, 0<sec"+2 < 1/2 
519. [sco Zae= a 
@ zsec!—+aln|x + Va? — a2 +C, m/2<sec*2<a7 
a 
‘ acse} = + aln|x2 + 22 — a2 +C, 0<csc7+2 < 7/2 
520. esc 2ae= : 
“ xesc* — — aln|x + V2? — a2|+C, —17/2<cesc7'2 <0 
a 
1 oe 4 il 
521. xsin7* —dx = > 7 7)s St qtye (ete 
1 2° ae ,r 1 
522. x cos’ — dx = =~ T) 008 ~~ Gave — 2+ 
a 


Appendix C 


523. 


524. 


525. 


526. 


527. 


528. 


529. 


530. 


531. 


532. 


533. 


534. 


535. 


536. 


537. 


a 


taal) trae) 


1 1 
woos Ede = Stn |e} +— ff Ssin* = a 
x a 2 x a 


tal? -aG 


Appendix C 


-1 

O<sec* 2 < 4/2 

m/2< sect Zen 
-1 

O<csc' 2 < 2/2 


-lz 
—7/2<csc* 2 <0 


1 
[evant 2 ae = =(x? + a?) tan7! = — <In|2? +.02/4+C 
a a 2 
1% 12, 2 SoG 
xcot* —dx = =("%* +a*) cot *-—-+="%4+C 
a 2 a 2 
1 
ss a x?—a?+C, 
[sect Sar = 7 : 
cir x? — a? +C, 
al esc! = 5V x? —a?+C, 
[eect Se = 1 : a 
a Pye eaet lS A gh ge ae 
5 Vir a 
1 1 
j[otsin = de = ga% sin“! — + <(a? + 20?) a? — a? + C 
a 
1 1 
fe cos! = dx = =a cos™} 7 — ge + 2a*)\\/a? — 2? +C 
Pe 1 12 @,5, 0 ae: 
x tan” —dx = —tan~> — — =2* + —In|2*+a°|+C 
a 3 a 6 6 
[ter =a iat ie ee re ee 
cot’ —dx = =cot” > — + sa* — —Inja* +2 
* 3 6 
1 _;u a a? 
gz sec give —@— eine 
[tse Zar = / . 3 
< 93 sec! = 4 atv xv? — a? + = In 
a 


c+ 


7 
Vu? —a?|+c¢, 
x? — a? 
x? — a? 


V2? — a|+C, 
Jee 


9090 


= 
0<sec* = < 7/2 
1/2 < sec} Len 


-lz 
0<csc* 2 < 1/2 


-lz 
—m/2<cesc* = <0 


906 | 


oo: fee ee) Gao 


1 al 1 ae _ we 
539. [pp Lae = Bin 2 tn YE 
x a x a 


1 1 1 rey 
540. [poet Sade = Sos 2 + in| FYE +c 
ad a x aa a 


1 1 1 2 2 
541. ftw ae = Stan 2 Sint +a 14 
au? a x a 2a a2 
1 1 (. 4 
a? a x a 22s « a 
1 1 
1 8 gag tS e/g ee, 0<sec! 2 a < 1/2 
543. [ect fae ‘ 
—Ssee tS — Va? + 0, — x/2< e001 <a 
ct 
— eget 2 = —4/e? — 0? + C, 0 <csc 2 <n/2 
544. = ea ; 
ee x2 —a?+C, —n/2 < csc? 2 <0 
x 


545. pow Ve = ot = ( (a+ x) tan~ fe Jaz + C 
546. for [2 af dx = (2a +x) tan7! JE- V2ax + C 
at+az 2a 


Integrals containing the exponential function 


BAT. / dx — te 40 
a 


548. [ect ar = (<- =) er +C 
2 
549. we" de = (=-2+3) aces 


1 
550. fate dr= tare fom tee* de 
a 


a 


(ax)? (ax)? 
fei! * 3-9" 3.3! 


551. jf fetae=in 


1 
2. |= ax g ax a / ax 4 
55 € c= reer a ee Tl 1 ete GA 


er 1 am 
ope | ett Sito t fe |+c 
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557 


in ba — b b 
554 ® sin ba dx = cae *) er +C 


a2 + b2 


556 


: Te 
555. [et cos trae = ee er +C 
‘ Je 


in bx — nbcosb ; — 1)? 
* sin” ba dx = (AS) e* sin”! ba + lta / e% sin”? ba dax 


le a a? + n?b? 


b bsin b ; — 1)b? 
557. fe cos” bx dx = ae et” cost bn + MEO few cos” ~? ba dx 


Another way to express the above integrals is to define 


C= ‘| e** cos" ba dz and S,, = / e*” sin” ba dx, then one can write the reduction formulas 


_acosba + nbsin bx n(n — 1)b? 


ax n-1 
Ch —S ae cos ba + sap n—2 
asinba — nbcosbx ge . n—1 n(n — 1)b? 
aaa age 
a2 4 72 2 72 24 72) a 
558. vet? sin be ae = [2ab— b(a* + 6°)a| cosba + lala” + b!)x— a" + b']sinbe\ oe, 
(a? + b?)? 
2 1 B2\m — p21 p2 2 2m “ 
559. [vet costo de = [a(a* + b*)a — a” + 6°] cos ba + [b(a* + b°)a — 2ab] sin ba oto 
(a? + b)2 
1 1 1 
560. petinede= Zeina ~ | ede 
a aj « 
inh bx — bcosh bx 
Lf et sinh be de = | OEY ene b 
56 e*” sinh ba dx (abla +) er +C, a# 
562. fe sinh ax dx = —e?*” — = +C 
4a 2 
acosh ba — bsinh ba 
: On h b. = | — am b 
563 Je cosh ba dx | (a— bla +5) J +C, ax 
564. fe cosh ax dx = —e24* + = +C 
4a 2 


d 1 
565. | ee rr let sen] te 
a+BPe a aa 


s ——— ee ————— l ax 
208 / (a + Ber")? a? + aa(a + Ber”) Gon nla + Be | +C 


1 a 
—— tan! (,/Se) +C, aB>o0 
567. 7 LS ae : 


ae + Bee = 1 in ett _ /—B/o 
2a,/—aB et + ,/—B/a 


+C, aBb<O0 
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a? + 4b? — a? cos(2br) — 2absin(2bz) 


ax 31.2 ts, 
568. Je sin* bx dx = ( dala? + 4P 


Jerse 


a? + 4b? + a? cos(2bx) + 2absin(2bz) 
2a(a? + 4b? 


Integrals containing the logarithmic function 


570. osedr=an|a| +e 


569. [ett cos? ba dx = ( ) er +C 


O71. [emade = 50° Info| 5a? +6 


1 
572. [ermeas = gtd 4 gt in le] +C, n#-1 
n+1 


1 
mip 
573. [einede = 5(in|a))? +0 
DTA. | ea lnteilec 


1 1 1 
575. | quinede = 2 - Zin|e| +0 
z 3 


576. fo z|)* dx = a(In|2|)? — 22 In|2| + 22 + C 


577. [yale ae - (Injal)""2 +0, n#-1 


x n+1 


578. fo x|)" dx = a(In|a])” — n [nai ae 


579. Josie? +e|de=ain|a? + «| — 20+ Qatar! = +-¢ 
a 


580. poate? =o | de = eine? ~ o2| 20+ aln|= =") 4.0 
L-a 


6 (ax +b)? — (b8 — ay)? a 


1 
2a? In(Gx ae *) _ 4B2 72 


581. [ (ax +b)In(Bx +9) de = ; 


(Bx +7)? — =(b8 — ay)a+C 


082. [nan dx = x(Inaz)? — 24 naz + 22 +C 


Integrals containing the hyperbolic function sinh ax 


1 
583. | suhaz dx = —coshax+C 
a 
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584. 


585. 


586. 


587. J esimhar de = 02+ 
x 


588. 


589. 


590. 


591. 


592. 


593. 


594. 


595. 


596. 


597. 


598. 


599. 


600. 


/ 
ie 
/ 


1 i 
xz sinhax dx = se coshax — — 5 sinh ax+C 
a? 


2 2 2 
xz sinhax dx = ie ed cosh ag — — sinhar + C 
a a? a? 


1 n 
z” sinhax dx = sf "coshax — — | x”! coshaz dx 
a 


(ax)? 
3-3! 


(ax)? 
4-5 


$i 


1 1 1 
J qysimharde =—Zsinhar+a [ = cosharde 
x x x 


Ie 
/ 
/ 


/ 
/ 
y 
lara 
jae 
/ 
Js 
/ 
/ 


—; sinh ax dr = = “h—De 
dx 
sinh ax 
xdx — 1 
sinhaz a? 


h 1 
oe een [x= 7 cosh ax dx 
Lar-t  n-1 


(ax)? 
18 


+ frac?(ax)°1800 + --.+(-1)" 


1 
= =In|tanh—|+C 
a 2 


1 1 
sinh? ax dx = 34° sinh 2ax — 3” +C 


1 n- 
sinh” ax dx = — sinh”! ax coshax — —— | sinh"? ax dx 
na 


1 1 1 
x sinh? ax dv = —x sinh 2ax — —~ cosh 2axr — —2? + C 
4a 8a? 4 


sinh? ax 
sinh? ax 2a 
x dx 
sinh? ax 
h hba d. 
sinh az sinh ba dx = a+b 
1 
sinh az sin bx dx = Dae 
il 
sinh ax COS ba dx = = Le [ 


1 
= —-cothar+C 
a 


1 1 
= ——csch az cothax — — In| tanh al +C 
2a 2 


1 1 
= ——xcothax + — In|sinhaz| +C 
a a 


: 1 
sinh(a + b)a _ 2(a — b) 


[a cosh az sin ba — bsinh az cos ba] 


acosh az cos bz + bsinh az sin ba] 
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2(2°" = 1 


+C 


+C 


Bn Q2rtly,2ntl 
(2n + 1)! 


sinh(a — b)u+C 


909 


+C 


560 | 


dx 1 Be +a—Jfo2r+ P 
1. f= | 
ep a+ @sinhar  ,/q? + 9? Bet +at+Jo2+ P oe 
602. J) ee ee | SS 
(a+ Bsinhaz)? a(a?+6?)a+Gsinhar a?+ 6? | a+@sinhar 


1 ee (Fee aes ig > 
dx aay/ 3? — a? a 
603. / 


2 2 inh? 
a’ + 6? sinh” ax 1 mn | Va? — 3? tanhar Wel Pew 
2aa,/a?— 62 |a— /a? — 6? tanhax 
dx 1 at Va? + 6? tanhazx 
604. —_— - + 0 
a2 — 62 sinh*ar = 2aar/a? +82 |a— fa? + B? tanhaz 
Integrals containing the hyperbolic function cosh az 
1 
605. [cost ax dx = . sinhax+C 
606. J ecostaz dx = 3 sinhax — a cosh ax +C 
a a 
9 2 x? 2 . 
607. z* cosh ax dx = ——5 x coshaz + | — + — ]} sinhar+C 
a a a 
me 1 nN at n n-1lo: 
608. x” cosh az dx = -x"sinhax — — | x sinhax dx 
a a 
1 (az)? (az)* (ax)® 
609. jf qeosase de = In| + 25 TAl 6-6rt -+C 
1 1 1. 
610. / =z cosh ax dx = —— cosh az + a — sinhaz dx 
x x x 
1 1 h inhax 
611. | preostarde =- Sf aw. n> 
x” n—-1 ari n—-1 ant 
d 2 
612. / T= tanto +0 
coshax a 
dx 1 az x2 atx 5a x6 é Q2rt2_2n+2 
613. ff ee 2 2 PP t,o |W 
coshax a? | 2 8 * 144 ae oe (2n + 2) - (2n)! - ui 


1 1 
614. [ecost? ax dx = 5° + 5 sinhax coshax + C 
n 1 n-1 : n—1 n—-2 
615. cosh” ax dx = a cosh ax sinhax + a cosh ax dx 


1 il 1 
616. [ ecost? az dx = —x? + —xsinh2ar — —~ cosh2ar +C 
4 4a 8a? 
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617. = = tanh ax +C 


cosh? ax 


1 1 
618. = = —xtanhazx — — In| coshaz| + C 
cosh* ar @ a 


619. } dx 7 1 x sinhax +e | dx 


cosh" ax  (n—1)acosh”™'ax n—1/J cosh” *ar, n>1 


620. [cosh az cosh ba dz = : sinh(a — b)a + z sinh(a + b)a+C 
2(a — b) 2(a + b) 


621. [costa sin ba dx = 


[a sinh az sin bx — bcosh az cos ba] + C 


a2 + b2 
1 
622. [cosh ax cos ba dx = PaRp [a sinh ax cos ba + bcosh az sin bar] + C 
a 
2 _; Pe "+a 
——— tan ————_ + C, a Sa 
ae Fe Vea or por ” 
° /agex=- 1 in fe" Pasar — 2 4C Be <2 
av/a? — 8% | Be +a4+ a? — BP 
d 1 
624. /—<= = —-tanhar+C 
1l+coshar a 
625 | = Stan FF in feos Fh 4-0 
° 1+coshar a 2 a? 2 
dx 1 ax 
26. Jz = —_ coth 
pee —1+ coshax o 8 are 
627 / dx - Gsinhax _ a / dx 
° (a+ Bcoshar)?  a(B2-—a?)(a+ Bcoshar) 682—a2 J a+coshar 


1 


| 
628. j de _ J Baler PF 


a? — 6? cosh? ax 


atanhax + /a? — 6 

atanhaxr — ,/a? — 6? 
-1 atanhax 

tan | SEE 9, a2 < 

aa,/B2 — a2 (52 — a2 


atanhax 


629 i ee | 
a2 +B? cosh* ar aar,/a? + BP Va? + 
Integrals containing the hyperbolic functions sinhaxz and coshaz 


1 
630. [sm ax coshax dx = on sinh? ax +C 
a 


+C, a2 > 3? 


+C 


631. [osm ax cosh ba dx = cosh(a + b)a + cosh(a — b)a+C 


1 1 
2(a +b) 2(a —b) 
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632. 


633. 


634. 


635. 


636. 


637. 


638. 


639. 


640. 


641. 


642. 


643. 


644. 


645. 


646. 


647. 


648. 


/ 
/ 
/ 
/ 
/ 
| sivas 
cae 
ae 
/ 
/ 
oe 
co 
| Sonar 
| enna 
er 
i 
ae 


1 1 
sinh? ax cosh? ax dz = oH sinh 4ax — gt +C 


sinh” ax cosh ax dx = sinh"*tax+C, n#-l1 
+ l)a 
n 1 n+1 
cosh” az sinh ax dx = ———— cosh"™’° ax+C, n#-1 
(n+ 1)a 
h 
a = in| cosh ax| + C 
cosh rT te 
h 
eal = in| sinhaz|+C 
sinh fa 
“1 tanh C 
sinh ax = ax ptennee |. 
az sinh a 1 aex? ax? g2n g2n = {i B,a2rtlgantl 
a= a isis ( 1)" ( ) tres] +O 
cosh ax ~@| 3 15 (2n + 1)! 
xcoshax elk ae aex? ax? a ( pyrene ae Re es 
sinh ax a? 9 225 (2n + 1)! 
bh? 
a cae t=a—-—tanhar+C 
cosh* ax 
h? 1 
— de = 2 - _ cothar + C 
sinh* ax 
hi 1 1 1 
= —_— Of de = =2? — —xtanhaz + — In| coshaz| +C 
cosh* az 2 a a 
bh? 1 1 1 
ee dx = <x? — st coth az + aa In| sinh az| + C 
sinh? ax 2 
sinh ax aex? 2°" — 1a 
} 1 ee SC 
ca sD eS) (Qn — (Qn)! a 
cosh ax 1 ax aea? & +(-1)" 2238, a2? —1y?2n-1 a “eG 
sinh a ax 83 135 (2n — 1)(2n)! 
sinh? at 
—— dv = In| cosh an| — =~ tanh? axz+C 
cosh” aa 
h? 
= ae = * In| sinh aa| — 5, coth” az+C 
sinh” ax 
1 
a = Gsech ax + — STataul a +C 


sinh ax cosh? ax 
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d 1 1 
649. (= => ie tan” ‘(sinh az) = 7 cach ax + C 
sinh” ax coshax 
650 / = ane eres: 
‘ = =-- ax 
sinh? az cosh? ax a 
inh? 1 1 
651 [>See = — sinhaz — — tan7'(sinhaz) + C 
cosh ax a 
bh? i 1 
652 [SS ee =F coshar + 2 in| tanh S| +0 
sinh ax a a 2 
dx 1 1+sinhax 1 
653. /—=— Ss | + Stan be” +0 
coshax(1+sinhaxr) 2a "| cosh ax * = 
dx 1 ax 1 
4. law! tanh —| + ———_—___ 
ee sinhax(coshar+1) 2a een 2 i 2a(cosh ax + 1) ie 
dx 1 ax 1 
655. Jw! tanh —| — ———————__ + C 
sinh ax (cosh ax — 1) 2a moe 2 | 2a(cosh ax — 1) . 
dx ax B : 
656. | pm = FF UP sinhae + cosh +C 
cosh ax 
657 /—S= a a In|asinhaz + Gcoshaz| + C 
° LL coshaz az — 32 ala? — G2 7 Es 
a+ 8 Soha pe ee 
: saat “ | +6, Boe 
658 / dx _j4a b2 —e b7 —c 
bcosh az + csinhax = bcosh az + csinhax 


esch ~! | +0, U<e 


1 
Wek Vea 
Integrals containing the hyperbolic functions tanhaz, cothaz, sechaz, cschax 


Express integrals in terms of sinhaz and coshaz and see previous listings. 


Integrals containing inverse hyperbolic functions 


659. [su * de =esinh-1* — Vr2+a2?+C 
a a 
=I -1 
12, — J xcosh”’(r/a)—V2?—a?, cosh” (x/a) > 0 
660. [cost Zan ={ 


acosh”'(x/a)+/x?—a?, cosh7'(a/a) < 0 
661. fran! 2 ae = tanh! = + Sina? — 2] +0 


662. [eon * de =xcoth? = + ‘ In |x? — a?| +C 
a a 


663 j 2 asech “'= + asin” = + C,"7 sech ~!(x/a) > 0 
: sech ~° — dx = 
“ asech “= — asin™! = + C"7 sech ~!(x/a) <0 
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564. 


664. 


665. 


666. 


667. 


668. 


669. 


670. 


671. 


672. 


673. 


674. 


675. 


676. 


=>) 
x] 
ri 


678. 


679. 


Se (Oe, Cl le, ee ee, ee, ee. 


£ x eee: 
esch ~!= dx = xesch~+=+asinh~'—, + for « >0 and — for « <0 
a a a 


2 


2 
1 
+ > ) sinh7! ee qeev v2+a2+C 
a 


1 1 

= (2x7 — a?) cosh™* F <a? —@+C, 
code — de ; : : 

q (22° — a”) cosh7* = + ev 2? =e er 

a 
1 
x tanh + = dx = oe 4 =(g? = a?) tanh7! x 4.363 
a 2 y) 4 


ae 
xsech ~1= dx = 
a 


1 
aie 5° —a?)coth™! ee 6) 
a 


1 1 
5% sech one xv a? — x2, 
a 


cosh‘ (a/a) > 0 


cosh‘ (a/a) < 0 


sech ~!(x/a) > 0 


1 1 
susech “*= + sav/a?— a? + 0, sech ~!(x/a) < 0 
a 


1 
wesch “*= dex _ 52° esch “1 + 5 V2 +a2+C, +forz>0and — forz<0 


8 
nN 
2, 
5 
F 


8 
i) 
lo} 
° 
n 
= 
an 


als 
a 
8 
| 


1 1 
1 de 37 sinh? = 4 5 (20° —27\/a2+a2+C 
a 


a 
(a? + 2a?) a2? — a2 +C, 
1 

32 cosh”! - + =(¢?7 + 2a7)4/a? — a? +0, 


1 1 
x? tanh7! = de = Sx? + S23 tanh7! = + <a3 In la? 27|/+C 
a 3 a 6 


x? coth! 


x?sech ~1 


6 


1 1 
= de = <2? + =23 coth7! = + <a? In |x? — a2|+C 
a 6 3 a 6 
1 1 3 
a dx = = ¢3sech ~12 — = 7 
a 3 3 t. + a2 
2d 
= dx = =2°csch wit + = sales 
3 a 
1 x 1 at dx 
pit d = n+l: hot oe 
ae es an ee = ih ae) 
tl cosh~! ae = 1 / an 
n+1 a n+l JSe2—a2’ 
1 1 att dx 


{2 
z+ cosh -t = + 


n+1 a n+l} JSe2—a2’ 


2S a”t1 tanh! = — —° {33 dae 
n+1 a 


n+1J a*—2? 
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cosh '(a/a) > 0 


cosh” '(2/a) <0 


cosh~'(a/a) > 0 


cosh~'(a/a) <0 
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n+1 
680. [ereoth “dx = : a™t} coth-! = — —* ae 
n+l n+1J a*—2? 
1 441 42 a x” dz 
x” ttsech ~b= + ————_, sech ~!(x/a) > 0 
ae i Jad 
681. Jerse dr = . a sed 
n+l ee -1 
a has sech a Je =a sech ~*(x/a) <0 
1 x a x” dx 
n -1 = n+l = as _ 
682. he esch ~* — dx Para esch a ed Jaa + for «>0, — for <0 
x ee 1. 1-3(x/a)” _ 1-38-5(¢/a)’ 
4 288 Gay Te 7 =“ fe] et 
re 1 2a olay ae 3(a/xz)* = 1-3-5(a/a)® 
683. [ssn dz = 5 (10 ey —{ a 5-44-04 24.66.67 +C, z>a 
1 —2x is? _ 1-3(a/a)* | 1-3-5(a/a)® 
—~{]1 plement Sea RY A i C, aa 
5 (i= I) 4 P22 DAd ds? PdGeve Meta 
ee: 1 2z,\?  (a/z)? 1-3(a/z)*  1-3-5(a/zx)® 
A. |; hot} = de=+]|=(In|— pa Sa a a 
Re ar a FG 520 tae Dame 
+ for cosh~!(2/a) > 0, — for cosh~!(x/a) <0 
1 3 5 
685. [pte d 2 I ko 
x a 3? 5 
1 1 ax 15 2 1 
686. —coth d Sa ha We —a’)coth™* —+C 
x 
1 4 2 1 @ 
1 2 in\] In|— ek ee sech ~!(a2/a) > 0 
687 me =1% 5 2 2 x 2:2-2 2-4-4-4 
E sech dx 
x Ly en fea (v/a)” 1 3(x/a)4 snot 26 
=In|—| Inj—|+ 4 : a 
renee ke 
1 x de xr/a 1-3(2/a 
2 ed Ty | te 2 eres 
Fg ell 50 ead ee 
i x 1 (x/a) 1-3(x/a)* 
688. [eo de =) A Inj—=| in| - 4 L3(e/at _ 
x 5 nll lz 7 2-2-2 2:4:4-4 ast 
(a/x)8 1- 3(a/a)? 
2-3-3. 245-5 oa eh 


Integrals evaluated by reduction formula 


1 —1 
689. If Ss, = [svt cae, then S,, = — sin”! x cosx + ~——S,,-2 


1 
690. Ifc,= [ost ede, then C,, = —sinxcos”~! x + 
nr 


sin” ax 


—1 


691. If, =i — dat , then I, = ———— sin” 
Cos a (n—l)a 

692. Ifl,= i} cos" ar then I, = a, 
sin ax (n—l)a 


n- 


1 
Ch—2 


-1 
ax + In-2 


—4 ax + In—2 
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693. If 5S., aie sinna dx and Crp, =e" cos nx dx, then 


—1 
Sm = —a™ cosnx + ae and Cm = —2™ sin nz — LT 
n n n n 
694. Ifs, = f tanvdr, and I, = f tan" xde, then I, = = tan” “9 —t,-3, > 2/3,4):.: 
si n - n—-l 
695. Ift, = = dy iene a 
COs ax (n—l)a 
cos” n-1 
696. If J, =| > ge then = Ey 
sin ax (n—l)a 
697.. i= [ow xcos™ «da, then 
—1 —1 
Inm = sin’! ¢cos™t1 ¢ + ~ Tee 
ntm ntm 
1 : +m-+2 
ia =—— sia ce a ya, 
n+1 n+l 
1 —1 
Lae sin”t! ¢ cos™ ba + a eee 
n+m n+m 
—1 2 
Dia = sin’*! ¢ cost & + aa m+2 
m+ m+1 , 
—1 _ n—-1 
Lnym ad sin”! x cost! g + mpl 
1 : _ m— 
Inym al sin”*! x cos™—! x + ocr In42,m—2 


698. If Ss, = 1@ sin” ba dx and C,, = f e** cos" br dx, then 


CO. =e eos" h Se n(n — 1) b? 
a z | 


sa Cn 2 
a? + n2b? a2 + n2b2 —" 
rs tal asin bx — nbcosnx n(n — 1)b? 
Sn =e%* sin” ax |——— age | + gap bpp on? 
a? + 2b a? + 2b 


1 
699. Ifs,= femanay dz, then J, = ——2"™*' (Inz)” — ane ae 
m+ 1 m 


Integrals involving Bessel functions 


700. [ tila)de = - dole) +0 
701. fen dx = —rJo(x) + | Jole) dz 


702. fea@ dx = —x" Jo(x) +n f a” (e) da 
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703. _ =-h(0)+ f Jo(a) de 
704. f 2"Sa()de = 2"4,(a) +C 

705. fo" Jyua(2)de =2°"J,(x) +C 
706. [ Par= 2 ne +5 [ae 


707. [ert z)dz=a2J,(4)+C 
708. [ern SAC ) + eJo(0) ~ f Jo(2) de 


709. / a” Jo(x) da = 2” Jy(x) + (n — 1)a”~"Jo(x) — (n- 1 f 2"-J9(a) dx 


710. [= a Jo(w) fess t 


(n—1)?2a"-2 (n—1)a™-!— (n—- 1)? 


711. [dnote wt i der te) 
712. [ern In((B0) dr = ay — [avd (oar) Iu((B2) — (82) Jn(022)] + C 


713. If Inn = _ dx, m>-—n, then 


714. If Ino = [ersola) dx, then Ing = x" Ji(x) + (n — 1)2"—"Jo(x) — (n — 1)?In—2,0 Note that 


Ioo = | Jo(x) dx cannot be given in closed form. 


G= [este dz = 2Ji\(z) +C and Ipi = fac) dx = —Jo(x) + C Note also that the integral 
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Definite integrals 


General integration properties 


1 


b 
ip f(x), then / f(x) dx = F(a)|? = F(b) — F(a) 
2. 


dF 
d. 


oO 


[ eae eit a fla) dz, i. f(x) da = fan f(x) dz 


b b—e 
. If f(x) has a singular point at 2 = 6, then ; f(z) dx = tin f f(a) dx 
b b 
. If f(x) has a singular point at «=a, then | f(z) de = lin f(a) dx 
a ce ate 


b c—e b 
. If f(z) has a singular point at =c, a<c<ob, then ‘| f(x) dx =| fla)de+ f f(a) dx 
a a cte 


b b 
J cflayae =e | f(a)dz, c constant 


[ se)ae=o, , ‘ : 
oe fie [ t@ae=f tart [ Hoyav 


. Mean value theorems 


b b 
/ f(«)g(a) dx = () | g(a)dz, g(a) >0, a<c<b 
b E b b 
/ fa)g(o) de = f(a) ; g(t) dex / fla)g(«) dx = f(b) / g(x) de 


n 
a<&<b a<n<b 
The last mean value theorem requires that f(x) be monotone increasing and nonnegative 


throughout the interval (a,b) 


. Numerical integration 


b-—a 
7 


Divide the interval (a,b) into n equal parts by defining a step size h = 


Two numerical integration schemes are 


(a) Trapezoidal rule with global error Sh? f"(€) for a < € <b. 


b 
[flac = 5 (Pleo) + 2F (21) + 2F(0a) +++ 2Fna) + Fle) 


(b) Simpson’s 1/3 rule with global error —2°-%n4f%)(€) for a< € <b. 


b 
[Slade =F [flo + Af (er) + 2F(e0) + Aflera) + 2f(04) +--+ 2f(En-2) + AF (ena) + fen) 
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nL L 
9. If f(x) is periodic with period L, then f(a+L) = f(x) for all x and [ f(a) dz = nf f(x) dz, 
0) 0 


for integer values of n. 


‘ae [def de f(x) =— + f (eu) flu) a 
fefef aan f 


n integration signs 


Integrals containing algebraic terms 


: m1 n—1 _ = T(m)P(n 
11. | v™*(1— 2) ia a PTI 


10. 


, m>d0,n>0 


12 


 ea-aeleal 
: 0 1-2! A/2r A 

‘ dx 7 
ro: [ (—22")"/2 ~~ Insin = 


14 [ 1 dx - T 
0 
1 PP d 

15. | Seek ES Il <4 
0 


1 Pp 4a-P d 
xv x XL TT TT 
16. | eRe. lp] <q 
0 2q 2g 


CO pal T 

21. i dx = — : 0<a<l 
9 1l+2 sin a7 
1 .a-1 —a 

2s [fo «- * , O<a<l 
0 1l+a sin at 


23. ee = Sse¢ MA 


co gol T ar 
24. | —— dx = — cot — 
0 
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25. 
26. 


27. 


28. 


29. 
30. 


31. 


32. 


[ dx T T 
= —cot — 

9 l-a2"™ on n 
[ dx ee 
0 (a2a2 + c2)\(42 +b?) 2bec + ab 
[ dx _ 1 
9 (a2 +22)(b2 +22) 2 ab(at+b) 
[ dx a ae 
o (a? —2?)(e? +p?) pa? +p? 
[ x? dx _T p 
» ATP) e+e 
L- x dx _ us 
0 (#2 +. a?)(x? + b2)(2?2 +c?) 2(a + b)(b+c)(c +4) 
i. vedx 7 
op i+a? 42 
i. x dx 0 

(i+a)(i+a2) 4 


Integrals containing trigonometric terms 


33. 


34. 


35. 


36. 


37. 
38. 


39. 


AO. 


41. 


sin) x 


Ai 
| ¢-—In2 
0) 2 
7/2 tan—1(2 tan@) dO 
i ie a a 
0 tan 0 2 a 
w/2 rT 
. — 
| sin? LAL = ri 
TT 
dx = 
[ cos? ¢ dx = 7 
fr __ cos~'(b/a) 
aaa az — be 
n2”- 1 m)P(n 
z cos?” ¢ dx = B(m,n) = », m>O0,n>0 
T'(m+n) 
T(etyryet 
r sin? x cos! x dx = (% (oe 
ar (2 + 1) 
[ 0 
—- 4 
0, D#q 
i cos pO cos gd d0 = < a 
0 9” =¢q 
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43. 


44. 


45. 
46. 


AT. 


48. 


A9. 


50. 


51. 


52. 
53. 


54. 


55. 


56. 


57. 


i 
i 
i 
I 
i 
hi 
hi 
iA 
I 
I 
i 
i 
- 
La 
s 
[, 


sin pé sin g0 dé = 


sin p@ cos g@ dé = 


x dx 
@—cosa 2a 


ao _ 
sin 6 d@ 


1—2acosd+a2 


sin 260 d@ 
— 2acos?+a 


xsina dx 


1—2acosx+a2 


cos pé d0 


1—2acos0+a2 


cos p60 dé 
(1 — 2acos@ + a? 


cos p60 d0 
(1 — 2acos@ + a? 


orbs (a+ bsinz)2 


+ ——_ 


sin 


{" p#q 

“ — 

ee 
0 


’ p+q even 
2p 
p2 — gq’ p+qodd 
ee 
Vaz —1 
7 
— p2 
2 
— tanh! 


= a a 


g qiita ?) tanh”! a — A 
a 
“In(1 +a), lal <1 
~ 1 
nin(1+2), la] >1 
P 
i ia 
= —p 
—. az >1 
Tap 
Taal +)-@-1e, <1 
~ Ta P 
eal (az app) + +P) | a? >1 
TaP : 
2(1 — a2) [(p + 2)(p + 1) + 2(p + 2)(p— 2)a 
(1 = 2acos6 + a?) ~ Ta P 
2(a2 — 1) [(1 — p)(2— p) +. 2(2— p)(2 +p) 
_ 274 
= @— PF 
27 
27 
a 
27a 
(a2 — b2)3/2 
27a 
(a2 — b2)3/2 


m,n integers 
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572. 


L 
58. / cos ~~ sin — dz=0 for all integer m, n values 
fi; 
¢ 0, mén 
59. / cos =~ cos = dx = g, m=n#0 
_L L L 
L, m=n=0 
60 [ v™ dx _ fF sinmB 
* Jy 1422cosG+a? ~~ sinma sinG 
oon 1/2, a>0 
61. | SLR eee at a=0 
0 av 
—1/2, a<0 
0, a>p>d0 


62. | nee m/2, 0<a<f 
x 
: 1/4, a=PB>0 


% gi i ae, 6 6(O<a<B 
63. i sin ax sin Bx dips) 2? Ss 
0 a? up a>B>0 


oO o,2 
sin” ax TO 
64. | oF dn = 70 


65. [ S“e-%8 
0 


xe? 2 
cos ax T 
. ee ip ee 
66 i SEO da = ee 
67. | wsinar 1 7,-oa 
9 6«&(a? +a?) ee 
68. | sing | er ee 
9 ae  OF(p) sin(pr/2) 
69. | COS Z _ 7 
0.0 uP i 21 (p) cos(pr /2) 


Per, 
70. f “a=5 
0 2 


°° sin ax T _ 


CO ot.2 
a2. [ =fu-5 
0) 2 


0° 33,3 
73. [ =F ar-> 
0 


co o,4 
74. [ =Aw=-t 
0 3 
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75. 


i) b? b? 
sin ax? cos 2b dz = us cos — — sin — 
2\ 2a a a 
1 b? b? 
cos ax? cos 2ba dx = : cos — + sin — 
2\ 2a a a 


76. 


TT 
xt + 2a2x? cos 28 + a4 = ae ~ 4a? cos B 


ar JT 7 
cos («2+ =) dz = “7 CO8(G + 2a) 


a 
f 
I 
I 
79, fan (ot) ae= and +00 
fox 
a 
ac 
I 


TT. 
78. 
~ tan bax * 


= tanh bp 
x(p? x(p2 + 22) oe 


80. 


81. EAE =5-3 — tanh bp 


pet x? 2 


x st badx 7m 


82. 24 qe = 5 coth bp 

83. [Pee 
4. Oo bee 
29: f SieSa- Pee ee 
86. fae Seth °° 
7. [me oP, oc 


Integrals containing exponential and logarithmic terms 


1 Int 2 
88. ft ae Pemae ds 
9 1+” 12 
1 Ini ‘ia 
89. 2 dy = 
o d-z) 6 
i In +) 4 
90. f @e aim 
> 1-2. 15 
1] 1 2 
91 / TE 
0 aX 12 
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92. 
93. 
94. 
95. 


96. 


98. 


100. 


| n(1— 2) aa a 
0 x 6 
1 2 ; 
[ (a? +be+6) 2 dx =(a+b+c)—-—(atb)—— 
0 6 4 
1 Int T 
2 _ dy = — |n? 
ivi 2 
1 -1 
1— a? 1 1 
] —)2n-1lg = (| ~— 9) 2n ied 
| fopGee eae en 
a 
| 2 dex =In ail 
0 Ing l+n 
! 
1 4 n an integer 
97 | x? (Ina)” dx = (P+) 
. pe n noninteger 
(p a Lert’ 
w/A4 e 
| In(1 + tana) dz = —In2 
0 8 
n/2 1 
99. Insin@ dd = = In(=) 
0 2 2 
’ fat ee 
In(a+ bcos) dx =71n —_ 


101. 


102. 


103. 


104. 


105. 


i 
i 
I 


Co 


lee) 


In(a + bcos x) dx = 27 Inja + Va? — b?| 


In(a + bsina) dx = 2iInja+ Va? — b?| 


e * cos ba dz = 


a2 + b2 


~% sin ba dx = ——~ 
e€ PAE ee 
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110. 


111. 


112. 


113. 


114. 
115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


hs 
I= 
he 
in 
i 
= 
is 
I 
I 
I 
i 
a 
= 
< 
I 
i 
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z Sin br bx 4 
=tan ~ — 
b 
dae ae ee =In- 
a 
—a? a? Vr —b? /4a? 


bx dx = — 
cos ba dz = --—e 


en (au? +b/x") Lae T -2Vvab 
2Va 


tite ge ee 
gn+1 gn B 


k(2+25) gy — V™ _@_,-2Kd/a 
sin TX dx 2 Jk T 1 sin(ar sin 3 + 2() —Br cos PB 
a(x4 + 2a2x2cos2G+a4) 2a! sin 23 “ 
cos rx dx _ mW sin(@ + ar sin @) e—ar cos B 


xt + 2a2x? cos28+at  2a3 sin 26 


3— e-8? — 2697/2 cog — 


sinraz dx Tw 


x(x6 + a6) +a®)  6a6 


“x6 +a® ~~ 6a? 


cosrax dx T ta _ Qe7ar/2 cos( YS a 5) 


ee _ 
x(1— 2?) x? 
2 2 
p +b 
eS ee ae ——_ 
9 q ab b2 
Ce ae = tan! ae tan” i 
b b 
28 —s 
sin px — sin qr in gx detent P tent qd 
a b 
2 COS px — COS gx 1. ja? +a? 
dx = =ln 
x 2 a a 
e-* sinax dx = aT 02/4 
4 
2 
ae-* cosaa dx = va (1 - <) enw /4 
3 
ae” sinax dx = va (s0 - +) enw 4 
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127. 
128. 
129. 
130. 
131. 
132. 
133. 
134. 
135. 


136. 


a 
I 
i 
= 
I. 
[. 
[. 
I 
i. 
i 


4 
ate-*’ cosax da = (s — 3a? + “) ena /4 


8 
l 
eS) dz = 71? 


zsinraz dx T : _ 
—aa a = — (acs br + bsin br) e~“" 
(a — b)? +a a 
sin rx dx T 


(a — 6)? zl[(e —b)? + a] ee ne 


cosrxz dx Tw 

— 5 2" cos br 
(a — b)? +a a 

sinrax dx : 
Ee aa sin br 
(a — b)? +a 


e~® cos2nx dz = Vme~” 


xP ne | —1? 
= cotp7, O<p<l 
eo ~ sinpr 
~"Ina dx = —7¥ 
aa "nde = ~Y2(y +2102) 


137. [(SS eo 
0 


e~ — 1 4 
~ adx 1? 
138. | Se 
9 et-l1 6 
139 [ a dx We 
" Jo ef +1 12 


Integrals containing hyperbolic terms 


' sinh(m nz) 1 mr 
140. | ee ee te 1 
2 9 sinh(In) a are. inal 
141, [92% ge = 7 tam 
a. sie pa 
142, [2 ee sen 
= eee op 
143 cdo 1 


0 


sinhax 4a? 
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144. | pane de = = tan(3), rer, 
0 


Co 
cosh ax — cosh bx cos 5 
145. | —. 7, oe ae —71<b<a<T 
0 sinh 7x cos $ 
co |: . «mp 
sinh px T sin 
146. cos mz dz = — ————_*+#_ Zhe ee 
9 sinhgx 2q cos mp + cosh mn’ q »p<q 
°° sinhpzr , 7 sin oe sinh on 
147. sinmaz dx = — Sj" ——— 
9 cosh qa q cos F® + cosh 7 
oe P® cosh @2 
cosh px a cos cos 
148. | = cos ma da = — ——*4 _*4__ 
9 cosh gx q cos + cosh a 


Miscellaneous Integrals 


x, Xr 
149. | "1 — 4)" dé = > F(-», = ‘ +1;2") See hypergeometric function 
0 


150. [ cos(nd — asin ¢) dd = 7 Jn (x) 
0 


T(m)T(n) 


151. [ +2)"""(a—2)"—1 de = (2a)"™"-+ Tim n) 


152. If f’(x) is continuous and [ He) 0°) ag converges, then 
1 


i. Har) ~ 19) a — (00) — f(c0)] n2 
0 


x a 


153. If f(x) = f(—x) so that f(x) is an even function, then 
[ #(e-2) dv= [ sle)de 
0 - 0 
154. Elliptic integral of the first kind 
0 
/ a= FG, 0<k<1 
0 V1—k?sin? 
155. Elliptic integral of the second kind 
” 
| V1—k?sin? 6 d0 = E(0,k) 
0 


156. Elliptic integral of the third kind 
dé 


0 
| (1 +nsin? 0)V/1— k? sin? 6 


= II(6, k,n) 
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Appendix D 
Solutions to Selected Problems 


Chapter 6 


> 6-1. (a) A+ B=96,+ & +363 (b) 6A—-3B=15@ (c) A+ 2B =158@, +563 


> 6-2. oo A 
A+B=C 
AAD = 


Since the vectors are coplaner there exists scalar constants a and 6 such that 
A+aD = pC This implies 
A+oa(B-A)=6(A+B) or A(l1—a-8)+B(a-—) =0 
Since A and B are linearly independent and noncolinear one can state that 


l=a+f6 and 0=a-8 


Solving these simultaneous equations gives a = 1/2 and 6 = 1/2 which demonstrates 


that the diagonals bisect one another. 


> 6-3. 
Let 4+ B=C and then by construction write 
1l> 2 Ils = oo = 
so that 
4° Hoek Fe Te a 
ao ay eae 
D 5A + 5 50 


Solutions Chapter 6 


579 


By construction 


A+=B=C, B+-A=D, A+E=B 


All these vectors are coplaner so that there exists scala 


constants a, 3,7,6 such that 


A+ak = 6C and A+ VE =6D 


or 
> => => 1 = > = => > 1 => 
A+0(B—A) = 8(A + 5B) and A+7(B— A) =46(B + 5A) 
This implies that 
=> ae 1 Bad Pia 1 aap — 
A(l—a—8) + Bla— 56) =0 and A(l—7— 58) + By— 8) = 
This produces the simultaneous equations 
1 1 
a+8=1, a-5h=0, ero = 1, y—-d=0 
Solving for a, 8, 7,5 one finds 
a = 1/3, B= 2/3, + = 2/3, 6 = 2/3 
> 6-5. (a). A+eB+c3C =0 gives the system of equations 
Cy = Aco + 7¢3 =0 
Cy — 3¢C2 + 6c3 =0 => cy = —302, C3 = C2 
—2c, = 6c3 =0 
Since cz 4 0, select co = 1 for convenience, then c; = —3, cz =1, c3 = 1, so vectors are 


linearly dependent. 
(b) Linearly independent 
(c) Linearly independent 


> 6-6. The vectors A,B,C are linearly dependent if and only if A-(B x C) =0 
If A-(B x C) =0 and A 40, then B x C =0 which implies the vectors B and C are 


A, Ao Ag 
colinear. If the determinant |B, B, B3| = 0, then two rows of the determinant 
Cy Co C3 


are proportional which implies two of the vectors are colinear. 


Solutions Chapter 6 


A.A =|A\|A|cos0 = |A? = C? 
7.4 Gg 


ae ee A 
_ dt | dt oS 


: A 
perpendicular to < 
> 6-8. 7 
Equation of line is 7 = 7, +tA where t is a 


parameter. Use the property of right tri- 
angles and write 


d= |7o — 7 |sin0 => \(7o —7T}) x é4| 
where the absolute value sign insures that 
d is positive and é, is a unit vector in the 
direction of A. 


> 6-9. Area is 54 square units 


> 6-10. ee ee es 
A+B -+-C +.) =0 


By construction 


B=5A+5B 
B=56+5B 
G=58+56 
H=50+3A 


@xH= 
a ee eee | es ee ee 
Gx C8 tO) CD 4 De G4 
ee ee 
> 6-11. 
FF 


Solutions Chapter 6 


= 


dA 
dt 


— 0 which shows A is 


981 


> 6-12. (c) 23/9  (d) 23/3 


> 6-13. (a) 6c = = also —éc (b) -1/¥3 
> 6-14. (b) A é, = —cosa+ V3sina 
(c) a= 7/6 or 77/6 
(d) y(a) = V3sina — cosa and se = 0 when a =—7/3 or 27/3 
y (a) = —V3sina+cosa, y(—7/3) > O and y" (27/3) < 0, Maximum +2, Minimum 
-2 
> 6-15. 
os at Alas St Stal. ete) on Gees nn de 
A(t) AAAs 0) + A,! 0) + +4, Eo oF 5. 
Pi FO 7 (t— to)” 
A'(t) =A; + Ag(t— to) +--+ An iT) 
7 (t= to)" 


Evaluate the derivatives at t = t) and show 


A(to)=Ao, A'(to) =41, A’ (to) = Ao, A™ (to) = An, 


> 6-16. (a) Ax B=-166,+863 (b) 16@,—863; (e) 6 = cos 1(11/21) = 58.41° 


> 6-17. 
ee ae : ‘ B 
Dy, =A+B=36€,4+1164+ 46; 
By=B-A= a+ Te aaa 


Area =|A x B| = 15 A 
> 6-18. 
cosa =V2/2 Fi 
€ =~ = cosa é€; + cos 7 €g + cosy €3 
cos 3 =1/2 IP| 
cos? a + cos? 8 + cos? y = 2/44+1/44+1/4=1 
cosy =—1/2 
> 6-19. If Ax B=0, then A is parallel to B or A =cB for some constant c. 


Solutions Chapter 6 


> 6-20. 


(d) (F-71)-N =0 


is equation of plane 
> 6-21. T= é,— & is tangent to line. r=3+A, y=4-A, z=2 


> 6-22. og P2 (0,3,4) 


= 


N =126, — 16é) + 12é5 


Equation of plane is 


(F—1r1)-N=0 
or 3(a — 4) — 4(y- 3) +z =0 


> 6-23. 
Plane through PoP; and perpendicular to N 


and plane through P,P; also perpendicular to N 


are parallel planes. 


The vector P;P, is vector from one plane 
to the other and its projection onto N is distance between planes 


and also equal to the minimum distance between the skew lines. 
> 6-24. xr=14+2t, y=5t, z=1+2t is parametric equation of line. The point (6, 13, 12) 


is not on the line. 


> 6-25. If r?—*F, is colinear with (7—?,), then (F—7)) x (72—7,) = 0 By vector addition 


F=f,+X(ro—-71) where is a parameter. 


> 6-27. 
a 1, J 2, k 3, e} x eo = 63 
. Zz 
even permutations i=2,j7=3, k=1, @)x 63 =@; 
1 3, J 1, k 2, e€3 X e} =@o és . 
e€2 
é1 
t 3, J 2, k 1, 63 X @p =— 4] ~ 
odd permutations i=2,j=1,k=3, @x @ =- 6 
a 1, 7 3, k 2, €; X 63 =— & 


Solutions Chapter 6 


> 6-28. 
then 


> 6-29. 


> 6-31. 


(a) If é, = cos a; € + cos 3; é2 + cosy, 63 and €p, = cos ag €; + cos By 2 + COS 2 €3, 


ez, 
(b) 6 = cos~'(8/9) = .475882 radians ~ 27.266° 
Shortest distance is 9 units. 


If A x B =0, then A is colinear with B and i 


f 


B 


with C. Therefore, A is colinear with C so that A x C = 


> 6-32. 


Normal to plane is N = (#3 —71) x (F2—7) 


Equation of plane is (7 — 7). N =0 or 
(x — 3) — 2(y— 10) + 2(z —13) = 0 The distance from 
given point to plane is projection of (7 —7,) onto 


éy giving 9 units for the distance. 


Here Fo = 64, + 3€o + 1863 


> 6-33. 


> 6-34. 


Mp=r,xF 


rm =r +A 


(2) Mo =7,x F = —1200é, +800 @) 420063 


(/) Mp, = (71-72) x F = —1400 @; + 1400 2 + 700 é3 


A 


—€,+36€) — 463 


Cc e — 
e : a 2800 
M = M . e = 
‘ fe eG 


Solutions Chapter 6 


- €f, = cos @ = cos ay Cos Ag + cos (1 COS 32 + COS Y1 COS Y2 


0, then B is colinear 


983 


Mp=(F+A)xF=?xFP+AxPaF?xF 


because A x F =0, A and F are colinear 


M p- é, =projection of Mp on the line L 


084 
> 6-35. (a) $6, +te&—fé+2 


> 6-36. 7 


v 
a = — =costé,;+sinté 
dt - 2 


v= v(t) =sinte; — costég +é 


U(0) =— @29 +@= 263 C= 2€3 + €g 


d ee P P 
v=5 = sinté, + (1— cost) é2+2é3 


rf = F(t) =— cost é; + (t — sint) ég + 2tés3 


> 6-40. r=e! & + cost €2+sIint é3 with v= and @= # — ¢F 


> 6-41. , 
> > = 1 tc 


If = a(t) and y=y(t), then 


d pated 
y! ~ at = ¥ 
x de x 
ts 
ly ad (dy) _ 4 (9) _ (8) _ ai 
Uda? da \dz dx \« de (e)3 
Substitute these derivatives into C = C(x) and simplify. 
en are 1 22 
> 6-42. (b) C= C(x) = rey + e eo + hes [—e” e} + €2| 
e 
p> 6-43. When é= é4= ai then @4-A=|A| 
OU r Z 0?U . ‘ 
> 6-47. on (4ay + y?) @, + (y + 6xy) eo and wae Ay €; + 6y eg 
recig 3 
> 6-48. Ifv=— =wx?F, then 


dx dy .. dz 
ae é,+ rr @5 + — ae 63 = (zw — yw3) @; + (xw3 — zw 1) 2 + (yw — TwW2) &3 


Equate like components to show result. 
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> 6-50. If [8x G)=8 aC 43 6, then 
4 [ax (Bx 6] <Ax 48x 6)4 4x axe) 
=Ax |B La 6 +A axe) 
=Ax (B +4 (Fx a)4 Bx ax) 


> 6-51. The curves 7 =7(ro, 0) = ro cos 6 €; +179 sind é2 are coordinate curves which are 


circles of radius ro. The curves 7 = 7(r, 00) = r cos 0 €1 + rsin % €2 are coordinate curves 


which are the rays 6 = 0) = a constant : 
OF a 
at =cos@+sin@é2 = é, 
Or 
Or indé, + pe ‘ 
—_—_ = — e — 
0 rsin@@, +7 cos0 €, = r €% 


7 (2,6) 

> 6-52. [Fxar=f €1(y — 2) dz— €@. rydz + é3(xy dy — (y— 2x) dz) 
(1,3) 

On the line y = 32, z =0, dz =0, dy = 3dx 


SO that fF xar= [ [x(3x) 3dx — (3a — x) dx] €3 = 18 €3 
1 


Cc 
On OA, y = 0, dy = 0, z = 0, dz Qand =f) dr=1 
1 
On AB, z =1,dx = 0,z = 0, dz oand b= [ 2Qdy = 2 
0 


1 
On BC, « =1,dr = 0,y = 1, dy oand b= f (z+1)d2=3/2 
0 


Therefore [ F.ar-=9/2 
Cc 


> 6-55. [ Bae | F.dF+ Pig = 7 4, 
Cc OA 


1 
On 0A y = 2, dy = dz, z = 0, dz 0.0<e<i, n= f (e422) dr =7/6 
0 
On AB z=1,y=1,de = dy =0,0<z<2 Ip = fo dz =2 
Therefore, fF -ar = 19/6 
Cc 


Solutions Chapter 6 


= | yede + 20dy + ydz 

C 
20 

= —2sin? 6 d0 + 2cos? 6 dé =0 
0 


On circle x = cos6, y=sin6, dx = —sin@d0, dy = cos@d6 


> 6-57. 
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SRR Wau eee aa | 


PEA ON 
OT ree IT 


Tr 


2 
oF) 


€3 


A 


x B is normal to plane and has 
2 


+ 2cos 2t 
4 sin 2t 


é) — 


+ sin 2t 
ej 


€) 
— 2sin 2t 
—4cos 2t 


cos 2t 
2, + 2y?z? 


Qe el + yz 9 + 2xy?z? 


dt? 


ar 
Solutions Chapter 6 


dt 
OF 
Or 


and B form a plane. 


Fr — fo. 
0. 
az=— 


=> 


(c) Vectors A 


the same direction as 
(b) 


equation of the line. 


> 6-62. 
> 6-63. 
> 6-65. 


> 6-68. If 7 is center of sphere , 7, is point on sphere where tangent plane is con- 
structed and 7 is a general point on the tangent plane, then the vector (7 — 7) must 


be perpendicular to the vector 7; — 7. 


> 6-69. 

OF _aP Ou , OP dv 

Ox Oudx Ov Ox 

OF _OF Gu, du [HFOu, HF dv 

Ox2 Ou Ox? Ox | Ou? Ox Oudv Ox 

Ov Ox? Ox |OVOUOX OV? ~ Ox 
> 6-70. (a) Use area of parallelogram A x B so that the area of 1/2 of parallelogram 
is 1AxB 
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587 


988 


> 7-1. 


> 7-2. 


> 7-3. 


> 7-4. 


unit normal 


Chapter 7 
y 


Gi) 


F =acoswt €; + asinwt é2 + Gt é3 


dr . m - . 
TE =— aw sinwt 6; + awcoswt 62 + GB é3 
dr 
an ey PT 2 
di =e 
6, — ow sinwt €; +awcoswt@ég+6e3; dr 
¢ —— OSS _ 


/o2u)2 + BP ~ ds 


dé —aw coswt 6, — aw” sinwt é> 


t /o2yy2 4 G2 


dé z : i 
t —aqw coswt 6, — aw’ sinwt é» : 

aC ere ees ZK en, 
ds ou + B 


Solutions Chapter 7 


En 


is unit normal 
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»7-4 (Continued) 


2 de: de: =e azw* 
ds ds  (a%w?+ 6?) 
2 
OW 
Curvature K=s= 
atzw? + 3 
: i -@2g2-2 92 
radius of curvature p=— = gees 
kK OW 
: rn 1 dé, 4 ; . 
unit normal 6, oe coswt @; — sinwt é9 
kK ds 


AW Bi 


unit binormal 6&6 =&€ x é, = @sinwt é; — Bcoswt é2 + ———————. é 
[p22 + 2 


K dé ne i x 
dé, TG Bwceoswt é; + Bwsinwt éy 


——_— — CT OOOommm ST e 
d Dig? i Be n 
ds oT azw? + 3 
2a és de Ba? 
ds ds (aw? + 3?)? 
Bw 1 atw? + 6? 
= ; Rec 
a?w? + 3? T Bw 
> 7-5 
or a OA a i p! oS (#! . FY 
ds dt dt dt , dt 
a at A ds dr dr d’ 
nf _§ dy _ 845-94 
ds? d 
ds & dt (48)2 
i ae os AO a sa 
ds 8 lal Fr. pr ds ‘ 
_ rll te _ rll ra te : po) _ . 
Splagl. whee (Fr. p)I/2 FF i: (Gua Be 
2 q x _ (nt a) aed 5 ") = (rt qty 
kK” =(K €,)- (K €,) = Gana 
> 7-6. Special case of previous problem 
F=xLe,+y(x)@, =e t+y &, PF =y" & 
and 
=) =>) = 1 + (y')?, >/ I = yy", ll lh (y’)? 
giving 
VOUT WWF vl 
(eer Gini )er 
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ee dF dvds dF d 
r Pt Pas r 2 ! al 1/2 
=f ——=—, -—=s=(7'- 
dt dsdt dt dt ( ) 
dr. r! d’s i pl. pl 
=. — p=] 5 —_ =—S§ = So 
ds s! dt? (flag? \t/2 
er d& . spl — pl gl dr @?r y a 
dst ds Ga? dg * ge BE SRG 


> 7-8. See derivatives from previous problem. 


er Cs me (ré bs) + 
—, =K—_ + —é, = K(TE, — KE;) + —E 
ds? ds ds" i 
ar P ox 4 AG s 
=KTCp — KH Ge + — Ey 

ds 


ds? 
ar ae Seber’ 23,4 4) 2 + nde 
— x —~=Ké KT @, — KY & + —é,) = K°TE; + Ke 
ds? ds ” aa" 
dr @r ar 
p 24 34 2 
— + (= XK as) Hee (KT T+ KK ep) = KT 
ds (72 i ( ) 


es (ee . ula 
KR ds ‘ds? ~ ds? 


In terms of a parameter ¢ one can write 
dr _drds ae drd's | dr Fay 
dt dsdt’ dt? dsdt? ds? ‘dt 
ar ods. ordsas dr (gas ae 
dt? ds dt? ° ds? dt dt?‘ ds?” ‘dt’ dt? * ds? ‘dt 


which can be express 


d’s ds 
I foe Se A wo y2 
Pr =e:75 + en( a) 
awe cS . ds ds . .ds d?s ds n ox dk. . 
r =e Ena qe + ten art (ze) [KT @, — K€ + — Ey] 


‘x Pr” =(stuf f.) @o + (stuf fo) én + & 7(S) ey 


(Fx) =n), but (S)° = (F’ .#")8 
and x? can be obtained from problem 7-5 to obtain 


pl. (r x pe) 


> 7-9. (a) zero (b) zero 
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> 7-10. 
dr ds oF “ee ds _ 2! iF" ds 
ds dt dt “dt” dt 
d(.ds\ @F _, 
dt \ at) ae" 
fs  dsderds _ 
‘dt? © dt ds dt — 
gh MPG 
ean + (=) Ké, =P" 
2 
d 
Px PM =e> x Cu ” (Syn en) = (=) ees = |F"|3n by 
7" x re" | = KF" 
> 7-11. (i) 
d 
a =egradg@: é 
ds (1,1,1) 
6; — 2@+ 66 2 
=[(2ry?z) ee, + Qyx*z @o + (x? y? + z°) 63] F aa = 23 
7 aia)? 
> 7-12. 
(2) grad ¢ =2ry 6, + x7 ey 
ee =erad¢- é, = (2ry€, + x” €2) - (cose; + sina é2) 
ds (2,3) 
do 
Ts =—4/3 cosa + 4sina = f(a) 
a df ; 1 
(it) Ta = AV Bsina + cosa = 0, = tana=—=, = a=rn/6, 77/6 


f 


f(a) =—4V3 cosa — 4sina 
f’ (x/6) <0 maximum at 7/6 


f" (77/6) > 0 minimum at 77/6 


> 7-13. Show derivative equals 


BPX PYAR. (FY x BY ER (FTX PY) 


where last two terms are zero. Use triple scalar product relation on last term. 


Solutions Chapter 7 
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» 7-14. Use the vector identity A x (B x C) = B(A- C) — C(A- B) and show 


Add both sides to obtain desired result. 


> 7-15. 


7) 3) 
S ae? +042, oF =y?—3y42 
Oy 


Ox 
critical points are where $2 = 0 and $ = 0 simultaneously 


critical points (—2,2),  (—2,1), (1,2), (1,1) 


2 2 2 
ls ay ye OF =O RAC 


2 ae "Ox Oy "Oy? 


2,2), A=-3<0, saddle point 


1,1), A=-3<0, saddle point 


At ( 

At (-2,1), A=3>0, A<0, relative minimum 

At (1,2), A=3>0, A>0, relative minimum 
( 


> 7-16. G=ae,+8e,+7e and if 


WX @=Ke,, WX Ch>=—-TE,, WX 6, =TEV-—KE; 


show that a=7,8=0,y=« so that w=Té&+K& 
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>» 7-17. Vector equation of plane is (7—7))-N = 0 where F = 7é, +yé) +26; is variable 
point in plane, 7p is fixed point in plane and N is normal to plane. Note that 


dr. 
qe 7 et 38 normal to normal plane 

dr ar 2 . oo 8 : 

Te * ger Ot X REn = Rep IS normal to osculating plane 
a 2 =ké, is normal to rectifying plane 


> 7-18. If r(u,v) = 2(u,v) é1 + y(u, v) 2 + 2(u, v) 63, then 


Or Ons Oy 6 Oz 
a one! +— Bu ® a+ am é3; is tangent to coordinate curve F(u, vo) 


is = oe et Oy €2 + YE é3 is tangent to coordinate curve F(uo, v) 
Ov Ov Ov © Ov 
N= oF x os is normal to surface and 

du dv 


N : : 
é, = 1M] = ¢, @; + lo @o + f3 63 iS UNIt Normal to surface where 


- O OF ¢ ~ 
> 7-19. N = grad F = —é, + — @ + —ész and é, = & where |N| = 
Ox Oy Oz || 


> 7-20. If surface is 7 =Fr(a,y) = re; + yen + 2(2,y) é3, then 


Or, Pear or j OF e 
—- —-e — —_ —| 
Ox On” Oy ieee ins 
> OF OF dz dz N 2 
and N = — x — =-—é,-~—é 6; with 6, = — and |N| =,/1+ ()2 + ()? 
op ogo on oe oa [| +(e)? Cae) 
> 7-21. ee, =xrey +yeo or é, =cosdé, + sind 


> 7-22. ee, =xrey +yéot+ 763 Or é, =sindcosPée; + sind sind é2 + cos eg 


> 7-23. d=art+by+cz—d=0 and N = gradg = ae; + be) + cé3 SO that 
ae; +béo+ ces 


VOTE To 


en = 


ps 7d, Sa Me 
- =e —e 
Daa Wi 
p> 7-25 ea 
- e e e 
i 45 5 


Solutions Chapter 7 
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> 7-26. 27 

19 

7-27. — 

» 24 
> 7-28. 7 


> 7-30. If r=r(u,v), then dF = 2 du+ “dv and 


or or 
Ou Ou 


> 7-31. (b) S=7RVR?2+ H? 


OF OF Or OF 
(du)? + 25 +B dudu + a = (dv)? 


> 7-32. 


dS = p(a+ pcos6) d0dd and dV = p(a+pcos6)dpdédd Volume is V = 27°ap? and 
surface area is S = 41?ap 
What does the Pappus theorem tell you about the volume? 


> 7-33. (d) ds=V/1+(y’)?dz where y=27, y’=2z so that 
2 
s= | V1 (2x)? dx 
0 


To evaluate this integral make the substitution 22% = sinhu with 2dz = coshudu and 


sinh ~1(4) 1 1 sinh ~1(4) 1 1 
s=f jcosh?udu= 5 f [5 cosh2u + 5] du 


show 


Show that 
S=VI17+ ; sinh ~1(4) 
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> 7-34. (a) z,y-plane, coordinate curves 7(uo, v) vertical lines, 7(u, vo) horizontal lines 
(b) x,yplane polar coordinates, F(uo,v) circles of radius uo, 7(u,vo) rays at 
angle vp. 


1 l=z 
> 7-35. r=4f fi dydx = 2 
0 JO 


> 7-36. 


ee has ae el 


=> 


On face OCDG é, =-—é, F- é, = —z? =0, dS = dydz 
x=0 
On face GFAO é, =—é, F- é, =—y? =0, dS = dadz 
y=0 
On face FABE é, = @, F- 6, =2” = 1, dS =dydz 
xz=l1 
On face BEDC, é, = é, Fé, =y? =1, dS = dadz 
y=l 
On face EDGF, é, = é3, F'- é, = 2” =1, dS = dxdy 
z=1 
On face ABCO, é, =—é3, F- é, = —2? =0, dS = drdy 
z=0 


Add the above surface integrals over each face and show I = | F.é,dS =14+141=3 
s 


> 7-37. 7 
gaa? +y*-1=0, O0<z<3, MN =gradg¢=2rée + 2ye 
: dxd dxd 
é, =xé,+yé. since z?+y?=1, «sak 
| En > €2| 7] 


r= ff tev2as= ff x+y -~9 


> 7-38. Method I Use cartesian coordinates 


A ©, + yo + 263 dS dxdy _ 3 fedy 
. 3 =|é,-é3| =z 
Bog, et atyyta—-@tyz_ vty’ 


3 


" 3 
3 pt+V9=a2 2 2 
r= [[F eas=f | OT dye = 86n 
S -—3 


= foe? J/9—- 2? -—¥? 
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> 7-38. (continued) 


> 7-40. G=2r+y—-2=0and D? = F(z, y) = 2?+y? one finds 


Method II Use spherical coordinates x = 3sin@cos¢, y= 3sin@sind, z = 3cos8 


27 92 
dS =3d03sin0dd, F-é,=— — 
m/2 pr 
r= [fay *) sin 6 dodo = YL )(9 sin? 6 cos” ¢ + 9sin? @sin? #) sin dodo 
o=0 


m/2 pr 
I =27 | r sin® 6 d0dd = 36 
0 0 


grad F = VF = 2r€; + 2yég and gradG = VG = & + € Let 
r= xé,+yé, denote position vector to point on circle, 
then £ = é,+ #é@ is tangent to circle. Differentiate 


equation of es to show 22+ 2y%4 =0 or # = —2, then 
one can write # = é,—2 5 2 is ana to an Olea that ar “VF = 2x + 2y=" =0 
which shows ve is aeupendiciia to £ or VF is ae to line. The slope of 
the line is —1 and the vectors 7; = obs Fz =2€) point to points on the line so that 
@ =71—f is a direction vector of the line. Note that @- VG = (2, —2€2)-(é,+ é2) =0 
so that VG is perpendicular to line. 

The quantity D? is a minimum when the circle just touches the line and at this 
point of contact the normal to the circle is VG and this vector is also perpendicular 
to the line and has the same direction as VF. Consequently, there exists a scalar \ 
such that VF + AVG =0 at this point of contact. 

Here H=F+)AG=27? + y?4+XA(x+y-2) with 


=r+y—2=0 constraint equation 


Or 

OH 

————) — 
an r+ 
eS 
Oy 


where the last two equations are a necessary condition for H to have an extreme 


value. Solve the above system of equations and show z = 1, y=1, 4 =~—2so0 that the 


minimum distance from the origin to the line is V2. 


Solutions Chapter 7 


> 7-41. 
Fe =w+dygtrAgh = 2? +y? + 27 + Arg t Agh 
ee ee 
ag 
OF 
ee — —. = 4— 
Dis h=3x+5y+7z-3 0 
F 
OF Spi ceaNe ah 
Ox 
F 
oF =2y + Ar + 5d2 = 0 
OF 5s 5 eh ea 
Oz 
Solve this system of equations and show 
r=1, y=2, z=3, A=1, A2=-!1 
> 7-42. 
dad dad 
VF =—22é)+(3y—1)@; and 6,=xé6,+yéo+ 263, with dS = 7 = oe 
n° “3 z 


+V1—a22 
a (y — 1)dydz = —1 


Problem can alse be solved using spherical coordinates x = sin@cos ¢, y = sin@sing, z= 


cos 0 
a Oy . OF . ee bees 
> 7-44, (b) —=e,+ Ox ©2? eal a: + e3 giving 
200 Or « OY 5 
“OE BET Ge 
puidt OF _ ay ay 
Or Oz Oxdz 
_OF OF Ay, 
OE Oe ae 
Show 
dS =ViG=f2 = 14 (224 (GY y2 
Ox Oz 
Normal to surface is N = or x a= ou Cite * é3 Note that if you use 2 x 2 


you get —N 
The vector element of area is dS = é, dS = (2 67 “bess ou é3) drdz Take the dot 
product of both sides of this equation with é: and show 


dxdz 


dS = ———_ 
|@n- €9| 


|@, + €2| dS = drdz, or 


Here the absolute value sign is used to insure that the element of surface area dS is 


positive. 
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» 7-45. 7, = = 
ms 
j=l 


weight factors are mj1,mz,...,™n- 


Note that this is a weighted sum of the vectors 7; where the 


> 7-46. We have verified the triple scalar product A-(B x C) = B-(C x A) =C-(Ax B) 
Change symbols and write X -(C x D) = D-(X x C) Substitute X¥ = A x B to show 
(A x B)- (Ex D) =D {(A x B) x ch Next one can employ the triple vector product 
relation 


to obtain 


> 7-48. (a) At extremum value for E(a, 8) = 5 ~(ax; — 6 — y)? require that 


op 
pa 2 Pe 
F) N 
a =S~ ax; — 8—y)(-1) =0 


The above equations can be expressed in the form 
N n N 
ayia on =Somw 
w=1 i=l t=1 
N N N N 
ay (ai -BY01=S oy where So1=N 
w=1 t=1 t=1 


w=1 


Solve this system of equations to obtain desired result. 
(b) y=74+ 2a 
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Chapter 8 


8-1. (iv) 
oe IV 


mp 8-2. (i) gradd=4é;—-3e& 


(iii) grad d = 2x €; + 2y ey (ii) L 
ie i 


T 


my 


> 8-3. (iii) Z=2" + y? paraboloid N = —27e, — 2y @o + 63 = —6é, —8@o+4 @3 

3,4,25 

(iv) z—ay=0 hyperbolic paraboloid N = —yé,—2 €)+4 é3 = —3@,—2@)+ é3 
2,3,6 


Oz 


P84 2 =y=0 and $ = « =0 simultaneously at the origin. 
ax 


>» 8-5. Normal to sphere NV, = 2x6, + 2yé) +2263 and normal to plane is 
No = + @)4 €3 
At the point (3,2,6) one finds N; = 6@, + 4é@) + 12é3 and No = é;+ &+4 63 
A tangent vector to the curve of intersection is 
oo 7 €; €2 63 
T=N,x No=| 6 4 12}/=-—8e, +64 263 or —T 
1 
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86. (i)r=Ve2+y+2 and 


oa _9 O Of O Of oO 
=s"(0) : é+ bass <a] = FOG =F 
> 8&7. Let ri(r) = (7 — 1) €1 + (16 — 7) 2 + (27 — 2) 63 and 7o(t) = —t €) + 2tég + 3té3 and 
define vector from line 1 to line 2 as 72 —7,. Minimize the distance squared 


flit) Ss lro ri? == rs TA (Ot er = 16)? 4 (Bt = 2 OY 


by examining the critical points where ol = 0 and of = 0 and show minimum occurs 
T 


where t= 3 and 7 =5 giving minimum distance 75 


> 8-8. Method I: Normal to plane is N = é,+ é)+ é3 and unit normal to plane is 
éy = St yt Ss Consider vector 7; = é; projected onto éy to obtain distance a 

Method II: f = d =2?+ y?+ 2? is distance from origin to (x,y,z) squared. Here 

z=1-—2-yso that f=d =22+y7?4+(1—2-y) Show f has critical points at x = 1/3 


-y=1/3 and 2=1/3 giving d*= 1/3 or d= 


> 8-9. (iii) oe [(3a7y + y?) @; + (a? + 2ary) éy] - 6, where 


dn 
F : dp 3 
on bottom of square é, =—é2, y=0 => aa re 
on right side of square é, = €;, r=1 = < = 3y+y" 
on top of square é, = é2, y=1 “ xg? +20 
rr 
on left side of square é, =—@2., r=0 => “ = 0 
rr 
> 8-10. (ii) z = (x—2)?—(y—3) has critical points at « =2 and y=3. Here A= 23 =2, 
C= %2=-2and B= oe = 0 gives AC — B? = —4< 0 s0 there is a saddle on at 


Oy? 
the critical value. 
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> 8-13. V= ska? with F =m2. Use F = gradV = —kx@. That is, if the spring 
is stretched in the positive direction a distance x, then the restoring force is in the 
negative direction and proportional to the displacement. This gives the equation of 
motion for the spring mass system as 


d k 
m—,+kr =0 or —+u°r =), we = — 
m 


> 8-14. 


7 BF 
F(x+ Az, y,z) =F (2, y, 2) + - Az + h.o.t. 


s OF 
F(z,y + Ay, 2) =F (x;y; 2) + Bye + h.o.t. 


= = OF 
F(x,y,z+ Az) SEZ) + oz Det hot. 


where h.o.t. denotes ” higher order terms” which are neglected. 
The flux in the x-direction on face CGBF is F- (— @,) AS = —F, AyAz and the flux 
in the z-direction of the face DHAE is 


+. OF 


(Fi+ Da Az): (é;) AS = (Fy + on Az) AyAz 


Ox 
The flux in the y-direction on face DCBA is F’- (— é2) AS = —F,ArAz and the flux in 
the y-direction on face HGEF is 


4 OF OF. 
(F + — Ay): (@) AS = (Fy + 3, 4”) AxAz 


The flux in the z-direction on face AEFB is F'- (—é3) AS = F; ArAy and the flux in 
the z-direction on face HGCD is 


~ OF F. 
(P+ SE a2). As = (H+ 


Az) AcA 
Fe z) AvAy 


Add the flux over each surface and show 


OF, OF)  OF3 


Total Flua = ( + =) AxAyAz 


Oz * Oy ' Oz 
ae Fl OF OF: OF: 
Vanes oe 
> 8-15. (i) div F’ = 2yz — 2z, curl F =0 


(iii) div F = 2y — 2z curl F = 0 
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> 819. IfV =Vé, then divV = V2¢ =0 and cwlV = curl (Vo) =0 


> 8-21. Only flux is from top surface and i / F.dS = 16x and from divergence 
s 


theorem /I/ div F dV = 167 
Vv 


> 8-22. (i) Evaluating the left and right-hand sides of the Green’s theorem one finds 
the value -16/3. (ii) See page 192 


> 8-23. Both sides of the Stokes theorem yield the value 7/4 
> 8-24. (i) d=a°y+2y =C is family of solution curves. 


> 8-25. Area= 7 
> 8-26. [fF eas [ff civ Fav = an’ 
S Vv 


> 8-27. Onsphere with radius r = 1, / F. @, dS = —4n/3 and on sphere with radius 
s 
r = 2 one finds || F. @,dS = 32n/3 Total flux = 3271/3 — 41/3 = 2871/3 
s 


> 8-28. On inner surface flux is —27 and on outer surface flux is 87. Zero flux across 


top and bottom surfaces. Total flux = 8% — 27 = 6n 


> 8-29. The divergence of F is zero and so the sum of the fluxes associated with 


the +é, faces must sum to zero. For example, [* ns y dydz — f- i y dydz =0 


0 
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> 8-32. If origin outside of S$, then use the divergence theorem and show 


[f0s- fff (8) 


and then show V - (3) =0 


If origin is inside of S, then place a sphere of radius « about the origin and show 
. F . F F 
s Ss. 


On sphere of radius « show that | | en 
S. 


> 8-33. 5a2yz? + 8xy?2? 

p> 8-35. Area = 4 (base) (height) 
> 8-36. —1627 

> 8-37. [=216 


> 8-38. 4 
Problems 8-40 to 8-49 See equations (8.74) to (8.82) 


> 8-50. (c) Ifr=r(u,v,w), then dF = Sdu+ 2 dv+ @ dw is the diagonal of a volume 
element in the shape of a parallelepiped having sides A = du, B = 2 dv and 


C = 2" dw. The volume of this elemental parallelepiped is 


Use vector identity and orthogonality property 9 . 2° = 0 to show 


Or OF 


or 
aa (a x Du! = hyhyhw 


> 8-51. Calculate gradv x gradw and then make use of the fact that mixed partial 


derivatives are equal to show div (grad v x grad w) =0 
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> 8-52. 


> 8-53. 


If A=ak,+BE.+y7Es3 and E,-E.=0, E,-E3=0, E,-E3=0, then show 


A» Ea =aE,- BF, or 


A- EE, =GE2- E2 or b= 


AcE =yE3-E3 or 


If E! had the same direction as EF x E3, then E! = ak x E3. If £!- Ey =1, 


3 Sy 3 1 S 3 e 
then 1 =aE, -(E2 x E3) or a=, for V = Ey: (E2 x Es) 


Do the same type of arguments for E? and E®. 
Reverse the roles of £1, £2, £3 with E!, E?, E3 to show 


then use the triple scalar product relation to show 


Beas jet, ae eit 2 Ba 2 
EB). (B? x BS) = (Bi x Bo) (Be x Bs) x (Bs x B,)| 


Use another vector identity to show 


Dome eee | oe aa eee 1 1 
BP? B= le ke a) lS ee Se 
(E* x EB) pa lhi: (He x 3) V 
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Chapter 9 


Cir + C2, 


U(x) 


U 


> 9-1. 
> 9-2. 


q 
is) 
“4 
> 
oO 
o 
i 
— 
fav) 
4 
= 
LLLL Lh PLEAS LE . SN ees I 
(Zw SJ 
eC Cite =i 
Wii LE Lif, 
LLL hi LEE SL f 
Wiis : Zaye DX, 
My JILPD I o Be Alf WY NWA ELFEN \\ 
Lhd f as Bed iN Ns MY FEL |. 
Wf, é ay EWN | 
WILE S| SS a |, WEEN |, 
i, // pte S ‘i a : . ; . . . . - 
SIP Ly a i ROR oa ™ 
bes i ee UE ea ee Gh bea neemmeninett te) 
; SPS ff AAAS ASAP EET RRS ao cn ee 
AME bd hd ld ff ie) TAKA AR PRE EAE LL. BRE conic ees aa als 
ML LILI ff, \x A ee RE EEE PR nan 7 yy 
LLP Pf ff \ mM AAA KAP ERED ES ae ae a 
Li Sd eo 4 AMMA AAA APPEL? tet raagd { 2 
Vy, aes ff LUA AAA RR EE aE dS Mb agekt Spo ke ak Rie 8 ae \ fo) 
Litt) (i ae eee ee. Pep ees ns Say 54 
Ph hb hf hf 4 o eee Oe Pew h aA] es AEs SS de \| 
(fie! f° 38 Pe cee See ee Bi oS S 
s ‘ se! q 9 2 Re te A, 
} ise ae ee ee - AOA AAT A I 
ie, S ba = 3 s . ~ : % & 
2 x 
io) 
NAAAHANANAAAAA A 
WAM ® e 
SAAAIASANAAIASA = 
MAAAAAAA ele _ 4 ae 
MAAAAAAAANSN SDA @ = 
AAMAAAAIAAAAAAA . 
MASSA AAA M44 } J 
AAMAS AAAAAAAA A | © S 
AAAAAAAAAAAAAAA > nq I 2 b 
AAAAL MAAAAAAAAA| ag oS . & < 
AANSAASASAAAAAA| i! 8 S 
MIAIANAAAAA AAA PS es | 2 ae > 
MAAN, AAAAAAANA i a ao A | 
14 AANA AA, MIAAA4 Se ee . i I = 
AISI SSAA OS 8 os & a 
ow a ° 7 « n | = = = = ee 
lop) 8 eS a fv oS = he 
oO 8 = =) q ~ \| 5 ac — 
q ran} oq wo q oO 
fale R o o aS HH wa 
fo) o § o § 
= ° Ho HO 
(=) ~— Y 
CS ~m A ~ om A ‘ : ‘ ‘ 
xe | 8 7 . eS * 2 
nH ee o>) o>) o>) fon) fon) o>) 
A A A A A A 
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3d Be = 
p> 9-9. Integrate the equations 5° = +74 rey and $¢ = —A#, zr: to obtain 


6=-ktan (2) +6, and o=ktan (4) +0; 
¥y x 


Show that tan7'h + tan"(2) = 5 for h > 0 and then let c; = $k, cp = 0 to obtain the 


potential 


o=k E —tan7} (=) = ktan7! (2) 


Streamlines are circles y = 2? + y? =c 


> 9-11. Show that 


0p — Ow Od 10H _ {Ov 10¢0\ ., 
an Oe = (- aoe cos = (Se 4 oe sin @ 
and 


Or r00 


If the above equations are to hold for all values of 6, then the coefficient of the sin@ 


Wa BY a (B6108) uta (128) 


and cos@ terms must equal zero. 


> 9-12. 
On upper semi-circle [,, F dr =—1/4 
On the lower semi-circle f., F «di? = 7/4 
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> 9-13. (b) V= [—(a — y)z — yzo0 + Loz] €2 
ho - ho 
> 9-14. ¢g=-mgz, WH= Poe = / —mg dz = —mg(h2 — hi) = o(h2) — o(h1) 
hy hy 


> 9-16. If d=x?—y?, then gradd = F = 2ré, — 2yé> with field lines ry =c 


> 9-18. Show 
¢=y’ sing + xz? + fi(y, z) 


@=y' sing — 4y + fo(a, z) 
b =za* + fa(x,y) 
Select fi, fo, fs such that all three integrations are the same to obtain ¢ = y? sing + 


£z° — Ay 
> 9-19. d=x72yz+2y 
> 9-20. 7(2— V3) 
> 9-21. 3V 


p> 9-22. Use the results V-(¢6C)=Vd-C=C-Vdé and ¢C.é,=C-(dé,) to show 


[[[ v0 [fosas 4 


and since C is arbitrary the term in the brackets must equal zero. 


C 


> 9-23. (a) F=V¢so that divF ==V- (Vo) = V2¢ =0 


(b) Use the Gauss divergence theorem to show 
SSf, div F dV =0= ff, V¢- én dS = ff, 2as 
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p 9-24. [Fl = (a? +y? +27)? = (F-F)/? so that [FY = (@? +y? + 2)"P = 6 


xy _ V7 2 2 2\v/2-1 Oo _ Veg 2 2\v/2-1 Oo eae 2 2\v/2-1 
De = att +y* +27) (22) Dy a +y* +27) (2y Ae = git +y* +27) (2z) 
so that 


qv 065 2 n 
vir = Bet + yet ge OM FI’9 (wes ty eo + 28s) 


=v = vee = vA e 


> 9-26. In problem 9-24 replace r by 7-75 and then use the results from problem 
9-25 to obtain the result for part (b). 


= ou oM _ @&U ON _ @?U 
p> 9-27. Let M= 2 and N= +P and show $¥ = 2° and N= 25 +1 


Here $¥% 4 && so aii the line nese is path pes 


pr 9-29. [=-3(5+7) 


> 9-30. Potential energy $Kx? 


Kinetic +potential energy is constant or $mv? + $K2? = constant 


p> 9-32. (a) T=T(x)=ar+0, 
T(0) =c2 = Tp and T(L) =qLt+a=T% > T=T(z)=(4-2)c+h 


> 9-33. = 322274 4y? 


= G 
(a) Fy = Tas Where rR Harty +2? 


= G ee 
(b) Fi=—poape 


| => 


where |7 — 7|? = (x- r1)° +Q= yi)? +(2= 2)? 


> 9-39. G=Teot Hp =Ci1 (1 14Ci@) Sent €; + cost 9 
> 9-40. y=C, sint — Co cos t, J2= Cy cost + Co sint 
dr a dé n 
9-41. — rpc? ww By + roe? "— cota €, 
At dt 
ee rw cot a 
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Chapter 10 
36 59 -14- —18 59 
> 10-1. (c) AB= ki | (d) BUYA bal fe | 
> 10-2. 
AA =I 
(AAS) SP = 7 
(A-1)7 A? =I multiply by (A7)7! 
(aa =(Ar)>* 
p> 10-4. (a) 


If AB =BA, left multipley by Aq! 
A-'AB=A7!BA 
B=A~'BA right multiply by Aq! 


BA™' =A7'BAA™ 
BA1=A"'B 
p> 10-5. If A is symmetric, then A? = A so that if (A~!)TA? = J one can write 


(A-!)?A=T. Multiply this last equation on the right by A~! to obtain (A~!)7 = A7! 
which shows A~! is symmetric. 


> 10-6. Left multiply both sides of equation by Aq! 


> 10-7. If AB=A and BA=B, then one can write 
AB =A right multiply by A BA=B right multiply by B 
(AB)A =A? associative property (BA)B =B? associative property 
A(BA) =A? properties BA= Band AB=A B(AB) =B? properties AB = A and BA=B 
AB =A? BA =B? 
A=A? BeaB? 
>» 10-8. (a) Let Y = A? = AA with Y~1 = (A?)“}, then one can write 
I =YY~' = (A?)(A”)~* left multiply by A-! 
A7' =A~1AA(A?)~" left mulitply by A} 
(A71)? =A-1A(A?)-? = (42)72 
> 10-9. (a) Let B= AA’, then BT =(AAT)T = AAT=B 
(d) A=4(A+A™)+4(A-— A’) 
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>» 10-10. (a) If A7 =A and B? =B, then (AB)? = B?AT = BA=AB 
(b) If ((AB)? = (AB), then B7AT = AB which implies BA = AB 


p> 10-12. If AB=BA, then one must have c=0 and d=a. 


> 10-13. Show A? =A and A? = 4A, then show B? =/ and B* = B so A is idempotnt 


and Bis involutory. 
> 10-14. Show A? =/ and A? =A so that A is involutory. 
p> 10-15. Show B= A’ 
> 10-16. X=A'B 
p> 10-18. (a) -11 (b) 6 (c) -2 


> 10-19. (a) 8 (b) 5 (c) 4 


14 -5 -8 
> 10-20. (a) m= (2 1 ' 


10 0 
()> ACE x) 0 oh 20 
00 1 


> 10-21. 6ryz 


p> 10-22. (a) 0 (b)0 (c) 36 
(d) aagazaq (e) ayagazay — (f) 45, 000 = (36)(25)(5)(2)(5) 


1 = 
> 10-23. (a) 7 ae | | OP 212 
(211 222 = 212221) — 221 211 
> 10-24. |AJ=3, |Bl=1, |A|-|B] =3, |AB| =3 


> 10-25. (x2 —21)y — (y2 — yi) X= Foy — T1Yy2 
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A+ 3631440 
> 10-28. A'=|]-3 1 0 
Ti 55.1 
1: 2 a 58 
,_/0 1 -3 -3 
ed ae ae 
0: 07-20"... Al 
8. 62 a 2 
na -6 12 -8 -4 
OO idee Lake Mis 32 
-2 4 -6 8 
a%+1/4 tee 0 1 0 0 
p> 10-29. If AAT= | 44% gi+1/4 0] = ]0 1 O| then one must select af = 
0 0 a3 OO 
az = 3/4, ay = —a2 and a3 = 1 
d|A 
> 10-30. (b) aa = —4t° + 6t? — 6¢ 


> 10-32. |Al/=1, |Bl=1, |A+B/=3, |A/+|B)=2 


> 10-36. (a) 
#2 
et se ee ce ea 


"At i eee 
ix di=lt+ AT +A ate 
‘ t? 3 
af at SA Va EAR bes 
0 2! 3! 


t 
af et dt + I =e4* 
0 


(b) 


oat ie se 
fe di=Iit+ A+ AT t+: 
: 2 ‘3 
i e“ dt =A! [are aS oy ae 
0 ! 


Shree ieee ae 098 ie co es 
3! 2! 3! 


t 
| e“t dt =A! ler -I|= [et = 7A 
0 


> 10-42. (b) ynt2 — 6Yn41 + 9yn = 0 Assume a solution y, = A” with ynyi = A"t! 
and yni2 = A”t?, then substitute the assumed solution into the difference equation 
and obtain the characteristic equation (A — 3)? = 0 with repeated roots A = 3,3. The 


fundamental set of solutions is {3",n3”"} and the general solution is y, = co(3)"+e,n(3)” 
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Chapter 11 
mp 11-1. (a) 10/15 (b) 3/15 (c) 2/15. 
m 11-2. (a) (10/15)(3/14) (b) (10/15)(9/14)  (c) (2/15) (3/14) 


> 11-3. 
Method I. Label the fruit A1,A2,A3,01,02,03,04,05,P1,P2 
Next collect all possible pairs — Note the pair (A1,A2) is the same as the pair 
(A2,A1) These are all possible event pairs 


re Veen eee Gener (A1,03) (A1,04) A1,05) coe (A1,P2) 


Al, A1,03 
Ws A2,01 A2,02 ADOSs A2,04 (A2,05) Aah A2,P2 
A3,01 A3,02 A3,03 A3,04 A3,05 A3,P1 A3,P2 
O1,02 01,03 01,04 O1,05 tos a) O1,P2 
02,03 toate) 02,05 1O3'P3} O2,P2 
(ros 03,05 tops} O3,P2 
04,05 (O53) O4,P 
(ore 05,P2 
Total of 45 possible two event pairs. Assign an equal probability to each event 


of 1/45 
Since the event (P1,P2) can only happen once —its probability is 1/45 
The probability of getting two oranges is 10/45 since there are 10 (0,0) pairs above 
The probability of getting two apples is 3/45 since there are 3 (A,A) pairs above. 
Method 2. From AAA, OOOOO, PP assign a probability of 1/10 to each single 
event of selecting one fruit. (All have same probability) 
Probability of getting a pear is 1/10+ 1/10 = 2/10 = 1/5 
If a pear is selected, then we are left with AAA,OOOOO,P Now each single 
event has probability of 1/9 
Probability of getting a pear on second selection is 1/9. 
The product (1/5)(1/9) = 1/45 is probability of getting a pear plus another pear. 
Similarly, the probability of getting an orange is 5/10 = 1/2 the first time and 
4/9 the second time, so that (1/2)(4/9) = 2/9 is probability of getting two oranges. 
The probability of getting two apples is (3/10)(2/9) = 6/90 = 1/15 


p> 11-4. (a) mean 80, variance 79.6, standard deviation 8.922 
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mp 11-5. (x; —%)? = 27 — 2x, + 2° so that 


1 m 2 m zi m 
8 = 7) Ditinki — 28D winfy + Bn) | fi 
j=l j=l j=l 


But 3%, fp =1 and 2%, jf; = en so that 


1 
eer So ajnfy — 2nz? + nz 
j=l 
= . PRE si — nz 
n-1 = 4 


2 


aren] Ying -n(S) S¢ aj fin 
j=l j=l 


p> 11-6. P(2) =P(12) =1/36, P(3) = P(11) =2/16, P(4) = P(10) = 3/36, 
P(5) = P(9) = 4/36, P(6) = P(8) =5/36, P(7) =6/36 


> 11-8. Binomial distribution (p+ q)” = p" + np"~'q +--+. where p = 1/2, q= 1/2 and 
n = 10 gives (1/2)!° = 0.00097956 


> 11-9. (a) 


1.0513 
3.7099 


5.878 


= 
sr 
[sre 


(c) mean = 0.73488, variance = 0.00002461, Standard deviation = 0.00496 
(e) (4) P(X < 0.737) = 0.783, 

(iz) P(0.728 < X < 0.734) = P(X < 0.734) — P(X < 0.728) = 0.42, 

(itt) P(X > 0.734) = 1— P(X < 0.734) = 0.4334 
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so that (p+q)” aS ( ” ra = 3 (")pa pi f= 5 F(@) 


x=0 


(b) 


—— X=1 
since ( -inx41) ~ i) | 
OF Ghaariceniere Wee mote) 


> 11-12. 


N 
So a} — 22Na+ Nx? 


we 
lI 
i 
wa 
Ses 
| 
i 
| —_— 
it 
wa 
iM= 
8 
a) 
| 
Z 
QI 
i) 
SS ee 


j=l 


1 N N : 
2 2 
s = ——___ {NY a? — os 
N(N - 1) se rr 
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F(z) F(z) 
> 11-13. 


p> 11-14. (b) ( . 


_ n! (n—m)n! _n=mifn 
ne ~ (mt I)'(n-(m+1))! (m+1)m!(n—m)! —"( ) 


pm 11-15. (c) (i) Area from —co to z = 1 is 0.8413 and area from —co to z = 0 is 0.5. 
Therefore area between 0 and 1 is 0.8413 — 0.5 = 0.3413 By symmetry, twice this is 
0.6826 which represents P(—1 < X <1) 


pm 11-16. (b) P(Ace) =4/52 and P(king) = 4/52 so that 
P(Ace or King) = P(Ace) + P( King) = 8/52 = 2/13 


mp 11-17. (b) P(E,) =4/52 and P(E2) = 13/52 and 
P(E, U Eg) = P(E) + P(E2) — P(E, M E2) = 4/52 + 13/52 — 1/52 = 16/52 = 4/13 
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eae z Dial ~1) +2} f(2) 
=Dite Bor Yast 
=D ~1) f(e) + np 
Use a(x — (") ae ee eee ihe. n(" - ) and write 


es(2) =) r(n—1) i : 5 era * + np =n(n—1)p? S> (" 7 ee +np 


xL=2 


Note that by shifting the summation index 


mee Be eae eee (p+q)"7=1 


X=0 


so that Sr e2f(0) n(n — 1)p? + np 


#2=0 


o =o (ap)? f(a) = (a? — 2apt p?) f(z) 


x=0 x=0 
=Dle F(a) — wd) afle) + ue? Do fa) 
x=0 x=0 z=0 
=> 2*f(2) — 2? = B[(e?)] - (le)? 
2=0 


=n(n — 1)p* + np — n*p? 


=np(1— p) = npq 


9 
m11-21. (a) fe) =-S SP _f(2) = 


f(x) = 7/44, fl) = 21/44, f(2)= 7/22, f(3)= 1/12, f(4) = f(5) = 0 


(b) The probability that n = 6 items are selected with zero nondefectives is 


(3) (6-2) 


[aS 2 evaluated at x = 0 or f(0) = 1/11. The probability that 6 items are 


selected and there is 1 defective is f(1) = 9/22. We are not interested in f(x) for x 
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larger than 1 because if 2 items or more are defective out of 6, we cannot obtain 5 
nondefectives. P(X < 1) =1/11+9/22=1/2 
(2) (G-) 
(7) 
f(0) = 1/22, fl) = 7/22,  f(2) = 21/44 


1 7 21 37 
hen P(X < 2)=—+— = 0.84 
the (X < 2) 901m rT = 0.84 > 0.8 


If n =7 items are selected f(x) = . Here 


m 11-24. (b) (p+q)> =p + 5ptg + 10p3q? + 10p?q? + Spqt +g? 


(c) 
ty, 93%,» oils o 
ag (5) probability of 5 heads 
= =5p*q= 55)"5) probability of 4 heads, 1 tail 
= =10p%q* = 10(5)%(5 G )? probability of 3 heads, 2 tails 
= =10p’q? = 10(5)? G» porobability of 2 heads, 1 tail 
= =p2p'q + 10p?q” + 10p?q? probability of getting at least 2 heads 


> 11-25. 


f(x JO8 "O02" 

ee 

Tn [ comme ity nx) -o18 
cea eae ay jane ness 

| ar | oor052 (c) a f(40)— f(39)— f (38) = 0.992057963 
— (2) SM) = 16) +--+ (40) 0800127 
Ea 
Ea 
Ea 
Ea 


0.13865 
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> 11-28. (a) Write =. ef) dt = 


(x) at 

Ree ei 
rales) 
aera 
nee 
[ae 
[el 
Ral 
Ee 


(a) P(X > 4) =1— Dg f(b) = 0.94503636 
ee eae 
: 
(c) PS.<X = 12) =) Fk) = 0.018747 
2 


0.0970201 


(a) f(0) =e~* = 0.1353 


love) 5 
(b) So f(k) =1— 5° f(k) = 0.0166 
k=6 k=0 


(c) 1-0 f(k) =0.5940 
k=0 


i 272 dt + —— =| ge? dt 
Wore =| Vin Jo 
The first integral equals 1/2 and in the second integral make the substitution r = t/V2 


to obtain result. 


(b) Similar to part (a) but make the substitution r = 3, (S#) with dr = + dt. 


> 11-33. Area & 0.982923 


Solutions Chapter 11 


A 


absolute value 17 

acceleration 94, 249 

acceleration cylindrical coordinates 247 
acceleration polar coordinates 246 
acceleration spherical coordinates 249 
addition 2 

addition rule 393 

angular momentum 39 

angular velocity 92 

angular velocity vector 35 
applications of gradient 121 

arc length 112 

area 193 

area of the parallelogram 17 
argument 367 

arithmetic mean 387 

associative law 308 

augmented matrix 334 


B 


basis vectors 6 

Bernoulli distribution 411 

binomial coefficients 401 

binomial distribution 411 

binomial probability distribution 411 
binormal 89 

Biot-Savart law 294 


Cc 


Casoratian 371 

central limit theorem 420 
central moments 405 

chain rule differentiation 30 
characteristic equation 363 
chi-square probability distribution 416 
circular motion 35 

class frequencies 387 

class intervals 384 

class midpoints 387 

closed surface 123 

cofactors and minors 325 
coin flip 394 

colinear vectors 4 

column vectors 307 
combinations 400 
commutative group 3 


Index 
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Index 


commutative law 8, 308 
compatibility condition 309 
complementation rule 393 
complex roots 366 

component form 10 

composite functions 56 
compound interest 354 

concavity 124 

conditional probability 396 
confidence intervals 416, 419 
conservative field 260 

constraint condition 130 
constraint functions 133 

contact of second order 47 
continuous probability distributions 402 
continuous variable 382 

contour plot 51 

coordinate curves 96, 215 
coordinate surfaces 215 

Cramer’s rule 370 

critical points 123 

cross product 15 

cross product formula 16 
cumulative distribution function 417 
cumulative frequency 384 
cumulative frequency function 403 
cumulative relative frequency 384 
curl 54, 112, 199, 228 

curl of vector field 197 

curl properties 114 

curvature 44, 93 

curve of intersection 125 

curves 81 

curvilinear coordinates 213 
cycloid 194 

cylindrical coordinates 158, 217 


D 


data spread 389 

Del operator 212 

derivatives 48 

determinant of a matrix 322 
diagonal matrix 314 
diastolic blood pressure 383 
dice roll 394 

difference equations 356, 362 
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differences 356 

differential equations 134, 190, 319 
differentiation of vectors 28 
dihedral angle 244 

direction cosines 9 

direction numbers 10 

direction of integration 67 
directional derivative 118, 123, 125 
Dirichlet problem 277 

discrete probability distribution 387, 402 
discrete variable 382 

disjoint events 392 

distributive law 3, 8, 308 
divergence 54, 112, 175, 184, 227 
divergence properties 114 

dot product 11, 309 

dot product of vectors 7 

double subscript 307 


E 


eigenvalues and eigenvectors 335 
electrostatics 290 

element of surface area 109, 140 
elementary probability theory 398 
elementary row operations 331 
ellipse property 84 

ellipsoid 99 

elliptic cone 100 

elliptic coordinates 223 

elliptic cylindrical coordinates 223 
elliptic paraboloid 99 

empty set 0 391 

entire sample space 393 

equation of plane 24 

equipotential curves 262 

Euler’s identity 367 

exact differential equation 192 
expectation 405 

exponential probability distribution 415 


F 


F-distribution 418 

field lines 50, 134, 174 
finite differences 354 

finite integrals 360 

finite sample space 392 
fluids 277 

flux 176 

flux integral 175 

forward difference 359 
four terminal networks 352 


Index 


free vectors 2, 21 
Frenet-Serret formulas 92 
frequency function 386 
function of position 134 
fundamental set 364 


G 


gamma distribution 415 

gamma probability distribution 415 
Gauss divergence theorem 179 
general coordinate transformation 225 
general divergence 227 

geometric mean 388 

gradient 54, 112, 226 

gradient properties 114 

graphical representation 385 
Green’s identities 209 

Green’s theorem in the plane 186 
group 3 

grouping the data 384 


H 


Hamilton-Cayley theorem 345 
harmonic mean 388 

heat conduction 279 

Hessian matrix 318 

hyperbola property 87 
hyperbolic paraboloid 103 
hyperboloid of one sheet 101 
hyperboloid of two sheets 101 
hypergeometric distribution 414 


hypergeometric probability distribution 414 


I 


idempotent 317 

identity matrix 312 

implicit form 122 

independent events 396 
independent random variables 405 
index notation 7 

infinite series 343 

initial value problem 321 

inner product 309 

inner product of vectors 7 
integral theorems 206 

integration by parts 58 
integration of vectors 57 
integration over closed surface 181 
intensity of vector field 175 
interpolation 428 


intersection 392 

inverse element 3 

inverse matrix 315, 330 
involutory 317 

inward normal 123 

irrotational vector field 199, 250 


K 


Kepler’s laws 282 

kinematics of linear motion 32 
kinetic energy 64 

Kriging Method 241 
Kronecker delta 7 


L 


Lagrange multipliers 128, 133 
Laplace equation 267 
Laplacian 211, 229 

law of cosines 21 

law of sines 20 

least square curve fitting 422 
level curves 51 

line integrals 60, 190 

linear combination 4 

linear dependence 4 

linear impulse 59 

linear independence 4 

linear interpolation 428 
linear momentum 59 

linear regression 425 


M 


Magnetostatics 292 
magnitude 1 

magnitude of vector 7 
mapping 134 

mathematical expectation 404 
matrix 307 

matrix functions 348 

matrix multiplication 309 
maximum and minimum values 123 
Maxwell-Faraday equation 293 
Maxwell’s equations 289 

mean 406 

mean deviation 389 

median 5, 387 

method of interpolation 429 
method of tangents 271 
metric components 214 
minors and cofactors 325 


modal matrix 342 

mode 387 

modulus 367 

moments 25 

Monte Carlo methods 426 

moving triad 90 

multinomial probability function 412 
multiply-connected region 208 
mutually exclusive events 392 


N 


Neumann problem 277 

nilpotent matrix 317 

noncolinear vectors 4 
nonhomogeneous difference equation 368 
nonsingular matrix 317 

normal 89 

normal derivative 119 

normal distribution 406 

normal probability distribution 406 
normal to surface 122, 135 
normalized vector 6 


O 


objective function 133 

oblate spheroid 99 

oblique cylindrical coordinates 220 
oriented curves 82 

oriented surface 97 

origin 1 

orthogonal curvilinear coordinates 221 
orthogonal matrix 317 

orthogonal trajectories 262 
orthogonal vectors 8 

outer product 15 

outward normal 123 

over determined system of equations 424 


P 


parabola property 82 

parabolic coordinates 222 

parabolic cylindrical coordinates 222 
parallelogram 16 

parallelogram law for vector addition 2 
parametric curves 81 

parametric equations 136 

partial derivatives 52, 123 
percentiles 387 

permutation 322, 398 

perpendicular distance 24 
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622 


Poisson distribution 413 


Poisson probability distribution 413 


post multiplication 309 
potential theory 250, 277 
premultiplication 309 
probability 393 
probability curve 406 


probability density function 402 


probability function 402 
probability fundamentals 392 
projection 8, 18 

prolate spheroid 99 
properties of cross product 15 


properties of determinants 326 


properties of vectors 1 
proportionality constant 134 


Q 


quality control 414 


R 


radial components of velocity 37 


radius of curvature 46 
random 398 

random variable 405 

rank of a matrix 330 

real random variable 404 
reflection 82 

region of integration 208 
relative frequencies 395 
relative maximum minimum 
repeated roots 364 
representation of data 382 
right-hand rule 15 

root mean square 388 
rotation of axes 318 
rotation of rigid body 40 
row operations 326, 331 
row vectors 307 

ruled surfaces 107 


5 


saddle point 126 
sample mean 387 
sample space 391 
sample variance 389 
sampling theory 419 
scalar 1 

scalar fields 48 

scalar multiplication 1 


scalar product of vectors 7 
scalars 1 

scale parameter 406 

scaling 405 

Schwarz inequality 13 

second directional derivative 126 
short cut method 390 

simply connected 208 
simulation 381 

singular matrix 317 
skew-symmetric matrix 317 
smooth surface 97 

solenoidal fields 256 

solenoidal vector field 184, 250 
solid angle 273 

special differences 359 

special matrices 317 

special square matrices 312 
spherical cap 276 

spherical coordinates 160, 219 
spherical trigonometry 243 
standard deviation of the distribution 406 
standardization 408 
standardized variable 405 
stepping operator 357 

Stoke’s theorem 201 

straight line approximation 423 
student’s t-distribution 417 
subtraction 2 

summation of series 361 
surface area 109 

surface integral 134, 150, 182 
surfaces 95 

surfaces of revolution 103 
symmetric matrix 317 

systolic blood pressure 383 


T 


tabular representation of data 383 
tally sheet 385 

tangent plane to surface 139 
tangent to curve 82 

tangent vector 120 

tangent vector to curve 30 
Taylor series 55 

terminus 1 

testing of hypothesis 416 
theory of proportions 270 
torsion 94 

total derivative 52 


trace of a matrix 315 
transformation of vectors 223 
transpose matrix 313 
transposition 322 

transverse components of velocity 37 
triangle inequality 14 
triangular matrix 313 
tridiagonal matrix 314 

triple cross product 17 

triple scalar product 17 
trisection point 5 

true population mean 387 
two-dimensional curves 42 


U 


undetermined coefficients 368 

uniform probability density function 419 
union 392 

unit normal to surface 151 

unit normal vector 122 

unit tangent vector 215 

unit vectors 6 


V 


variance of the distribution 406 


Index 
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variation of parameters 365, 369 
vector 1 

vector components 9 

vector differential equations 285 
vector field 48, 134, 173 

vector field plots 134 

vector identities 17 

vector operators 210 

velocity 94, 249 

velocity cylindrical coordinates 247 
velocity fields 277 

velocity polar coordinates 246 
velocity spherical coordinates 249 
Venn diagrams 391 

vertices 5 

volume integrals 134, 154 

volume of the parallelepiped 18 


WwW 


work done 63 
Wronskian 371 


Z 


zero matrix 308 


